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KE 

TO 

PLANE TEIGONOMETKT. 


OHAPIEB I. ~ ■- 


Let * denote the snmbcr of degrees in tho larger angle, and y the 
iramber of degrees in tho emallor angle Then, since 10 grades are c^nol to 
9 degrees, se— y=9 , also a;J-y=43: hence sro obtain ®s=27 and y=18 

2 In tsTO-tlurds of a right angle there are GO degrees , let jc denote the 
nnmbcr of degrees in one port, then 60— as denotes tho nnmher of degrees in 

the other part, therefore tho number of grades m this part is ^(60-se) 

Hence 

X : ^(60-x) 3 • 10; therefore 10x=~(G0-*), 

y y 

therefore 0x=:3(C0-x), therefore 12x=180, therefore x=15 

3 In half a right angle there are 45 degrees , let x denote tho ntunber 
of degrees ui one part, then 45 -x denotes tho nnmbcr of degrees in the 

' 10 

other port, therefore tho nnmbcr of grades in this part is (45 - x) Hence 

y 

* • ^(15-*) . 9 5, ihereforo 5x=10(45-»), 

therefore 16*=450, therefore x=30 


r 5'*= *0103 of a grodo , ^ of 0105 = 00945 


5 Let X denote tho nnmbcr of degrees in one part, then n~x denotes 
the nnmbcr of degrees in tho other part. In x degrees there are GOr 

Lngbsh nunntes. In n-x degrees there are^(n-x) grades, and there- 
fore ^ X 100 (n - x) French mmntes .Therofore 


/.n 1000 / 

60x=-g-(n-x), 


therefore 1610x=1000n, therefore 77x=60n, 

,, , 50a , 27n 

therefore x= ”“*“*77 

6 In onc-third of a right angle there ore 80 degrees , if this be taken 
as the nnit of measurement an an^o of 75 degrees most bo denoted by — , 

5 

that IS by - , that is by 2\ 
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I. DEGREES AND GRADES 


7 Let X denote the nnmber of grades m the nnit Then an an^e of 
66 * 

66% grades is denoted hr — ^ , and this is eqnal to 20 Therefore 

** X 


20x=66§=^ 


therefore 

O 


Hence the number of degrees in the nnit j[Q ^ ^ 

8 Let 3x denote the number of Bides m the equiangular polygon which 
has the greater number of sides , then 2x denotes the number of sides in the 
other equiangular polygon AR the angles of the polygon of 2x sides are 
equal to (4x-4) right angles, that is to (4x-4)100 grades, therefore each 

<4x— 41 100 

angle contains 1 ^ grades All the angles of the polygon of 8x sides 

ore equal to (6x— 4) n^t angles, that is to (6x-4)90 degrees, therefore 
each angle contains degrees , therefore 

(4*- 4) 100 (6x-4)90 
2x “ ’ 

therefore (4x-4)6 = (6x-4) 3 , therefore 2x=8, therefore x=4 Thus one 
polygon has 8 sides and the other polygon has 12 sides 

9 It IB shewn in Art 9 that an anglo expressed in centesimal seconds 

81 81 32^ 

18 transformed to Enghsh seconds by multiplymg by — , and =5 ^ 

10 Suppose one angle to oontom x Enghsh seconds, and another to 
contain x blench minutes The second angle then contains lOQx Erench 

81 

seconds, and therefore x lOOx En^ish seconds Hence the ratio of 

«u0 

the former angle to the latter is that of 1 to , or of 1 to or of 

iSDl/ O 

5 to 162 


■ 11 60 1 3 00 

60 I 10 05 

1676 Thus 35» 10' 3"=S5'' 1676 

35 1076 
3 9075 

39 0760 And 39* 0750 =39* 7' 60". 

12 69* 22' 60"= 69**225 69 225 

6 9225 
62 3026 
60 

18 1500 
60 
9 00 



II CIECULAS MEASURE. 
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CHAPTER n. 

-Z? Q 

1 It IS shewn m Art 8 that ^ ^ , and it is shewn in Art 22 

« 1 ^ C? *1- * ^ 2(7 _ - J) (? 2(7 

180 T ’ 90 JT 90 100 sr 

In fact the three expressions denote the same thing, namely the ratio of 
the angle considered to a right angle. 

9 3 

2 The circtilar measure of the angle is that is ^ Therefore, 


10x12’ 

3 180 

by Art 22, the number of degrees in the angle is -j;: of . 

4u TT 


3 6® 37' 30"=337i nunutes Thus the circular measure 

675 135 




180 x 60^' 180 x 60 x 2’^ 180x12x2’" 


27 


ir 


3bxl2x2 32 


4. The angle contains 1 01 grades, therefore, by Art 24, the circular 
measure is v, that is *■ x OOoOo 

5 Let X denote the number of degrees in the first angle, y the number 
m the second, and z the number in the third 

The circular measure of the first an^o is , and the circular measure 

loO 

of the second is ~ , therefore ~ ^ , therefore * - y = 18 

XoU XqU X8U XU 

The number of grades in the second ang^e is and the number of 

grades in the third is ^ ; therefore + ^^=30 , therefore y+z=27 
Also ®+y=36 

Prom these three equations we haye ®=27, y=9, z=18 

6 The circular measure of a right an^e is ~ , and therefore the circular 

A 

measure of five-sixteenths of a n^t an^e is ^ of that is ^ . 

XO « oZ 

S 450 

The number of degrees is of 90, that is , that is 28 125 
Xb Id 


The number of grades is ^ of 100, that is , that is 31 25 


1—2 
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n CIRCDLAB MEASURE 


7* Lot the numbers of degrees in the three angles be denoted respec* 
tively by x—y, x, and jc+y Then *-y+se+a!+y=180, that is S!b= 180, 
therefore a:=bO 


Also a:+y=2(a;-y), therefore Sy=s=C0, therefore y=20 
Hence in degrees the angles ore denoted by 40, 60, and 80 Therefore 
in grades they wiR bo denoted by and And in oiroular 

measure they will be denoted by and that is by -g-> 

IT a 4>r 
8* 9 


8 Lot the numbers of degrees in the three angles be denoted respec* 
tively by x~y, x, and aj+y. Then a!-y+*+as+y=180, that is 8x=sl80, 
therefore £=60 

The oiroular measure of the greatest on^o is ; thus 

XoU 

95-y 60 sr, therefore (a5-y)ff = ^^y^ 

therefore 3(!B-y)=a!+y, therefore y=|=80 

Thus the angles are 80°, 60°, and 90°. 

9. AU the angles of the polygon are equal to (2»-4) nght angles, that 
is to (2»- 4)^ in oiroular measure, that is to (n-2)ir Hence the circular 

measure of each angle is 

n 


10 Durmg the quarter of an hour smce twelve the long hand has 
described one-fourth of four nght angles, that is a nght angle The short 

band has desonbed one-twelfth of this, that is ^ of a right angle Hence 

the angle between the hands at a quarter past twelve is ^ of a nght angle 

12 

The moosure in degrees of 90= ^ - ^ — = ^=82i 
12 2 2 ' 

The measure m gradess^ of 100= ^ - ^^^^ =?^=91|. 

12 o o 

The circular measure w = • 

12 2 2 % 
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CHAPTER in 


1 Lot EinA= 7 . Then'wehavo 
o 


COB 




. . Bin A 3 4 8 6 8 

tanA= r= = ? t = 7 i 

cos A 5 5 5 4 4 


COtAs=r r=5f 

tan A 3’ 

, 16 .16 

8COA= 7 = 7 » COBeOj4= 7 = 0 , 

cos A 4 Bin A 8 

TerBA=l-coaA=l-^ = i 
a a 


2 Let tan A =5 Then -wo have 

O 


Bin As 


tan A 


4 

3 


cobA = 


.^(l+tan®4) 
1 

V{l+tan=A)' 




4__6_4 
‘5 3“6’ 


BecA= 


cos A 8 


n/(-t) 

= 5, COSCOui= 


“ 3“6’ 


BinA 4* 


3 2 

vorB 4 =1 - COB A=1 -= = = 
a a 


8 Lot COS 4 


Tlion we have 


Vi 

«n ^ (l-|) = 

. . sin4 /I /2 1 

*‘“'^~cos4 V3 V3“V2’ 




'-‘Vi 


vers4=l-cos4= 
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ni. TKIGONOMETIIICAI. RATIOS 


i seo®5 ooBeo®tfs=(l+tan®tf) (l+oot®^)=l+taii®^+cot®fl+(tantf oottf)® 

=1 + tan* 6 + cot® 9 + 1 = ton* 0 + cot® 6 + 2 

« 

6121^ 6 COS^ 0 

6 Bin® 9 tan 9 +005® 9 cot 9 +2 Bin 6 + ^^ - ^ +2 Bin 9 cos9 

_6m*9+ooa*9+2 s m ® 0 cos® 9 _ (sin® 9 + c os® 9)® 1 

“ Bin 9 cos 9 sin 9 cos 9 ~ sm 9 cos 9 


sin® 9+ COB® 9 _Bm 9 , cos 9 
sm 9 COB 9 “ bos 9 sm 9 


= ton 9+ cot 9 


6 2 (sm® 9+ cos® ^ = 2 (sm® 9 + cos® 6 ) (sm* 9 - sm® 9 cos® 9 + cos* 0 ) 

= 2 (sm* 9 - sm® 9 cos® 9 + cos* , 
therefore 2 (sm* 9+ cos® 9) -3 (sm*9+cos*^ + l 

= -2sm®9 ooa*9-sm*9-oos*9+l 
=1 - (Bm*9+oos* 9)®=1 - 1=0 


S 3 

7. Bm®9=5C0s9, therefore 1 <-cob® 9=? cos 9, 

A 2 


therefore 


3 

oos®9+5 0os9=1 

A 


BysolTmg this quadratic m the nsnal ^ray ^Te obtam cos 9=^ or -2, but 

only the former value is opphcable, for cos 9 cannot be numerically greater 

than unity Hence cos 9=^, and therefore 0=^, 

A 3 


8 Bm9+ooB9=l, therefore coB9=l-Bm9, therefore cos®9=(l-6m9)®, 
therefore l-sm®9=(l-Bm9)®, that is (1-Bm9) (l+Em9} = (l-sm9j® 
Therefore either l-8m9=0, or 1+Bm9=l-Bm9 

Take l-6m9=0, thus Bm9=l« therefore 9=^. 

Next take l+sm9=l-Bm9, thus Bm9=0, therefore 9=0 

9 cot 9=2 cos 9 , therefore 2 cos 9 

6m9 

Therefore either cob9=0, or -^=2 

sm9 

Take COB 9=0, then 9=^. Next take —^-—=2, thus 8m9 = 5 5 
2 Bm 9 2 ’ 

therefore 9=?. 

D 



IV. APPLICATION OF ALGEBRAICAL SIGNS 


i 


10 *an®<?-2cos0+7=0, therefore 1- cos* (?- 2 cos 7=0, therefore 

4 4 

cos* 0+2 cos 0= j By solving this qnndmtio in the ordinary way wo obtain 

cos 0 , or - g ; but only the former value is apphcablc , therefore 0=^ 

11 3 6oc*0 + 8 = 10 see* 0 ; therefore 3 scc^ 0-10 see* 0+8=0 By solving 

4 

Hub quadratic in the ordinaty way wo obtain see* 0=2 or 5; therefore 

O 

2 ^ T 

foc 0 =v /2 or — r. therefore 0=7- or " 

%/3 4 o 

12 . ton 0-»-cot0-=2; therefore tan 0+/-?’- =2, 

tan0 

therefore ’tan*0-2 tan 0+ 1=0, that is (tan 0-l)*=O, 


therefore 


tan 0=1, therefore 0=7- 
4 


13 fin (A -if) =5, therefore A -5=30*, 
cos (A + if ) = J , thoroforo A + i?= 60* , 

A 

from these two equations we obtain A=45*, and ifslS* 

11. tan(A + B)=V3, therefore A + if = 60’, 
tah ( 4 - if) = 1 1 therefore A'-B= 45* , 
from these two equations wo obtain A =52A®, 


CHAPTER IT > 'i 

1 585*= 360* -r 226*. Thus the Tngonomotneal Ratios are the fame as 
for an angle of 225* 

Bin 225«=6in (160*+45*)= - sin 15“= - , 

•. v" 

cos 225*= cos (180*+ 45*)= -ros 15*= - ~ 

2 690® =800* +330*. Thus the Trigonometrical Ratios are the some as 
for an angle of 330* 

sin 330*= sin (180*+ 150*) = - sin 150*= - sm 80*= - ^ , 

A 

cos330’=cob( 180*+150’)= -co8l60*= cob30*= 

A* 
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IV. APPLICATION OF ALGEBB.VIOAL SIGNS 


3 930’*=720<*+210<’ Thus tho Tngonometncal Bntios nro the eame az 

for an angle of 210” 

sin 210»=Bin (180®+30'>)= - sin 30”= - i ; 
cos210”=cos (lS0®+30»)= - cos 30”= 


4 6420”=I7x3G0”+300”. Thus the Trigonometrical Batios aro the 

some as for an angle of 300” 

Ein300”=Bm (180*+120”)= -sm 120”= -sm C0®= , 

oos 300” = cos (180® +120”)=—co3l20”=cos60”=5 

A 

6 The smallest angle is 45”, the other angles aro fonnd by increasing 
EUCcesBirely by 180” thns all the angles are 45”, 225”, 405”, 685”, 7C5” 

6 Smee cos”0=g, ire have cosd=!t-\ 

^ ^y2 

Toko the upper Bign , then the Bmollcst valno is 45”, and the others nro 
860”-45”, 360»+46”, 720”-45”, 720”+45”. 

Toko the lower sign , then the smallest valno is 185®, and the others are 
8e0”-136”, 360”+13S”, 720”-185®, 720»+185” 


_ ni" , Tir 
7 vers-T- =l-cos- 7 - 
4 4 

Suppose n=0, then wo have l-cosO, that is 1-1, that is 0, next 
enppose n=l, then we have 1-cos j, that is »ext Enpposon=2, 

then we hovel— cos 1^, thatisl-0, thatisl, next suppose n=3, thenwo 

have 1-coB^ , that is suppose «=4, then wo have l-oos v, 

that IS 1 + 1, that is 2 Then the values begm to recur in the inverse order , 

, Bv 35r Or ir Ir V Stt n - 

for COS-T- = COS -J-, COB-^=COS -r- , COS-r = COS— , cos - 7 - = CO3 2n-=COs0 
4 4 4 4 4 4 4 

9r r 

Then the whole senes recurs For cos = cos -r , and so on. 

4 4 


’ 8 Suppose n=0, then wo have sm^, that is^, next suppose ji= 1, 
then we have sm^^-^^, that is aiug, that is next suppose n=2, 
then we have sm is -sm^, that is -g, next suppose n=3. 



IV. APPLICATION OF ALGEBRAICAL SIGNS 
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tlicn vro havo Em , ihat is - sm that is - sm ^ , that 

>/3 ^ ^ 

'"2 

Then the values recur, for eupposo ns=4; then wo havo sin^2r+^^ , 


that IS tin — , and so on. 
G 


9 sin* 3=: -cos’d. Extract tho cubo root of both sides, thus 
Bmd=-co5d, thcreforo -*“?=-!, that is iand=-l, thereforo d=s— 

COS tf 4 

10 2 sm* d-5cosd-4=s0, therefore 2 (1 - coi’ d)-Scosd-4 = 0, 
therefore 2cos*d+5cosd+2=0 By solving this quadmtie in tho usual 

way wo obhim cos d= or -2, but only tho former value is apphcablo, 

O.. 

thcreforo 3=^. ^ 

11 IVhcn d=0 wo have co3d=:l and smdsO, so tliat coBd-Bmd=l 
Let 0 change from 0 to ^ , then cos 0 changes from 1 to 0, and sm 0 from 

0 to 1; therefore cos d-smd chongos from 1 to —1, vanishing when 3=? 

4 

Let 0 change from j to r, then cos 0 changes from 0 to - 1 and sin 0 
from 1 to 0 ; thus cos d - Fin d remains negative It has its greatest numcncal 
value, nameIy-V2i when For wo hovo 

(cos d + Bin d)’ + (cos d - sin d)* = 2 (cos’ d + Bin* d) = 2 ; 

and thus (cos d- Bind)* has its greatest snluo when cosd-i-Bmd vanishes, 

that IS when ton d =- 1, that Ls when d=^ 

4 

8t 

Let d change from w to — then cosd-Bmd goes through tho same 
numerical values, with a contrary sign, as when d changes from 0 to g this 

M 

follows from Art 60. 

Let d change from ^ to 2ir; then cosd— Bind goes through tho same 

numerical values, with a contrary sign, ns when d changes from ^ to r this 
follows from Art 60 

12 Let d diango from 0 to g , then cos* d changes from 1 to 0, and 
Bin’O from 0 to 1, therefore cos*d-sin*d changes from 1 to -1 
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IV APPLICATION OF ALGEBRAICAL SIGNS 


Lot 0 change from ^ to ir , then cos^O - changes from - 1 to 1 
Stt 

Let B change from ir to -5-, then oos®ff-BinS5 goes through the same 
2 

values as vrhon 6 changes from 0 to ^ 

Let B change from ^ to 2ir, then cos*®-sinStf goes through the same 

values as when B changes from = to ir 

^ « 

1 


13 


tan 0+cot0=tan0+r-^ I>et B dionge from 0 to then tan 0 
tane i 


changes from 0 to infimty Thus tttn0+ ^^^ is always positive, and is 


infinite both when 0 = 0, and when g 

0=^, for we have 
i 


The least value is when 




nud thus tbe least Talae is vrhen vaniBhes^ that is \yhen 

t&nO 

tan^<?=l Thus tand+cot^ dimimshes from infimty to 2, as 0 changes 

from 0 to 7 , nud then increases from 2 to infinity, as 0 changes from 
4 

T . V 

4 *°2- 

Let 0 change from ^ to ir , then tan 0+ cot 0 goes in reverse order through 
the same numerical values, vith a contrary sign, ns when 0 changes from 
0 to g this follows from Art 48 

Let 0 change from ir to 2n-, then tan 0+ cot 0 goes through the same 
values ns when 0 changes from 0 to ir this follows from Art 50 

14 Wo know hy Algebra that if o and h are unequal 2a5 is less than 
n' + i®, and therefore 4a5 is less than a®-f &®+2a5, that is 4a& is less than 

(a +5)® Therefore is less than umty, and cannot bo equal to the 

(a+o)* 

secant of any an^e, for a secant is never less than unity 


cot (A +90“)= 


tan (A +90®) cot A 


= -tan A, 



V A^’GLKS -VVITH GIVEN TBIGONOJIETRICAL RATIOS 11 

byArt.62, ^-cosecA, 

co8Cc(A + 90’)=jjjj^g-,p^-^. by Art 62, =bocA, 

Ycrs(A+90*)-=l-cos(A + 90*)t=l+Bin A, by Art 62 

IG sm (270'* - A) = - sin (90* - A), by Art 50, = - cos A 
cos (270*- A) = -cos (90® -A), by Art 50, =-8mA. 

17. fin (270* - A) = - cm (00® A), by Art 60, 

= - cos A, by Art. 62 
COE (270*4- A) = - cos (90® 4-A), by Art. 60, 

=: - (- sin A), by Art. 52, =saia A 

18. cm (3C0® - A) = - MU (ISO'’ - .1), bj Art 60, 

ss-cmA, by Art 48 

cos(SC0®-A)= -co8(180®-A), by Art 60, 

as - (- cos A), by Art 48, =« cos A 

CHAPTER V T /i'5 j 

1 tan 5=1, tbo cmnllost valao of 5 is and tbo ccnoral Yolno is 

njr+~, byArt CS • 

2 cm 5=1, tbo smallest Yalnc of 5 is and tbo general Taluo is 
njp4- (- 1)"^ , by Art. CC Thia ciprcBsion innj bo cimplificd , for first sup- 
pose n even, denote it bj 2m, so that wo baio 2mir+^, next sapposo n odd, 
denoto it by 2m4 1, so Hint wo liavo {2m4'l)T-y , that is 2mw4-^ Hence 
both ensos nro included in the cxprc’^sion 2mT+^, that is (ljn4-l) g- 

8. cos 5=1 , tlio smallost Tnluo of 5 is 0, and tbo gcnornl value is 2nTr, 
byArt 67. 

1 2r 

4 cos 5 = - - , tbo smallest value of 5 is -5- , and tbo general value is 

iS 9 

2ir 



12 V ANGLES WITH GIVEN TRIGONOMETEICAL RATIOS 


5 Bin^0=Ein^a, therefore 8m^=dbeiiia Take the upper sign, then 
the simplest solution is 8 = 0 , and the general solution is 9=nir+(-l)'‘a 
Take the lower sign, then the simplest solutionis 0=—a, and the general 
solution IS 0 = nir — (-l)”a The two expressions are included in the 
smgle expression B^nv^a 

This might also be ohtamed from a diagram in the manner of Arts 66, 67, 
and 68 


6 


Smce coseo’6=s Bm®ff=| = sm*y 

O i O 


hence, hy Example 5, 


the general solution is e^nir^^ 


7 cos® 0=cos® a, therefore COB 9= ± COB a Take the upper sign, then 
the simplest solution is 0=a, and the general solution is 8=i2mrJba Take 
the lower sign, then the simplest solution is 0=fl--a, and the general solu- 
tion IB 0=2nn-db(ir-a) The two expressions are included in the smgle 
expression 0 =mr^a 

It will ha seen that the result is the same as for Example 5, and this 
should be the case, lor if cos®0=cos®a, then l-cos*0=l -cos®a, that is 
Bm®0=sin®a 

8 Smce sec®d=2, we have cos®d= 5 =cos*^, hence, by Example 7, 

the general solutionis dz=flr±T 

4 


9 tan® 0s:tan®a , therefore tan 8 = 4= tan a Take the upper sign, then the 
simplest solution is 8 =a, and the general solution is Osnir+a Take the 
lower sign, then the simplest solution is 0 s; - a, and the general solution is 
0 =nw - a The two expressions are mclnded m the single expression 
8=nir±a, 

The result is the same as for Exomple 7, and this should he the case , for 
if tan®0s=tan®o then l+tan®0 = l+tan®a , therefore Beo®0=Bec*a, by 
Art 34, therefore cos®0=cos®a 

1 X 

10 tan® 0=-=tan®^, hence, by Example 9, the general solution is 

o u 

0;snxsfc^ 

o 

11 All the angles included in the expression 2nxd:a have the same 
cosme as a, by Art 67 

Now by Art 45 sin (2nx-f-o)=sino, and Bm(2»x— o)=sm(-o)=-sma. 
Thus the angles which hare both the some sme and the same cosme as a 
are all comprised in the expression 2nx-f a 



hence, by Example 11, the required general value is 0=2nx+ — 

D 



Vr. TllIGONOSIETRlCAL RATIOS OP TWO ANGLES. 
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CHAPTER VL 


1 . 


cos A + Bin A (co b A + Bin A)* 

cos A - sin A ~ (cos A - Bin A) (cos A + sin A) 


co s^ A+Bm *A+2 sin A cos A 
cos* A - Bin* A 


1+sin 2A 
COB 2A 


sin HA 1 

C032J ^ COS 2A 


tnn2A+8co 2A 


2 2 sin* A sin* JS + 2 cos* A cos* R 

(1 -coe 2A) (1 ~cos 2/i) (1+ cos 2/i) (1 +cos 2B) 

“ 2 ' 2 

1 - cos 2A - cos22?+cob2A cos 2JI 1 +cos 2/1 + cos 2S +cos2A cos 2B 
_ - + _ 

= l+cos 2 A cos2R 


8 


inn ( 15*+ A) - Inn (43* - A ) 

_ inn 15* + tnn A tnn 4.‘i*-tnn A _ 1 + tnn A 1 - tan A 
"T^lon 45® tnn A *" l + tnnl5* tnn A 1-tnn A 1+tanA 
(l+tnnA)*-(l-tnn A)*._ 4tnnA 

8S ' ' — — «S 4(M Tllill JiA 

1-tnn* A l-tsn*A 


4 cm SA coscc A - cos 3A ecc A 

_ Bin 3A cos 3A _ 3 sin A —4 Bin* A 4 cos* A - S cob A 
~ Bin A cos A sinA cos A 

=8 -4 sin® A -(4 cos® A -3) =6- l(sin*A +co8*A)=6-4=2 

5 3 Bin A -Bin SA =3 Bin A- (3 cinA -4 sin* A) 

=4sin® A=2sinAx2 Bin*A=2Bin A (l-cos 2A) 

• 

- Bin A^ Bi n 3A + si n 5A _ B in A + sin gA 4- 2 sin SA 
Kn3lf+2 sin 5A + biiTtX sm 3A + sin 7A + 2 sin 6 A 
2 Bin 3A COB 2A +2 Bin 3A 
“"2 sill DA cos 2A f 2 Bin 6A ’ ® ’ 

_2 8mS4 (1 + cos 2A)_ Bin 3A 
~2Bm 5A(l^cos2A) ~ sin 5A 

_ Bm(2A + /J) „ // . n\ sin(A-i-I? + A)-2pinAcofl(A+H) 

7, ; iiCOB(A+i>)~ ■; 

BinA ' sinA 

Pin (A 4- R) COS A + cos (A •t-2?)BinA -2 Bin A cos (A+J?) 

“ SinA 

_ Bin (A + R) cos A -COB (A 4- R) Bin A _ Em(A+R-A) _ emJB 
Bin A ~ BinA ~BinA 



VI. TRIGONOMETRICAL RATIOS OP TWO ANGLES. 


8 4BmAooB^ A-iooaAem^ A=iBraA cos A (cos^ A -sin* A) 

=2 sm 2A COB 2A =sm4A 


9 


cos A- COB 3A _ 2 Bin 2A sin A , . . „ . 

Bin3A -Bin A ~2oos2A BinA * ^ ’ 


sm2A 

oos2A 


=tan2A 


10 . 


co s 2A - cos 4A _ 2 sm 3A s in A 
iiin4A-sin2A ”2cos3AsinA’ 


by Art; 84, 


sin3A 

coaSA 


=tan 8A 


y 11 






12 




coseo 2A + cot 4A = — sn + 
sin2A 


cob4A 

8in4A 


2 cos 2A cos 4A _ 2 cos 2A+co8 4A 

2cos2Asin2A ^sin4A “ sin4A 
2cos2A+2cob*2A-1 2 cos 2A (1+cob 2A)-1 
sin4A ~ sin4A 


2oos2A (1+COB2A) 1 1+oos 2A ^ 

2 Bin 2A cos 2A ~ sm 4A sm 2A ^ sm 4A 


2 COS* A 
2 sm A COS A 


COS A 


Em 4A sm A sm 4A 


KCotA-cosco 4A 


cos® (A—JJ)+ cos® .B - 2 cos (A - Ji) cos A cos 27 
=ooB (A - J5) {cos (A -.B) — cos A cos 27} 

+ cos B {cos J} — cos (A - Ji) cos A} 

=cos (A - R} sin A sm 27 

+ cos B {cos {A-A — J1)~ cos (A - 27) cos A } 
=cob(A — ^}BmAEin^+coB.Bsin Asm (A — B) 
=BmA {cos (A -27) sin^+sm (A -27) cosR} 
=smA sm(A-27+jB)=BinA BmA=sm®A 


f ^13 Bm*(A-^+sm* J+2Bin (A-27)Bm5cosA 
yV =sm (A {sm(A-27)+Bm5oo8 A) 

+ smjB {sm^+sm {A — B) cos A) 

= Bin (A - J3) sm A cos R 

+sin.B {Bm(A-A-.B)+Bm(A-27)cosA} 
=sm (A - B) sm A cos 27+ Bin 27 sm A cos {A- IS) 
ssm A {Bm (A - B) cos B4 cos (A - B) sm B\ 
stem A sm (A-R+ J)=BinA sin A=Bm®A 


1 


' J 
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sina(45°-A) 

j. 1- tan* (45® -A) cos* (45®— A) 

1 + tan* (45® - A) “ . sin* (45® - A) 

^■^oos*{45«-A~) 

_ cos* (45® - A) - Bin* (45® - A) _ cos 2 (45® - A) 
“cosS(45«-A) + 6in*{46®-A)“ 1 

cos (90® - 2 A) = sm 2A. 


4 sin A A _ 6in*A \ 
4tan A(l-tan*A) cos A \ cos* A/ 
(l+tan®A)* ~ / sin-'Ay 

cos* Ay 


_4 sin A cos A (cos* A - sm® . o . 

(H5in+imp ^ 

=sm4A 


sm A (l+tanA)+cos A (1+coiA) 

. . /, smA\ . . cosA\ 

. sm®A . cos* A 

=smA+ r + oos-Ai r 

cos A sm A 

. l-cos*A . l-sm*A 

=smA+ — + 008 A + — 

cos A smA 

=smA+ — i-r-coB A+cos A-i — ^ -smA 
cos A smA 

^ ^ j -i — ^=seoA +ooBeoA 

cos A smA 

s m 3 A + cos 3 A _ 3smA-48m-*A+4cos*A-3cosA 
sinSA-cos^ ~3sm A-4sm*A-4cos*A + 3cosA 

_ 3 (sm A - cos A) - 4 (sm® A - cos* A) 

”3 (sm A + cos A) - 4 (sm* A + cos* A) 

_sm A - cos A ^ 3 - 4 (sm® A+coB*A + Bm A cos A ) 


smA+cosA 3-4(8 
sinA -cosA ^ —1—4 
smA+cosA —1 + 4 
smA 

cos A l+2sm2A 
‘smA , l-2sm2A 

i +1 

cos A 


3-4 (sm® A + cos* A - sm A cos A ) 

-1—4 sm A cos A 
— l + 4smA cos A 



u 

V 

16 
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O 


tanA-1 l + 2Bin2A 
■"tanA + 1 l-28m2A 
. ,, ,«.l+2Bm2X 

«tan(A-46»)^_2^^2A 

‘ 18 

u 

4 

t “ 

cos A +COS (120® — A) +008 (120®+ A) 
cos A+oob120«cos A +Bml20»Bm A +oos 120® cos A -Bin 120® sm A 
cos A + 2 COB 120® cos A =cob A - cos A =0 

19 

4 sm A Bin (CO® - A) sin (CO® + A) 

£=4BmA(Bin®G0® — sin® A), by Art 83, 

- 

=4 Bin A ^|-Bin*Aj 


=3 Bin A — 4 Bin® A =Bin 3A 

20 

4 cos A cos (60® + A) cos (60® - A) 

= 4 cos A (cos® A — sm® 60®), by Art 83, 


=4oobA ^cob*A-|^ > 


=s4cos®A-3 cos A=:cos3A 

21 

tan A tan (60® + A) tan (120® + A) 

sin A Bin (G0®+A) Bin (120®+ A) ^ 

~oosAcos(60®+A)cos(120®+A) ’ 

_ Bin A Bin (C0®+ A) Bin (60® -A) , . . 

cos A 008 (60® +A) COB (60®- a) ’ ^ ' 

« 

1 

= - , by Examples 19 and 20, = - tan 3Av 

COS oil 

, 22 tauul+taii(C0«+^)+tan(120»+^) 

1 =taii4+tan(60*+^)-tan.(G0®~^), by Art 48, 

*'* " t n 1 tan60®+tBnA tan60®-tanjl 

f ^ l-tanOO®tanA l+tanCO^tiui A 

■*■ l-tnn*60»taii»^ 

, ^ j , 2tan.*60®tan4 + 2tanjl 

tanui+ i_ ton® 60® ton* -4 

*,„ i , 8tanwil 9tan^ — 

' ■‘'l-Stau*^ 1-81011®^ 

=3 ton 3^ 
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23 cot A + cot (60®+ A) + cot (120® -t- A) 

“tan A tan (60® + A) tan (60® - A) 

_ 1 1 - tan 60® tan A 1+ tan 60® tan A 

“tanA ^ tan 60®+ tan A ~ tan 60®- tan A 

_ 1 (1 — tan 60® tan A ) (tan 60® — tan A) - (1 + tan 60® tanA)(tan 60° + tan A ) 

“tanA**^ tan® 60° -tan- A . 

_ 1 2 tan® 60® tan A + 2 tan A 

“tan A , tan*60® — tan* A 

_ 1 Stan A 3 -9 tan® A 

“tan A 3 — tan® A “ 3 tanA-tan®^ 

=j— ^=3cot3A 
tan 3 A 


24 cotAcot(00°+A)+oot(60*+A)cot(120®+A) + cot(120®+A) cot A 

= 1 + 1 + __i__ 

tan A tan(b0» +A) tan (60»+A) tan (120»+A) tan(120»+ A) tan A 

tan(120®+A)+tanA + tan (60®+A) 

” tan A tan(60®+ A) tan (1200+A) 

=-^-44 > V Examples 21 and 22, s= -8 
— tanoA 


25 


Em®A=j{3BmA -6m3A}, 

6in3(120®+A)=j{3 6in(120»+A)-sm3 (120®+A)} 


= j {3 sin (120°+ A) - sm 3A}, 

Bin® (240®+A)= j{3 sin (240®+A) - sm 3 (240® +A)} 

= j {3 sm (240® + A } - sm 3A } 

By addition we obtam 

3 3 

^ { sm A + sm (120® + A) + sm (240® + A ) } - 1 sm 3 A, 


that is 


Ot 


3 . „ . . 

-jBm3A ^ for 

sin A +Bm (120° +A) +Bm (240®+ A) 

=smA + sm(60®-A)-Bm (60°+A) 

=smA+Bm60°cosA-cos60°smA -sm60®coB A-cos60®BmA - 

=smA-2cos60®BmA=EmA-EinA=0 - / 

O' 


2 


T. T K H 


18 
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26 Bin SA ein^A + cos 3A cos® A 

= (3 Bin A - 4 sm® A) Bin® A + (4 cos® A - 3 cos A) cos® A 
=3 (sin^A — 008 * A) -4 sin® A +4 cos® A 
=3 (sin*A - cos* A) (BinSA+ cos® A) - 4 sin'A +4 cos® A 
= cos® A - 3 cos* A sin^A + 3 cos® A sin* A - sin® A 
’ = (cos- A - Bin® A )® = cos® 2A 


f. 

/'27 

O 


cos® A Bin 3A , sin® A cos 3A 


(3 cos A + cos 3A) sin 3A (3 sin A - sin 3A) cos 8A 


=:j(8in3A cos A+00S3A sin A) 

= 7 Bin (3 A + A ) = 7 sin 4A 
4 4 

A 

^'■^28 cosnA cos (n+2) A=oos {(«+l)A -A} cos {(n+l)A+A} 
= cos® (n+1) A -sin* A, by Art 63, 
therefore cosnA cos(n+2)A-oos®(n+l) A+Bin*A=0 


29 


smA A6innA+ain(2n-l) A 
cos A dh COB «A + cos (2» - 1) A 

sin A +Bin (2n — l)AJiBinwA 
“ cos A + cos (2n — 1} A ± cos nA 
_ 2 si n nA cos (n — 1) A ± sin nA ^ 

~2 cosnA 003 (n-l)A±cos «A ’ ^ ’ 


BinnA{3co8(n-l)A±lt _ sinnA 
COB nA {2 cos (n — 1) A ± 1} cosnA 


=tan nA 


30 sin nA cosec® A see A - cosnA see® A oosecA 
sinnA cos nA 

"cosA Bin® A ” cos® A sin A 
BinnAcosA-cosnABinA 4Bin(nA-A) 
“ Bin®A cos® A ~ 4 sin*A cos® A 

_ 4sm(^-A) _^ gin (nA - A) coseo® 2A 


31. oob10A+oob8A+3oos4A4-3cos2A 

=:2cos9AoosA + Ccos3A oosA, by Art 84, 
=2 cos A (cos 9A +3 cos 3A) 

=2 cos A (4 cos® 3A - 8 cos 3A +3 cos SA) 

=8 cos A cos® 3 A 



32 


S3 
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... cosA cos2A cos4A 

cot A +cot 2A + cot iA = 7 + H 7-7 

buiA Em2A Bin4A 

2fcos®A . cos2A , cos4A l+2cos2A , cos4A 

* M I A M *“ n ^ 


2 sin A cos A sm 2A Bin 4A 
2 cos 2A (1 + 2 CO8 2A) cog4A 
*” 2 Bin 2 A cos 2A ^ Bin 4A 


sin 2 A 


Bin4A 


Bm4A 

1 


{2 cos 2A +4 COB- 2A -f cob 4A} 

{2 cos 2A +2 (1+ cos4A) -l-coB 4A} 


f 


sm4A 

=coscc 4A {2-{-2cos2A-t-Scos4A} 


26in2A4'2cos 2 A 


2 fsin 2A -t- cos 2A) 


cos A — Bin A — COB 3A 4- Bin 3 A cos A — cos 3 A + Bin 3A — sin A 
2 (sui2A-t-cos2A) 


' 2 sin 2A sin A -(- 2 cos 2A ein A 


, by Art 84, 


2 (sin 2A + cos 2A) _ 1 

~2(Bin2A + cos2A;sinA “sinA 


34 (cos A — Bin 3A)* + 2 cos A Bin 3A (cob A - Bin A)* 

ss cos* A -b sin* 3A - 2 cos A sm 3A -f 2 cos A sin 3A (1 - 2 sm A cos A) 
s: cos* A 4* sm* 3A - 2 cos A sm 3A sm 2A 
= cos A (cos A - sm 3A sm 2A} 4- sm 3A (sm 8A - cos A sm 2A } 

=: cos A {cos (3A - 2A) - Em 3A sm 2A} 

4- sin 3A {sm (2A 4- A) - cos A sin 2A} 

=cos A cos 3A cos 2A 4- sm 3A sm A cos 2A 
=eos 2A (cos 3A cos A 4- sin 3A sm A} 

=cos 2A cos (3A - A)=cos 2A cos 2A =cos* 2A 


36 cos®A -8m®A=(cos*A-Em*A)(oos*A 4'Bm*A4-Bm*A cos® A) 
£=cos2A (cos* a 4- Bin* a 4- sm® a cos® A) 

’ =cos 2A { (cos® A -f- Bin® A)® - sm® A cos® A } 

= cos 2A { 1 - sm® A cos® A } = cos 2A j 1 - -j 


3G Bm6A=sm (3A 4* 2A)s=Em 8A cos 2A 4-cos 3A sm 2A 

= (3 sm A - 4 am® A) (1 - 2BmS A) 4- (4 cos® A - 3cos A) 2sm A cos A 
= (3 sm A - 4Bm®A) (1 - 28m® A) 4- (4c08® A — 3) 2sin A cos® A 
= (3 sm A - 4 Bin® A) (1 - 2 sm* A) 4- (1 - 4 sm® A^ 2 sm A (1 - sm® A) 
=6 sm A -20 sm® A 4-16 sm® A 


2—2 
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37 

ton ~ ^ 


therefore 

1 cob(j-0 


cos^l-dj Bm(j-6 

) 

therefore 

sm® ~ — 0^ =4 sm I 

[j-0)oos(f-0). 

therefore 

1=2 sm 20^=2oos 20, 

therefore 

cos20=g. 


therefore 

20=2nTrdbg , 


therefore 

0=jMr±5 

D 


rn Q/t 

38, sm40+Bm0=O, therefore 28m~oos~=0 by Art 84, therefore 

<> A ^ 


either Bin-^=0, or cos-^=0 The former gives and the latter 

gives —s: 2nn- ± ^ , 'which may be expressed more simply os ^ = nwr + g 

Or we mi^t proceed thus sm49=— smd, therefore Bm4d=Ein'(n--f d) 
Thns 4d and v+O must be angles which have the same sine , and therefore 
oUthe solutions are contamed in 4^=njr+(— !)"(*-+ (^ 

39 sin70-smd=3sin3d, therefore 2 6m30cos4d=sm30, therefore 
either sm3d=0, or 2 cos 40=1 The former gives 30=nn-; and the latter 

gives 40=2nT±5 

40 sm 0 +COS 0=^ , therefore i . 

therefore ooB^0-j^=g, therefore 0— j=2»Mr±^ 

41 By Example 36 we have 

sm50=5sm0— 208m* 0+16 Em*0. 
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Thus 

thoreforo 


5 sin 9 — 20 Bin® <?+ 16 sin® <?==16 sin® 0, 
5 Bin - 20 Bin® 0=0, 


tlicreforo 


oitlior Bin 0=0 or Bin®0=-T 

4 


The former gives 0=n7r, the latter gives Bm®0=Bm®— , and therefore 

b 


0=nir± ^ , by Example V 6 


42 cos 30+ cos 20+ COB 0=0, therefore oos 20 +2 cos 20 cos 0=0, there- 


fore cither cos 20=0, or coE0=-^ Tho former gives 20=nir + g, an m 

Ji A 


Example 38 , and tho latter gives 0=2H)r+ — . 

O 


43 Bm80 + 8in20+sm0 = O, fbnrnfnrn nm gff4-g win cos 0 = 0, there- 
fore either 6in20=O, or cos0=-i Tho former pvos 20=nv, and the ^ 


latter gives 0=2«ir±- 


44 tan 0+ tan 


(|+0)=2, therefore tan0+j±|~=2. 


therefore 

therefore 


therefore 


,4’ y ’ ^l-tan0 

tan 0 - ton® 0+1+ tan 0=2 - 2 tan0, 
tan® 0-4 tan 0+1=0, 
sin® 0 4 Bin 0 ^ „ 


COS-'0 COB0 


+ 1 = 0 , 


therefore 

therefore 


3m®0 + cos® 0=4 em 0 cos 0, 
1=4 Bin 0 cos 0=2 Em 20, 


therefore 


sin20=g, thoroforo 20=n7r+(-l)’‘g- 


46 tan20 + cot 0=8 cob® 0, thereforo-^^2^ 4.°?if=8oos®0, 

cos 20 Bin0 

therefore sin 20 Bin 0 + cos 20 cos 0=8 cos® 0 sin 0 cos 20, 

therefore cos (20— 0)=6 cos® 0 sm 0 cos 20 , 

therefore either cob 0=O, or l=8coB0sm0coB20 

Tho former gives 0=nv+^, tho latter gives 

A 

1=4 sin 20 cos 20=2 sm 40, 

1 ^ 
sm40=^, and 40=nTr+{-l)’*-g 


so that 



22 VII. FOHMUL^ FOB THE DIVISION OF ANGLES 


'^6 tan ^1-+ =3 tan (j “ » 

tanf^+^}=8cot ~ " '" T-ir” “\ ’ 

/ V 4 y tan^J+ff) 


thorofore 


therefore 

therefore 


tan® ^ j = 3 = tan® ^ , 
j+3=»iir±g, by Example V 9 


CHAPTER Vn. to 

1 Here^hes between 225® and 315®, thns am^ is negative, and la 

2s A 

A 


numerically greater than oos ^ , hence 

!o 


sm j+cos j=: - V(l+ -d)! sin j - oos ^ = - ^(1 - sin j1) 


therefore 


A 


2sm^ a -^(1+Bin A)~V(l-“n-d) 


A A 

2 Hero hes between 406® and 495® , thns sm g- is positive, and is 

nnmencally greater than cos ^ , hence 

A A A A 

sin ^ +003 g-=V(l+s™A), sin 2 -cos ^=^(1- Bin A) 

A 

therefore 2 cos = V(l+ am A) - V(1 - sin A) 

4* 

3 Here ^ lies between — 45® and — 135® , thus sin ~ is negative, and is 
nnmencally greater than oos^, hence 

4a 

sm^+cos^= -V(l+BmA), sin —cos -V(l-sinA) 
thorofore , 2sm^= -■\/(l+BJJiA)-V(l~smA) 

4 The proposed formula must havo anson from 

EmA + oosA= -V{l + sm2A), smA — oosA=v'{l-Bm2A), 

the former shows that A must lie between 2nir+^ and 2?Mr+^, and tho 
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latter 6bo\YS that A amst ho l)ot\Hccn 2mjr+'^7 and 2mir+'^ , hence, by 

4 4 

3?r 

combining thcso rcsnlts, it foUoirs that A must he between 2nn->f-r find 

4 

2n7r+~ Seo Art 101. 

4 


5 Tho proposed toimula must havo arisen from 

sinA+cosA— - EmA-co3A= -V(1 -bui2A), 

Sir Ttt 

tho former sheus that A must ho botween 2»Mr+-7- and 2n:r-i — ^ i OJid the 

4 4 

latter shews that A must ho bctuceu 2mir+-j and 2mv^~ , hence, by 
combimng thoso results, it follows that A must he botween 2mr+~ and 

2Tur+-j-. 

4 


C The proposed formula must havo anson from 

sm A+coaAs=v'(l+fim2A), BinA~cosA= -V(l-Bm2A), 

tho former shows that A must he betYveen 2nr-Z and 2na-+^, and tho 

4 4 

latter shows that A must ho between 2mir+~ and 27n7r+~, that is, 

4 4 

between 2(mT-l)7r--^ and 2(m+l)x+j hence, by combining these re- 

TT 9r 

suits, it follows that A must ho botuoen 2mr~j and 2nx+ j 


7 Let A denote tho given angle, and m tho given ratio Let x denoto 
ono of tho two parts, and therefore A—x tho other Then sin a;=:7n sm (A ~ x), 
thus 6mx=:m(EmA cosx-cos A sinx) Divide by cosx; thus 

tan x=m (sm A - cos A tan x), 

, . j» sin A 

thoreforo tanx5== 

1-fm cos A 

Thus tanx is known, and thereforo x is known 

8 Lot A denoto tho given angle, and m the given ratio Let x denote 
ono of tho two parts,and thereforo A — xthoother Thencosx=mcos(A — x), 
thus coBx=m{eosA cosx+sinA smx) Dmdo by cosx, thus 

1 =i» (cos A Bin A tan x), 

therefore tanx= ^~’^*‘°^'^ 

iRsmA 

Thus tanx is known, and therefore x is known 
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9 Lot A denote tho given angle, end m the given ratio Lot x denote 
one of the two parts, andtboroforo A —x tlio other Then tana!=:mtan(A-a;), 


thus 


. m (tan A — tan as) 

— 4-7 -• 

1+tanA tana; 


therefore tan a; (1 + tan A tan x)=m (tan A - tan x) 

Thus we have a quadratic equation from which the value of tan x may be found 
Or wo may proceed thus, 

ianx=m tan (A - as), therefore r , 

' ' cos a: cos (A -a:) 

therefore 2 sin a: cos (A - a;) = 2m. sin (A - ^) cos a;, 

therefore sin A +sm (2a!- A)=m (sm A+sm (A - 2a:)} 

(sm A - sin (2x - A )}, 

therefore (m + 1) sm (2a: - A) = (m - 1) sin A 

Thus sin(2x- A) is known, and therefore 2a:- A is known, and therefore 
X IB known 


10 By Art 87, BinA = 


2 tent 
l+tan*| 


2 (2 -VS) 
'1+(2-V3)* 


2(2-V8) _2(2-V8) 1 

“1 + 4+3-4V3 4(2-V8)“2 


11 sm 105® + 00 S 105®= V(l+Bm 210®), 
and Bin 105® - cos 105®= V(1 - 6in210®) , 

therefore 2 cos 105® = V(1 + sm 210®) - V(1 - sm 210®) 




thus 


2oosl05®=i=^, 

y/Z 


and oosl05®=:^^l^=-i^^ 
2V2 2V2 


12 tan 2A = 


2 tan A 


thus 


2 tan A 


24 
■ 7 ' 


"l-tan®A’ *“““ l-tan®A' 
therefore 14tan A=-24(l-tan®A), therefore 24tan®A-14tanA=24. 
By Bolvmg this quadratic m the ordmoiy way wo obtam 

tanA=^, or 


Also 


sinA = 


tan A 


V(l + tan*A) ’ 


and cosA = 


V(1 + ton- A) 
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4 4 3 

If imA^:r we get and cos^assk^ 

0 9 0 

3 3 ^ 

If tanAs -- \7e get Bin A = and cosA =?7 

4 0 6 


18 


ian2A = 


2 tan A 
1 - tan*A 


therefore 


Let 2A.=330'’, then tan2A = - 


1 

y/3' 


1 2 tan A 

^"■l-ton»A’ 


therefore - 1 + tan® A = 2 >/3 tan A, therefore tan® A - 2 V3 tan A = 1 

By solving this qoadratio m the ordinary vray vro obtain tan A =V3±2 
But tan 165® must be a negative quantity, and is therefore eqnal to ^3 -2 


2 8inA-8in2A _ 2auiA -2 sinA cos A _ 2sin A (1-cosA) 
2smA + 6in2A ~2sinA+2sinAoosA ~2sinA (1+cosA) 

1+cosA o a-^ 2 

2 cos® 5 - 

iS 

2 vers | (180® + A) vers | (180® - A) 

= 2 jl-cos ^90®+^)j jl-cos ^909-^^j 

= 2 (l + sin I) (l-8in I) = 2 (l - =2 oos®| , 

vers (180® - A) =1 - cos (180® - A) =1 + cos A =2 cos® ^ 

Thus the proposed expressions are eqnal 

16 (cosA+cosB)®+(Bin A+sm^® 

= cos® A + cos® H+ 2 cos A cos j5+Bin®A + sin95+2 sm A smB 
=2 + 2 (cos A cosR+sin A sini?)=2+2oo3(A -R) 

=2 (1 + cos (A - R)} =4 cos* | (A - R) 

17 (cosA -oosR)®+(8uiA-BinR)® 

=oos®A+oos®R-2oosA cosR + sin®A+Bin®R-2sin A sinR 
=2-2(oo8AcosR+8mA Bin^=2 — 2 oos(A — R) 

=2 {1 - cos (A - R)} =4 am® g (A - R) 


14 


X 


15 


and 


18 2Bin®22J®=l-coB46®, therefore 

2 

4 sin® 22i0=2 - 2 cos 45®=2 — ;s=2 - V2, 

V'* 

2Bin22i®=V(2-V2) 


therefore 
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And 2cos^22^"=:l + cos45**, therefore 

' Q 

4 co3®22^»=2+2 oos46'»=2+-=s=2+V2, 

therefore 2 cos 22J®=V(2 + VZ) 

„ 8in22?« v'(2-v'2) n/(2-v'2) ■J(2-y/2) 

008221 “ “ V{ 2 +V 2 ) “ V( 2 + V 2 ) * V( 2 - V 2 ) 
_ 2-V2 _2-V2_ 

-V( 4 - 2 )- V 2 

that IS tan 22i“=^/2 - 1 

19 (tan A + cot A) 2 tan ^ ^1— tan®^^ 


\co!i A Bin A J 2 \ 2 J 

, , . 2 sm ^ cos®^ - Bin® ^ 

£in®A + coB® A 2 2 2 


sin A cos A 


A 

oos^ 

2 Bin — 

2 


'sin A cos A 


2sin^ 


A 
cos^ 


cos A 
cos*^ 


2sin|- 


^ a1 4 

BinA cos® ^ 2 Bin — cos* 5 


cos*^ 


20 tan* I 



— . 

l+tan^ 

t» 

r A A 

cos^ + Bin^ 



l-tan| 

1 4 

cos|-Bm^ 


1+sm^ 


nA ^A g . A A 

cos-— +6in*-^+2Bm'jr cos -5 

2 2 2 a 

,A , ,A „ A A ~l-BinA 

cos®— + Bin* — - 2 Bin — cos 

1 Bin A 

cos A cos A sec A +tan A 
’ 1 Bin A ""BCcA-tanA 


cos A COS A 
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21 Bin 




ir 0 V 0 V 0 V 0 
= BUl-r OOS n- cos- Bin -r+ COS 7 008 Bin 7 Bin ^ 
12 42 12 42 

0 0 0 
- «? 2Em5008g 

=2BmjCOS5=-— =— — 

VSBin^ 


~ Bin* - ^ V(vor8 0) 

22 4 6in®| - Bin |^ = i wn* | ^bui® | + cos® ^ - 2 sin | cos 

. .0 1 0 oy 

= 4Bm*j^Bm^-co8jj 
= ^2 Bin* I - 2 Bin I cos 

/- 0 oy 

«(^l-C05.j-Bingj 

And V(l-» sin(?)s=^^^Biu®2+cob*|+2 Bm|coBg^ = 8in|+coBg, 
ibcrcforo {1 - V(1 + Bin 0)}®= ^1 - sin ^ - cos 


23 2cos*^=l + cosff , tbcrolorc 


1 C0'»’,- = (l+C08 (?)®=;l + 2 C08 ff+COS®0 

tt 

= l+2cos(?+ “-J^^5=^(3+4 co8 0 + oob 20), 
1 C0B<g= 5(3+4 cos<?+cos20) 

J O 


tbcrcfoTO 


'Dso tbis (ormula for cacb ol tbo tcnns , tbus 


. IT . Sir . . 6ir . 7x 

coB^ o + ®o^ "S' + -Q + tr 

o o o o 

12 1 / ir 3ir , Sir 7ir\ 

_ (^C08^+C08^+C08^ +C0B^j 

1 f V Sir Sir 7ir\ 

+ g I COBg+COSy+OOS y +C0Syj 


: Bco Art. 60. 

A 
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m roianiL^ ron the DmsioN of angles. 


24. 


V3-1 


tan7J®= 


Bm 16® 
l-roosl6® 


2V2 V3-1 

V3+1 2V2+V3+1 

2V2 


(V3-l)(2V2+l-.y/3) 2VG-2V2-4+2x/3 

(2 ^2 + -^3+1) (2^2+1 —^/S) 6+4^/2 

V6-V2-2+V3 
” 3 + 2V2 


Multiply both nnmerator nnd deuomitmtor by 3-2^2. then we obtain 
unity for denominator, and for nnmemtor ^/G-\/3+V2 -2 


25. 


tan 1423®= 


sin 285® _ sm 105® _ cos 15® 

1 + cos 285® l — coa 105® l+sinl6® 


V3 + 1 

_2V2 VS + l 

■■, ^3-1 ~2V2-1+V3 

2^2 

(V3+1){2V2-1-V3) 

“ (2V2-H-v'3) (2V2-1-V3) 

V6+V2-2-V3 2+V3— S/2-V6 
3-2V2 " 3-2V2 

Multiply both numerator and denominator by 3+2^2, then we obiam 
unity for denonunator, and for numerator 2+ V2 - V3 - V® 


3tan|-ton®| 

26 tana:= 

1-3 tan® I 

and since this is equal to (24-V3)tanf we obtain 

a-tan®! 

L=.2+V3, 

l-3tan»| 

therefore 3-tan®|=(2+v3) ^l-3tan®|^ , 

(6+3V3-l)tan3|=2+V3-3, 


therefore 
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thcrpforo 

thcrcforo 

Hence 


„ (N/3-l)(5-3vr} ) 
3"r.+.’5v/’J tV3)(j-3>/3) 

t'w|=V(7-.W3)=J{2-V3) 
tanr= « {2+xn){2- v3)=±l. 


. , Mnc cnso |:in*n+cos*e 

2#. tantt+col«=t + - 


coaa Flit a 
o 


Fin a cos a 
o 


hinacosa 


^ 2 nn a cot « Fin 2tt * 
Pnt lor a its Tnlnn ; Him tbo pxi>ro«Fioii 


FUl ' 




C03^ 


2 — - -I 


23 


COB a cos IHa cot o cot 1.1a cot Ha 


C03 la + cos fia 2 cot a cos 4 b 2 cor la 
for 13a4-4a=:x‘, and ibcroforo cos 13a = -cos da 

29. fcc(^+a)"*-rcc(^-a)n2FOO0, Ibcreforo 
1 1 2 


tbcreforc 

tbcrcforo 

therefore 

tbcrcforo 


1 

2 ’ 


cos(^S + a)^cot{^-a) “cos^’ 

cot (0 - g) + cot (<^ + g ) 2 
cos (<l+a) cos {<f>~ a) cos ^ ’ 

!^08^CMa 2 

cot* - sin* a ~ cos ^ ’ 

COB* <1 cos a = cos® <i - sm* a , 

^ . Fin* a 1 — cot*B , n » 

C03*A== = l + C08a=2C08* 

^ 1-cosa l-cosa 

cos si='v/2 cot ? 


ibercforc 


met 
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Vlir MISCELLiJSrEOUS PKOPOSmONS. 


30 tan** 5 = tan’ g , therefore 

•0 X C « 


l_i±f ZH 

l-tan’g ^ ^ cos®^ (l-c)oos*|'~(l + c) ain’l* 
1 +tan’l sm®! (l-c)cos’|+(l+c) 8 in®| 

2 


therefore, hy Art 87, 


• _ coB®|-6m®|-c(co8’|+8m’|) ^ 

^ “ “"T? 7^ ? “1 

cos’i+Bin’i - cl cos’ i- Bin’ I j 


008 <^-C 

L-ccos^ 


OHAPTEB Vin ? " 

1 By Art US Tre have 

008 (a + ^ + 7 ) = 008 o cos /3 cos 7 — cos a Bin /5 sin 7 - COB /5 Bin 7 Bin tt 

-oo 87 smosmj 8 , 

divide both Bides by cob a cos j3 cos 7 , thus 

cos(tt+p-i- 7 ) _]^_fanPtnn 7 -tan 7 tana-tanatanfl 

C 0 Sa 008 ^ 00 S 7 r- I I r 

2 By Art 113 vro have 

sm (a + /3 + 7 ] = sin a COB /3 cos 7 + sin /S cos 7 cos o + em 7 cos a cos /3 

- Bin a Bin |3 Bin 7 

dmdo both sides by cos a cos /3 cosy, thus 
gin (a+jS+'v) 

«+tan ^+tan 7 - tan a tan p tan y 

3 Bin{a— /3)+Bin(/3— 7)=2 8 in^^^ooS^ — = 

« 2 

„ 7 — a tt— 2 fl +7 

= - 2 Bin-iy cos f—I, 

sin(y-a )=2 sin 31 ~oos 51 ~, 
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tlierefoie em{a—p)+sji{^—y)-rsm[y-a) 

„ y~a{ y-a a-23+y) 

=2 Bin-i— — <cos cos ^ — t} 

J / 2 2 ) 


=2sin-^^2sm-^-^ sm^-^ 

A A *» 

. o-S &-y y~a 

therefore Em(e— y 3 )-r sin (/ 3 - 7) -^6111(7 -c) 

+ 4 ein^-j^ Ein^-j^ s= 0 . 


4. 4 sin {6 — a) sin (md — a) cos {0 - md) 

=2co3(fl-»n0){cos(fl-»7ifl) — cos(ff-rm®-2a)}, by Art 84, 

=2 cos-(5 - mfl) — 2 cos [6 — mO) cos {O+mO- 2a) 

=1 + cos 2 {6- mO) - {cos {20 - 2a) + cos {2m0 - 2o}} 

=^cos 2(0— mO) — cos (20 — 2a) - cos (2m6 - 2tt) 

5 sin(tt i-fi) cos g=Bin (a-*-j^—y—y) cosjg 

={sin (a-^p-^y) cos 7— cos (a+p-^y) 30x7} COSjS, 
sin{a-*-7) C0S7=ssm{a-»-^4-7— P)C0S7 

=s{sin(aJ'^+7 ) cos/5-cos(o+P+ 7) Ein^]coS7, 
tbereforo em(a'>-/3} cos^-sin (0+7) COS7 

=:cos(o-i-^+7) {sin p cos 7 -Bin 7 COS p} 

=:cos (ttJ-)3+7)sin({5-7) 

6 cos(cJ-) 3-»-7)— cos(a+p— 7)=2 co 3 (a-^P) COS7, 
cos(tt-p-»-7)+cos{p+7-o)=2co3(tt— /5) C0S7; 

hence the snm=2cos7{cos(o+)5)+cos(tt-p)} 

=4 cos a cos p cos 7 

7 cos2a+co32^=2cos(a+^) cos(tt-^), 
cos 27 +cos 2 (a+^+7)=2 cos (27 +b+^) cos (b+/3), 

hence theEnm=2cos(a+p} {co3(a-/5)-»-cos(27+a+p)} 

=2 cos (a+P) 2 cos (a+7) cos (^+7) 

• =4 cos (aJ-p) cos (p+y) cos (7+0). 

8 Bedneo the three fractions to have the common denominator 

Em(a-/3)Bin(S-7) sin {7-0), 
then the 'whole nnmerator 

= -8mosin(p-7)-Bmj3Bin(7-a)-Bm7Bin(a-/S) 

= - 1 {cos (a - p + 7) - cos (a + {5 - 7)} - ^ {cos ((5 + a - 7) - cos (/5 + 7 - a)} 
- g{co8{7-o+/5 )— cos(7-«-b-/3)}=0 
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9 cos(tt+/3) sin/3-oos (0+7) Bin-y 

=2 {Bm{^+p+p) - sm (ft+/3-/3)} {sin (a+7+7) - em (0+7-7)} 

= I sm (o + 2/S) - g Bin (o + 27) , 

Bin (o+jS) 003 /3- sin (a +7) 0087 

=|{sin (a+p+p) +Bm(a+p-p)}~ {sin (a+7+7) +sm (o +7 - 7)} 

1 * 1 
= g sm (a + 2/8) - g Bin (o + 27) 

Thns the two expressions axe equal 

10 Bm(o+|3-27)cos/3-sin(a+7— 2/S) 0037 

=i {sm (a + 2/S - 27) + sm (o - 27) - sm (o + 27 - 2/S) - sm (a - 2/3)} , 
Bm(/3-7) {cos (p+y-a) + ooB(a+'y-p) + coB(a+p~y)} 

=g {sm (2/3 - a) + Bin(o - 27)} + g.{Bm 0+ sm (2/3 - 27- o)} 

+g{- sin a+sm (2/8 - 27 + o)} 
{sm (2/8 - o) + Bin (o - 27) +Bm (2/3 - 27 - o) + sm (2/3 - 27+ o)} 
Thus the two expressions are equal 

11 Em(a+/3+7)sm/3=^{cos(a+7)-coB(a+2/3+7)}, 
sm (o + /8) sm ^8 + 7) = g {00s (a — 7) — cos (a + 2/8 + 7)}, 

sm a 8m7=i {cos (0-7) -cos (0+7)} 

Hence sm(a+/3)sm(|3+7)-smasm7 

=5 {o°s (0+7) - COB (tt+ 2/3+7)} 
=Bm(a+/3+7)Bm^ 

12 sm o sm /3 sm (p - o) =1 {cos (a-p)- cos (o +/8)} sin (/3 - o) 

= g cos (p - o) sin (/3 - o) - j {sm 2/3 - sm 2o} 
sm 2 (/3 - a) - j sm 2/3 + j Bin 2a 
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Sumlnrly tto may transform sbxp em (y - p) and Ein7&mnEm(a— 7). 

Also, Example 3, 'vro have 

Em{/5-a}Em(7-^ Bm(o-7)=ij6m2(e-/5)->-Em2(/3-7)+Bm2(7-o)(. 
Hence ibe enm of the fonr expressions is zero. 

I 13j cos(a-f/3)Em(a~/3)=^(&m2a-Ein2j3}, 

I 

cos (/5 + 7) sm (/3 - 7) (Bin 2/3 - sm 27), 

COB (7 J- 5 ) sm (7-S)=5 (sm 27— sin 26 ), 
cos{o + o) em( 6 -a)=^(sin 2 o-Ein 2 a), 

it 

bence ibe Enm of ibe fonr expressions is zero 


14 Bin (3-/3) sm{o-7)s=|jc03(tt+/S-7-6)-C03(tt-j8-7+^{, 

Ein(^-7) Em(a — 3)=g{cos(tt— ^J'7-5)— cos (a+^-7-6)}, 

Bin {7— 5) Bm(a — ^=i{cos{tt— /5— 7-«-6 ) — cos(b— / 3+7 — 5)}; 
mce ibe sum of tbe three eigiressions is zero 


A B . £ A , A JB 
, ,, ,B Bin^cosg.+Bm-gCos^ 

COt7^+COt-= 7+. 


2 


. A B 
Bin^sm^ 


mn^(A+B) coa- 



'f 


T.T K H. 


3 
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VIII MISCELTANEOUS PROPOSITIONS 


C 

COB^ 


ABC 


0 

P“2 


A B\ 

+ Bin Bin 


C 

OOB- 


2 I 1,, A B) 

B «>S2(4+i?) + Bin-Biu^( 

Bin-Bin 2 Bin^' 

ABC 

COB^COB-^COB- ^ JS .C 
^ _ g =°°^ 2 2 2 


sin^Bin^Bin^ 

1 1 <7 1 

16 sin ^ + Bin JB=2 Bin- (^ + JB) COB g (il - ^ =2 cos cob ^{A^B) 

CO o \ 

Bin (7=2 6m — cos— =2 cos 0085(^1 +B ) , 

Ji Ji A ^ 

therefore sm^ +Bin JJ+Bing=2co8^|cosi -R)+cosg (4 +B)| 

o <7 o A B 
= 2 cos g 2 cos ^ 008 - 

.ABC 

= 4 cos — cos -g COB — 

1 1 ^1 

17. sin4+Bing=2 sin^{4 + g) oosg(4 - g)=2cos^ 008^(4 -g), 

Bin B=2 Bin^ COB ^=2 cos^ cos i (4 + g) , 

therefore Bm4-Bini?+8ing=2coB^ |oosi(4 - g)- oosg (4 + g)| 

=2 COS ^ 2 Bin— Bin— 

A A A 

, ABC 
=4 Bin ^ 008 ^ Bin 


18. 008 24 + oob2JB=:2oo8(4 +^)cob (4 - J3)= -2 cos geos (4 - B) 
COS 2g= 2 cos® g— 1 = — 2 cos geos (4 +iJ) - 1 , 
therefore cos 24 + cos 2JB + cos 2g= - 2 cob g {cos (4 — R) + cos (4 + B)) — 1 

= -2oosg 2cos4cosR-l 
. = -4cos4cosjlScosg-l, 

therefore cos 24 + cos 2R + cos 2g+4 cos 4 cos B cos g+ 1=0 
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19 cos 4A + coB4i?=s2 cos 2(A+JB) cos 2 (A - 5) = 2 cos 2(7 cos 2 (4 - B), 
cos 40= 2 cos* 2(7 - 1 = 2 cos 20cos 2 (4 + J?) - 1 , 

thcrcforo cosl«l + cos4Z?+cos4(7=2co82(7{oos2(4-i?) + co82 (4+R)>-l 

=2cob2C 2cos24cos2R-1 
=4 cos 24 cos 27? cos 2(7-1, 

therefore cos44 + cos477+cos4(7+l=4cos24 cos2i?cos2(7 \ 

^20 Let «=2(^-4), /S=|(^-7i). 7 = j(r-C). 

therefore o+/5+7=i(3jr-4-J?-(7)=5 2ff=ir, 

hence, bj Exainplo 1C, 

sin a + sm/S -t- sin 7 =4 cos ^ cot - cos ^ , 

A A A 

. A Ji C , v — A JT— J5 w— 0 O 

thatis cos 77 + 008 ~ +COS - = 4 tos cos —3 cos — 7— 

2 2 2 4 4 1 

21 Let a=i(r-4), /S=i{x-/7), y=J(x-(7), 

therefore a+/5+'y=i (3;r— 4 — B- C')=527r=ir, 

«S 6 

hence, Exnniplo 17, 

« .“/S'/ 

sin a-sin/3+siU7=i8m g cosg suig , 

. 4 7? 0, w — 4 v — B tr — O 

thatis cos-K -cos -s + cos 77=4 sm — ; — cos — r— sm — — . 

2 2 2 1 4 4 

22 Let 0=1 (x-4), /5=|{»r-7?), y~^(ir-0), 

therefore a+p+-v=g(8i — A-B-C) =|2»-=ir , 

hence, by Art 114, 

(t 8 ^ 

coBa+coB/}+coB7-l=4Bin^Bin^8m g , 
that IB sm^ + 8111 ^+ Bin^ - 1 =4 sm - sm sm - . 


3—2 
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VUL anSCELLANEOUS PROPOSITIONS 


t H 

23 sin* -4.+ Bin® R+ Bin® 0—^ {1 - cos iA+ 1 — cos 2jB + 1 - cos 20 
3 1 

=5-5 {oos2j1+cos2B+oos20} 

A « 

3 1 

=0 + 0 {1+4 cos A 00 s B COB 0, by Example 18, 

2 2 

=2+2 COB A cosBoosC, 

therefore sin® A.+mn*5+sin®0— 2 cos^l cos5cos<7=2 


24 Bm®24+sm®2iB+Bin®2C7=5{S — cos 4A — cos4J5 — oob4C} 

2 

=§ _ i {4 cos 24 COS 2B cos 2(7- 1} , by Example 19, 

2 2 

=2 - 2 cos 24 cos 2 jB cob 2(7, 

therefore sin* 24 + sin* 25 + sm* 2f7+ 2 cos 24 cos 25 oos20=2 


i ^ X 0 . C. A 

26 tan^tanTr + ton — tan-^+ton^tany 

49 2 2 2 A A 


1 1 , 1--- 

,4 ,5^ ,5 .6’ ,4 

cot ^ cot ^ cot - cot -g cot -g cot — 
2 2 2 2 4 2 


cot -+ cot- + cot -5 

=1, by Example 16 

cot I cot I cot I 


2G 8m4+Bm5-smC7=:4sin4-8m^coB^, by Example 17, 

2 2 2 

ABO 

sm4+6m5+8mC'=4oos ^ oos ? oos^, by Example 16 , 
2 2 2 

therefore, by division, 

4 M 
sm 

Bm4+8m2-smC' 2 2 ^ 4,. 5 

sm4+sm5+sm(7~ — ■3— -^-tna-jtan^ 

cos ^ COB ^ 

27 coB4Bm£Bm<7+cos5sm4 BinO + cos(78m4sm5 
=8m (7 (cos 4 Bm 5 + cos 5 sm 4) + cos (7 sin 4 sin 5 
=8m Csin (4 +5) + cos Oam AbolB 
=sm* 0'+ cos (Ism 4 sm 5 
=1 - oos® (7+ cos (7 sin 4 sm 5 
s: 1 + cos C7{oos (4 + 5) + sm 4 sm 5} 
si + 00 B OooB A oos B. 
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28 Tako Esamplo 27, and divide kgr sin^ BinREin O, 


tbcrcforo 




COB A cos J3 cos O 


Bin A am ^ sm (7 ^ sm j 1 sin Ji sm C 
thus vro obtain the rcqmrcd rcsnlt 

29 By Esamplo 17 vro hnvo 

(sm ^8+ sin g- sm (sm g+ sin A - sm B) 
isinyt smR 

B C A CAB 

IGsm^sm-coa-sin^sm-cos^ ^ 

^ A A B B =®“®2 

16 sin t; cos - sm — cos 
2 2 2 « 


cosil , cosR , cos O' 
Bin^ sinB smO 


80 cot^4- 


Etn A 


_ cos^ 
Bin B Bin C~BaiA 


smA 


sm B sm G 
1— eos®^ +cos^I siuRi 


coSit em.gBinO+Em®.d 

~ Bm^tfimRsin^ “ sin A smB Bin 0 

l 4 -cos.d {co8(jB+C)+Bin.R8inC} 1 + cos ^ cos jP cos C 
~ smAsvaBsmO Bm^Bin/^sinC' 

Wo have thus an expression which im olves B, and OBynunctncally, 
and we Bhall m tho snino manner ohtam tho somo rosnlt if in tho ongmal 
expression any two of tho quantities ii, R, Oho interchanged. 

31 By Art 114, tonA+tan 5+tanO=tonAtani7tanC^ 

by Example 16, Bin.(f+ 8ini7+BmC'=4coB^ cos^oos^, 
tbcrcforo, by diviBion, 

tonA+tanR+tanO tanAtanRtanO 


(BmA +BmR+sraO)® 


' „ .A ,R ,0 
16 cos- 5 cos® 5- cos- 5 

it ^ i 


- A A B B C 0 
oBin-^ cos -g- Bin 


. A, B. C 
W “2 tan-^ tang 


^ rr 9-^ 2 COS il COB ^ COS (7* 

IG COS A COS B COB (7 cos’ cos^ cos^ 

« 2 2 


32. sm n/l + Ein »R =: 2 Bin ^{A+B) cos ^(A-B) 

.=2 sm g (ir - (7) COB g (A - R) 

_ ( Tijr nO nv nO) n , , „ 

=2 lain -g. cos-g--cos-g-Bin-g-joosg(A-R) 

=28in^cos^cosg(A-R), Bincoco8y=0 
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AIbo Biiin(7=2em 

=2|sm^oos^(4+B)-oos^Bm|(^+J3)| coa?^ 

s=2sin^ cos^(^+^ 008^ 

Therefore BmnA+emnB+BmnO 

=2 sm Y 003^ |cos I (4 - 2?) +oob^(j1 +^| 

, «T nA nB nO 
=4 am — cos -g- cos cos — 


33 Proceed as in Example 32 Thus 

1 . « n ( «’*■ nr n<7 J n,.^. 

sin nA + sm nJ3= 2 |Bin -^ooa-^ -cos-^ 8in-^> cos ^(4 -B) 

„ fiv nO « , . r>\ _ _ nir . 

= - 2 cos sm -g- cos ■^{A-B), smce sm -g-ssO 

2ft A 2 A 

*1 nC ^ n , . rt^ nO 

Also fimn{7«2Bui ■~cos-g“a=2oos5(7r--4-^Bm“ 

AAA A 

„ I nr n , . . nr »#,.«») nO 

=2|oos -^0081(^+5) ^ Bing(il+J)l sin-g- 

„ nr nO n 

=2cos-g- sm— cosg(il+J5) 

A A A 

Therefore Bin7t4 + BmnS+smn(7 

=-2oob^ sm^ |cos^(il-P)-oos|(^-{-P)| 

. nr nG nA nB 
= _4coSy 

34 By Example 20, 

B ^ A v—A r— jU v—O 

oos g+oos g+ cosgs=4oos — 3 — cos — ; — cos — ; — 
o. i 'i 4 4 4 

. B+0 „0+A A+B 

=4 oos — 3 — oos — 3 — cos — 3 — 

4 4 4 

35 tan-g , tan(7 _ 1 /sinB singN Bm(B+(7) 
tan A tan A tan.4 \oos B cos Gj ~ tan A oos B cos O 

sin^ cos A 

tan^f COB B 006 C ~ ooB Boob G 
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Li this wa> \TO ECO that tho given cxpicssiou 

_ cqbR cos C 

~ cos H cos C ^ tos G cos A ^ cos A cos B 
_ cos* A cos^ B + cos- C 3-Bin*A— Bm®i?-sm®C 
“ cos A cos if cos C cos A cob B cos (7 


1~2 co 3 A cob . 0 cos C 
cos A cos BcoaC ' 


b} Example 23, 


=:SCcA see R sect? -2 


30. Suppose .4+ jB+ (7+2)= ISO’, then ^ + 21=180®- U-2>, 
therefore ton (A + B] = - tan (C+ B), by Art 48 , 


therefore 


tan .4+ ton 21 _ tanC+tnn 2> 

1 - tan A tan B~ 1 — tnn C tan 2) ' 


therefore (tan 4 +tnn 2*)(1 — tan Cftau2>) (tan C'+tan 2>)(1 — tauA tauif;, 

therefore tnn 4 + tan 2?-*- tan C'+tan 2) 

- (Inn 4 tan B) tnn C tan 2) + (tan C tan D) tnn A tan B 

- tan if tnn <7 tnn 2) •<- tnn 4 tnn £7 tnn 2) + tnn A tnn B tan 2) 

+tnn4tnniBtnnC'. 


37. 


Ein® G tan (4 - if) _ ^ sin {A -B) cos A 
Bin®4'" tnn 4 ~ cos (4 —if) Bin 4 

_ sm4 cos (4 - 2f)-cob 4 sin (4 - B ) _ 8m(4-(4-2f) } 
co3{4-^pSr4 ~ cos (4 -2?) Bin 4 


Bin if 

cos (4 - if) Bin 4’ 


therefore Bin’Uss 


Bin4 fim j? 
COB (4 — if) 


Hence 


Therefore 
that IS 


C08*U=1 


Ein=C’-l- 


Biii 4 Bin if 
oos (4 - if) 


COB (4 - 2f) -sin4 smif _ cOb 4 cob B 
COB (4 - if) ~ cos (4 - B] 


Bin* G Bin 4 Bin B cob 4 cos if _ Bin 4 Bin B 

COB* £7*^ cos (4 - if) cos (4 —if) ~ COS 4 COB J3’ 

tnn* £7= tnn 4 tnn if 


tnn^tt _ COB /9 (cob ae- CO B a) 
tnn*/J'~costt(cosa:-coT)3) ' 

COS X - cos tt tnn* a cob a sin* a cob j3 _ 
coHr— C0B/5“ tnn*/5co8/5'~ Bin*/3coBtt’ 


therefore 
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therefore 


Bin^ /3 C08° g - Bin° a cob^ /3 
sm^ /3 COB a - Bin^ a cos /3 

(1 - 008^ /3 ) cos* tt— (1 - coa^tt) eoB^fi 
(1 — aoa^p) cos a - (1 — cos® a) cos p 

cofl®a— C0B®j8 COB tt+ 008/3 

(OOBa-C03/3)(l + COSaCOS/^ ~l+00SaC08^ 


Hence 


l-co8a!_ l+coBacos/S-coaa-ooB/3 _ (1— coao) (1-cos^) 
r+coB»~ l+co8ttCOB/9+coatt+coa/S“ (l + cosa)(l+coa/3)’ 


therefore tan® 5 = tan? j tan* g, by Ait 82 
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tan® 0 _ tan®a 
tan*ff'“tan*a'’ 


but tan* 6 = 


1 — cos*^ eoBfi-coBa 
cos® 0 ~ cos a 


and 


tan? ^ 

008 ® 0^ cos a' y 


/ 


therefore 

therefore 

therefore 


ooB^— costt cos g* tan* a 
cos /3- COB a' coaa '”tan®a'’ 

COB^-coStt Bm*ecoBtt^ 
cos /J - cos «' ~ am® «' cos a ’ 


COB 13= 


Bm* g' COB® c - sin® a cos* n' 
sm® a' cos a - em® a cos a' 


_ (1 - COB® a') cos® g — (1 - COB® tt) cos* of 
~ (1 -COB® a*} coaa— (1— cos® a) coaa' 

cos® g— COB® g' ooBg+coag' 

(cos g — COB o') (1 + cos a cos o') 1 +cos a cos o' * 

(Tanna 1 — COBjS l+COBgCOBo' — COB O— COS o' _ (1 — COS o) (1— COBoO 
1 + 003 /9 “ 1 + cos o cos o'+ cos g + cos g' "" (1 -f coso) (l+oosa'} ’ 

B a 

therefore tan® ~ = tan® g tan* ^ 


40 cos 


COSO 

oosjS’ 


oos^= 


COBg ^ 

cos^" 


therefore 1 - cos f . i-cos 

COS/5 * ^ 008/3 ^ 

therefore 2 Bm®^=: 

2 cos)3 ' 2 cos/3' ’ 

therefore 4 sin*^ sin* == (egg /?- cos g) (cos coso) 

2 2 C08/300B/3' 
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Thus 

tbereforo 

ibcroforo 

tbcrcfore 

tbereforo 

Hence 

tbereforo 


, (cos /3- cos a) (cos /S' -cos a) 

Bin* a - - I -■ ■■ I 

cos jS cos /?' 

cos/3 cos /s' 8 m®a=cos/ 3 cos/S'-co 3 o(cos/S+cos /3')+cos*a, 


cos/5cos/3'cos*o=costt(cos/3+cosp')-cos®a, 
cos o (1 + cos /3 cos /S') =cos /3 + cos /S' ; 


cos/S-f cos/3' 

cos 0== -s 

l + cos/3cosp^ 

1 - cos o _ (1 - cos /3) (1 - cos /S') ^ 
l+cosa~ (1+cos/S) (l+cos/S') ’ 


tan* 5 = tan® g tan® 


2 


41 The proposed rcsnlt is tmo if 

cot P - cot (tt-t <?) =COt <?-»• cot (tt- /3), 

that IS if 

cos/S cos(a-K>) _ cosg coB(a-fi) 
em^~ Ein(a+d) ^ sin ^ sui (a - /3) ’ 

tbnt is if 

Bin (g+g/cos^-cofe (a-K?) sin^ Bin(tt-/3)cos P+cos(«t-P)Bmd 
Ein/3Em(a+(7) “ BmflBm(a— /S) ’ 

tbnt IS if 

Bin(tt-/S-t-g) 

sin /S Bin (a+ <?) "” Bin ff Bin (a - /S) ’ 

tbnt is if 

cm <7 Em (a -^) = Ein/S Bin (a+ d) , 
and tbis is tmo by supposition 

^ 42 ° =tnn®e-tnn®/3, tbereforo 

(tantt-cosdtan^)®=(l-cos®<?) (tnn®o-tnn*/3) , 

tbereforo 

ton® a— 2 cos <? tana tan /3+ cos® 0 tan®/ 3 =(l-co 3 *d) (tan® a- tan® /3), 

tbereforo tnn®/S-2 cos 0 tana tan/3+cos®d tnn®o=0, 

that IS (tan /S- cos 0 tan a)®=0 , 

tborefore tan/S- cost? tan a=0, tbereforo co 5 0 = ^ — ^ 

’ tan o 

A 9 ...A tan^ . «A tan®tt-tan®^ 

43 cosdssj— -i; tbereforo tan® <7= 7 — irr — 

tan a tan® ^ 

tan®tt— tan®^ _ tan® a' ^ 

tan® <p sm®^ ’ 


tbereforo 
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therefore 

therefore 

therefore 

therefore 


cos* ^ tan® a — Bin® 0 _ tan® a' 
Bin*^ sm®j6 ’ 

cos® ^ tan® o — (1 — cos® =tan® a'. 


oos®^= 


l+tan*ft'_ cos® It 
l+tan®tt “oos®a'' 

COBS 


cos ^=i 


cos a' 


Take the upper sign , thus therefore 

, ^ , 2 sini(tt-tt')Bin5(tt+a'J 

1-COS^ COSg'- COStt 2^ 2* 

1+COSA ~C0Sa+CO8tt~- 1, » 1, . _ 

2 cosg(tt-o')cosg(a+tt') 

= tan ^ (a- aO tan| (a+ o') 


44 1-C03*a— co6®p — cos®‘y+2cosacoB/3 COS7 

5= I - (cos a - cos /S COS 7)*+ cos® /9 cos® 7 - cos®/3 - 008*7 
= (1 - cos* /3) (1 - cos® 7) - (cos a - cos /3 cos 7)® 

=Bin®/SBin®7-(co8 a-cos^cos7)® 

= (sin fieiny- cos a+ cos/? cos 7) (sin ^ sin 7+ cos a — cos /? cos 7) 

= {-cosa+co8(/?-7)} {cos a -cos (^+7)} 

tt+/?-7 a-/?+7 a+B+7 fi+y-a 

=4 Bin — 5 — i-sin — ^ — ism — ^ — ismi - — 5 

Hence m order that the proposed expression may bo zero one of the fon 
smes last 'written mast be zero, and thus one of the four angles most be zen 
or a multiple of tiro n^t angles 


Then 


45 Let ^ denote the common valne of the three fractions , so that 
a;=ktan(d+a), y=i,tan^?+/?), s=ktan( 0 + 7 } 
^sm®(«-/?) 

x-y '■ tan(e+a)-tan(?+/3)® 

Bm(g+a) cos (d •{•/?)+ Bin (g+;8) cos (d+a) j. 

“ 8m(d+a) cos (ff+j?) -Bin (0+p) cos {fi+a) 

- /5)=Bm (29+ B+/?) am (a -/?) 


= g{cos (29+2|?) - cos (29+2a)} 
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Similarly am® (/5 - 7) = i {cos (20 + 27) - cos (20 + 2j3)}, 

y-s i 

and Bin* (7 - a) =5 {cos (20+ 2 b) - cos (20+27)} 

Thus tlio stun of tlio tbrco terms is zero 


4G. liVom tlio second gi\cn equation 

6!n*/Ssin®0 


tbereforo 


sin* 
lnn-^»= 


sm-B 
Kin^j3mn*0 


' Kin* o— sin-* p Bin* 0 

Sabsiitato in tbo first gneii equation , tbns 

tan*0 cos* ^ Bin* 0 ^ 

i*a ^ Em*a-ittn*/9ein*0~ ' 


tan* 


tbereforo 


therefore 

tbereforo 


tan* 0 _ Fin* g — sin* p sm* 0 - cos*/? sin* 0 
tan* a ~ sin* a — sin* p sm* 0 

Bin*a-8m*0 


Em*a-Ein*/ 5 Bm* 0 ’ 

Kin* 0 COB* a Bin® a - Bin® 0 


(1-Bm*0)6m*a 6m®o--Bin®/Jsin*0’ 


Bin® 0 cos® a (sin* g- tin* p sin® 0) =(biii® g - nm* 0) (1 - sm® 0) sm® a , 
tbereforo 

Bm® 0 (Bin* g+cos* g Bux-p) - sm* 0 (cos® o pin® g+ sm* g + sm* o) + sm* a=:0 , 

tbereforo pm* 0 (1 - cos* a cos* /3) — 2 sm* 0 sm* g + Bin* g= 0 

By solnng this quadratic m tbo ordmnry vray rro obtain 

Idbcosacosfi , Bin’g 

Bin- 0 =r , : Bin* g =•=- - 

1 - COB' g COB*/} l+coBacos/3 


47 

tboreforo 


Pin {0-/3-(b-/ 3)} a 
em{0-p) ”0’ 

Pin (0 - /3) COB (g -/})- COB (0-/3) Bin (g-/}) a 
bm(O-p) ~b' 


cos (g - /^ - sm (o - /5) cot (0 - /3) = g . 


therefore 
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Again, 

cos {d — — (tt — jS)} _ o' 
cos(d— /3) 6'* 

therefore 

ooB(d-i^ oos(o-/S)+Bm {d-/5) Bin(a-/8) o' 
coB(d-/5) V' 

therefore 

cos (a~p) +tBn (d - /3) ein (a - 13) =p 

Hence 

sm (o - p) cot (d - p) sin (o - p) tan (d - p) 


= jcos(o-^)-jj jj-cos(o-/8)j, 

therefore 

Bm9(o-^)=-^ ■*■(?■*■?) ®“(“-^)-®“s*{a-/3) 

therefore 

, , aa' fa . «'\ , 

therefore 

./ m aa'+lh' 


2tani^ 

48 ton^ss— — — , tlxua 




2tan^ 


2 Bin ^ cos ^ 


1 tan®^ BmP'+cosP' 

2 

therefore 2 ton^(8in^+cos0)=^l-tan9 sm^cos^’; 

therefore sm 0 cos tf'tan® ^+2 tan % (sm ff'+cos 0)s=Bin 0 cob 0 \ 
By solving this quadratic in the ordinoiy vray wo obtain 
tan - — ~ 

2 " Bm0 cos O' 

Take the upper sign ; thus ton ~ = ^-IT- ?? ?!.) 

2 sindcosfl' 


Now 


l-cosg 

Sind 


2Bina| 


A * V (7 

2Bmgcosg 


. 0 

^=tDng, 
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4:0 


and Eunilarly 


l- 6 ind' 
cos O' 


1 -cos 


sm 


“(2 . /ff e'\ 


thns 


, A 0 

tan s=tan = tan 


(1-?) 


2 2 

In liLo manner witli tlio lower sign wo slinll find that 

tan|=-cot|cot(^-y 


The product of the two Tolncs of tan ^ is - 1, os it shonld bo by tbo 
natnro of quadratic equations 


49 cos 0= cos a COE /3, 


tbereforo 

therefore 

Similarly 


1 - cos g 1 - COB g cos /3 
1 + cos g 1 + cos a cos /S ' 

. , g 1 - cos a cos fi 

tan“-=- 

2 l4-coBaoos/3 

t ^-c°Bg^C0Bj3 

2 ~ l + COStt'COB^ 


Eenco 

therefore 

therefore 


(1 - COB tt cos /3) (1 - cos g' cos /3) _ _ I - cos /3 

(l+cosaco 3 p)(l + coso'cos/5)” “ 2“l + cos/5’ 

1 - (cos g+coB gp cos /3+cos a cos o! cos- p _ 1 - cos p 
l + (C08tt + C03a') COB /3 4*008 a COB tt'eos^p” 1 + C08|5’ 

(cos a + COB ttO COS fl 

7 r ^=C08 B , 

l+cosacosa'cos'’/3 


therefore cos a -f cos 0 '= 1 cos a cos a' (1 - sm® /5 ) , 

therefore sm®/} cosa cos a'=l- cos a -cos a' 4 - cos a cos a' 

=(1- COS a) (1 - cos o') , 


therefore 


sma/5=(^: 1 ) 

\008 a J \oo3 a j 

= (sec a - 1 ) (sec o' - 1 ) 


50. Hero 

Bm((74* -R)-Bin(i?4- a-ul)=Bm(44-R-f7)-Bm((7+ .4 - P) , 

therefore 2 sm (^ - R) cos <7=2 sin (2? - <7) cos A , 

therefore (sin^ cosR— cos^ Bmi?)coBC=(BmJ5cosC'— coBJ5sin<7)coBj4 
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Divide by cos^cosRoosO, tbns 

tan^ - tan R=tnn B — ton G , 

tboiefoTO tan ton B, and tnn G are in Arithmetical Progression 

61 Suppose smA, smB, and sin <7 to bo in Anthmotical Progression, 

BO that BinP— BinA^BinC'— sinP 


Thus 

therefore 

therefore 


„ B~A B+A , G-B^^G+B 
2 sin — g — oos — — =2 Bin — g— cos — g— , 

JS-A G 0 ~B A 
sin-, 

f B A B . A\ C 
(^Bin^oos^-cos^sm^jsing 


, C B C B\ A 
= 1 Sins- cos -j-cosg Bin^Uing 


<■ 


Divide by sin^sm^sm^, thus 

■A ,B .B .G 
cot ^ - cot =cot ^ - cot ^ , 

thus ootg, cot^ and cot^ are in Anthmetioal Progression 


52 Suppose 
therefore 
therefore 


cos’’ A + oos’ B + oos® 0= 1 , 

8 — sin®A-Bin®P-6m®0=l , 
sin® A + Bin® P sin® 0 » 2 , 


therefore by Example 23 vro have cos A cos P cos 0=0 , theiofore one of the 
three angles is n right angle, and tins mil bo tho largest angle Suppose it 
to be A, so that A =90® , therefore P+ 0= 90®= A , therefore A - 0=P 


63 sm 


(A-l-f)=sin(. 


A + 


180 ® -A -P 


) 


and 

thus 


P-A A+P 
cos — 5 — =n oos — s — , 


therefore cos4cos|+sin^Bin|=n^cos^cos^-sm^Bin|j , 


{»+l)sm g-Bin:|=(»-l)oos~ ooa~. 


therefore 
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iherefore 


thoroforc 


A B 

A B n+1’ 
cos g cos ^ 

. A. B Ji-1 

tan rr tan— = = 

2 2 n+1 


and 


„ 1 * 3 . 3 ^ ao-'t sinB , sm C7 

o4 Snpposo Y to denote tuo 'Muno of , and -- t then 

tr X If Z 

x~LfimA, y=J smB, c=7. sinC 

C C 

Therefore (x-y)oot5=7 (sin^ -sini?}coig 

=21 Bin i - ^) cos I (4 +P) cot ^ 

=27 sin ^ - JJ) sin ^ cot ? 

1 C 

=21 sm -^(A—B) coB^ 

= 21 sin I (^ - J5) Bin I (d + B) 

=21{sinsLl-Bm*Ji?l, hy Art 83 

Similarly (y - e) cot ^ = 21 {sm* | -B - sm® | CJ, 

(s - *) cot ^ = 21 {sm® 5 (7- sm® 5 A ) 

A It 


Thns the snm of the three terms is zero 


53 tan (A + 77+ C) =tan ms-=0 , and therefore, bj Art. 113, 
tan A + tan 77+ tan O- tan A tan 27 tan (7=0 

5C sm(2a+*)+Bm(2/5+*)=2Bm (o+/5+*) cob (a — pi). 

Bin (27 +*) - sm (2a + 2;3+ 27 + 3*) = — 2 Bin (a +^ + *) cos (a + p + 27 + 2x) , 
2 Bin (a+p+x) {cos (a - /S) - cos (tt+ ( 5 + 27 + 2a:)} 

=2 sin(a+^-r9el 2 Bin (p+y+x) Bin (tt + 7+x) 

=4sm(a+^+x} sin (P+y+x) sm ( 7 +a+x) 

57 If *=0 \ro have 

Em2a+Em2/3+Bm27-Bm (2tt+2p+27)=4sm(tt+/3) sm(/5+7) 8m(7+a) 
If then o+p+7=r vro have sm (2tt+2/3+27)=0, 
also Bm(a+P)=Bmy, am(p+y)=Ema, Bin (y+a)=:Bmp, 

80 that sin2a+8in2j3+sm27=48m7Sina6in/3 
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If !B=g we have 

COB 2a+cos 2j3+cos 2 y+oos (2a+2jS+27) 

=4 cos (n+/S) cos (/S+v) cos (7+ a) 

If then o+/S+ 7 =g wo have 008(2tt+2)3+27)=-l, 

also 00 B(tt+/ 3 )=Bm 7 , cos (^+ 7 )= sin a, co 8 { 7 +o)=BmjS, 

BO that cos 2a+ cos 2)3+ cos 27— 1=4 Bin a Bin /3sin7 

58 4 cos ? cos I cos ^=2 cos | jcos ^ (a - 13) + cos g (o +/3) | 

=00si{7+a-/3)+00Sg(7+/3-o)+00Sg(a+j3+7)+cosg(o+/5-7) 
Thns the left>hand member of the proposed expression 
=sin « +sin:/9+ sm 7 - cos i (a +)S+7) - cos 1 03+7 - a) 

- cos I (o + 7 - /3) - cos g (a + /3 - 7) 


„ 0+/3+7-W 3 a— / 3 — 7+ir 

2 8m -- ^ ' cos C—iZ—s: 


:Bma+8m 


/ 3 + 7 -a-ir 


B+y—a 
=Bma— cos !- — i . 


- ®+/3+'y— TT 3fl— ct— *y+9r ^ a+'v— fl 

soalso 2Bm — cos-^- — =Bin/3-cos — g- . ° , 

„ a+B+y-v 87— a-/ 3 +ir a+S— v 

2Bin- cos -i j-ii:!--=Bm 7 -cos=^il|— 

- _ a+/3+7— IT a + /3 + 7 — ST a+jS+’y — xr 

and 2sm — — cos =Bm- ' 


= - cos — 


a+/3+7 


Thus the resnlt is estabhshed 


59. cos 50=oos (80 + 20) = cos 80 cos 20 - sm 30 sm 20 

= (4 cos® 0-3 cos 0) (2 cos® 0 - 1) - (3 sm 0—4 sm® 0) 2 sm 0 cos 0 
= (4 cos® 0 - 8 cos Q (2 COB® 0 - 1) - 2 sm® 0 (3 - 4 sm® 0) cos 0 
= (4 cos® 0 - 8 cos 0) (2 cos* 0 - 1) - 2 (1 - oos®0) (4 cos® 0-1) cos 0 
=8 COB® 0-10 cos® 0 +8 cos 0 — 2 (— 4 cos* 0+5 cos® 0-1) cos 0 
= 16 cos® 0—20 COB® 0+5 COB 0 
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GO 6in C9=2 Bin 80 cos 80=2 (8 Bin 0- i sin^ 0}(4 cos’ 0>- 3 oos 0) 
=2 Bin 0 (3 — 4 Bin* 0) (4 cos’ 0 — 3 cos 
=2 Bin 0 (4 cos* 0 — 1) (4 cos’ 0—8 cos 0) 

=2 sin 0(16 COB® 0-16 008*0+3 008 0) , 


CHAPTER rs. P 


1 Let pen -A, so that liPM=^A and PAM-^A 
MB , 1 . . 1 . 


Then 


so that 


.1 MB PM _MB _CB-CM 
‘“‘2'^"/>Af * AM~AM~ CA+CAf 


CP -CM 

’cp+cm" 


. aco8d-& ,, . 

008 0= — ~ — s therefore 
a— ocos^ 


1 - 


1 + 


CAt 

CP 

im- 


1 - cos 
■ 1 + cosA 


CP 


thorofoTO 


1-COS0 «-6oo8^-aco8^+6 _ (o+6)(l-coa^) 
l+co8 0~ tt- 6 oos ^+0 008^-6” (a-6) (1+CO80) ’ 

. ,0 a + 6 . ,0 


therefore 

3, cos*0= 
and 

therefore 


tan*^ tan* I 
tt + 6 ~ ' a — b 
1 


l+tan®0 l+2lnn*^+l 2(l+tan*0) 2 

cos 20=2 cos* 0-l=cos® 0-1= -Bin*0, 
cos20 + i.in* 0 =O. 


= 5COS»0, 


4 Bco 20=2 SCO 0 cosco 0 , therefore 


cos 20 cos 0 Bin 0 ’ 


therefore 


1 = 


2 COB 20 
cos 0 Bin 0 ’ 


T T K H 


4 
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mSCELLAITBOUS EXAJIPLES 

therefore 

1 

2oos20 cos 20 

Bin 20 

~Bin20oos0sm0 sin* 0 cos® 0 



cos*0— sm®0 1 1 



~ sm*0coa®0 ~6in®0 cos®0 


Thus coaeo 2ff = ooseo® fi- see- 0 

E ian fO 

' ~^' l+tfljxflttui^ l+»tan'*0 eot^+ntoini' 

oreoro an ( -^) ^t4^^2»+n®tan9^ {nttax<p-oot<p)*+4.n 

Tho greatest volne of this fraction is when the denominator is least, 'th 
18 when the term n tan ^ — cot ^ vanishes 


6 sm d+sin0-cos0Bm(d-f 

=2 Bing(O-)-^) ooa| (tf- 0) -2 cos S sing ((?+^) cos|(0+^) 

s2sing(d+^) |oos|(ff- ^)-C 0 BeC 0 Bg(d + ^)| 

=2 Bin i ( 0 + 4 ‘) I cos - cos 0 cos ^ {^+ 0)| 

= 2 sm ^ (d + 0) Bin d Bin g (ff + ^) = 2 sin 0 sin® ^{ 0 + 4 >) 


Bin p cos g (tan g+tan j9) _ sm p cos a fsin « sin P' 
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and 


sin^cosg (a+/3) 6m^(o-j3) 


siu^(a+/3)cos/3 sin^ (o+/3) oos/3 
em +Bin/3cos|(tt+^) Birig (<t+^) oos^ 


sin2(a+/3)coB/3 


Bin 5 (tt+/3)co8j3 

A 


8 Let a; denote the hci^t m jards, tlicu therefore 

!B=17G0tanU Thevnlno of tanU is approsimatol^ equal to the circular 
measure of 1', that is to therefore ®= approximately 


3 1® 

9 Let X denote the dietance m mches, then -=tan 7 , and tahing 
the tangent as approximately equal to the circular measure ne hare 


3 

X 


180x4’ 


therefore *= 


12x180 


10 Wo hare 3sm-4~4Bin®^=s«Bm^, ns ivo suppose that A is not 
zero nor a multiple of two right nn^es wo maj drnde by BinX, thus 

8 — ?i 

3-46m®4=n, therefore Bin®J = -^, and ns this must he between zero 
and unity, n must lie between 3 and -1 

If n=2 wo have sm® A=i=:6in®r , therefore ^ = miri ^ , where m is 

4 0 (> 

zero or any integer 

i / m tan a -tan a 

11 tan (tt - a) =r-n r-^ 

l + tanatanp 


tana- 


n sin tt COB a 
1 - n sin- a 


l+tnna 


n sin a COS a 


l-iiBin®a 

_ sm tt (1 - w Sin® g) - it Bi ll o COB- o 
cos tt (1 — n Bm- tt) +n Bin- a cos a 


smtt-wsmtt _ (1— «) Bmo_ „ 


COStt 


COS tt 


(1 - n) tan a 


12 All the angles which have the Eomo sine as 30 are included in the 
formula nT+(-l)"30 Therefore any expression nhich giics the lalue of 
tan 0 m terms of sm 30 may bo expected to give the xnluo of the tangent of 

every angle included in the formula tan i {nir + ( - 1)" 30} 


4—2 
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Eow n mnst be of one of the foUo^nng forms 

Cm, 6m+l, 6m+2, 6m+8, 6m+4, 6m+5 

The corresponding values of tan j |nir + {- 1)" 3d| are, by Art 45, 
tanC, tan^j-d^, tan^^+d^, tan(v-d], 
tan^ir+^+d^, toa^ir+^-d^ 

Thus \7e have six distinct values They may also by Arts 48 and SO bo 
expressed thus 

:ktand, ±tan^g + d^, ±tan^^+d^ 

13 oob*A=|(1+cos 2A), therefore 

coB^ A= j (1 + 2 ooB 2A + COB* 2A) 

1.1 . 1+OOS4.4 

»j+jC0b 2A+ g 


Similarly 

therefore 


3 1 1 

=1 + - cos 2A+g OOB 44 
sin* 4 (1 - OOB 24) ; 

Bm*4 s= i (1 - 2 OOB 24 +OOB* 24) 

8 1 1 
=g - gCOB 24 +g OOB 44 


Therefore coB®4+sm®4 

= 0 + 1 cos 24 + g COB 44^ + - g OOB 24 + g cos 44^ 

1 gcoB44j 

i C!Os* 44 cos 44 1 

i COB 44 

? ^ {cos 84 + 28 cos 44 -f 36} . 
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14 cos 0 cos - 1 

As the cosine of on angle is never niunencally greater than nnity, we 
mnst have cos0 and cos^ both nmnencoUy eqnal to nnity, one being 
positive and the other negative Hence one of the angles mast be zero 
or an even multiple of n-, and the other mnst be on odd multiple of v 


15 sva?a+BvoPp-2Bma,Binp eoa(a—pi 

= sm a {sin a - sin /9 cos (a - /3}) + sm /3 {sm /S—ama cos (a - /3)} 
=sma{sin{a-j3+/3)-8m/3 C08(tt-/9)} 

+ sm/S {sin (a - a - /3) - sm a cos (a - /3)} 
= sm a sm (a - /3) cos /3 - sin /3 cos a sm (a - ^) 

= sm (tt - /3) {sm a cos /3 - sm p cos o} = sm® (a - 6) 

Thus sm* (a — /5) =n* sm* (a+p) , 

therefore sm{a-p)=±nsm{a+p), 

therefore sm a cos p - cos a sm /3= ± n (sm a cos p + cos a sm p ) ; 

divide by cosacos/3, thus tana-tan/?=;±n(tana-htan/9}; 
therefore (lTn)tana=?(l±n}tanj3, 

thoreforo tan *= ton /* 

f 

f smddcotd Bm4dEm*2gco3g _ 2 sm® 2g cos 2P cos 0 

vers 20 cot-* 20 (1 - cos 20) cos* 20Bm0~ 2 sin® 0 cos* 20 

2 (2 sin g cos 0)® cos d _ 8 cos* 0 
~ 2sm*0cos2<7 ~ cos2<? 

When 0=0 the value is therefore 8 


1 ^ - » . Sind cosd , 

17 Bmd+cosd=V2, therefore — - 1 — 75 - =1, 


therefore 


COB 




tbereforo ^?-T=2nir 
4 


‘v/S X 1 

18 VSsmd— cos<?=V2, therefore ^ sin cos d=^, 


therefore 

therefore 


1 o V3 „ 1 

-coB0-^Bm0=-^, 


cos 


(^+ 3 ) V2’ 


d+5=2THr± 

o 


Stt 

T 


therefore 
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19. sm2<?=:cos<?, therefore cos = cos 

ihoreforo ^-20 jind 0 nro angles having the same cosmo , thoroforo all the 
eolations are contained mg- 2d=2njr±^. 

20 coBd-cos2d=ssm3d, ihoreforo 

„ 3fl « „ 3d 3d 
2 siny Bin 1=2 sin-g- cos , 

XI. » n 3d - d 30 

thoreforo cither sin— =0, or Bmg=coB-g- 

If Bin^ =0, then =nT 

T* d 3d /a* 0\ „8d 

If sin ^= 008 -^, then cos/g ~^)= cob -^ , 

and therefore J- 5 = 2 n»r±^ 

2b aS a 


21 (4 - Vd) (SCO d+ cosoo d) =4 (sm d ton 0 + cos d cot d) , 

therefore f4-\/3) ( » 

' ^ ■'\cosd Sind/ \ COB d Bind/ 

therefore (4 - V3) (Bin d •{■ cos d) = 4 (sm® d + cos® d) 

=4 (sin d+ cos 0) (sm® d j- cos® d - sin d cos d) , 
thoreforo either slad-^cos d=0, 

or 4-V3=4(l-Bm dcos d) 

If Bmd+cosd=0, then smd=-co8d, therefore tan d=—l, 

therefore d=nir+ ^ 


If 4-^3— dCl-smdcosd), then =4 smd cos d=2 sin 2d, 

therefore Bin2d=^, thoreforo 2d=nir+{-l)'*|^ 


22 cotd-tondscosd+smd, thoreforo 5^^--^^~=cosd+8ind, 

’ sin d COB d 

therefore cos® 0 - sin® d=sin 0 cos d (cos d +sin d) , 

therefore either cosd+sind=0, or cosd-^nd=sindcosd 
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II 6m0+coa<?=0, then sm0=-cos8, thercfore.tnntfs= -1, 

Uicrcforc 0=n-+^. 

If cos <7 -am <7= sin cos 0, tlicn bj sqnaring 

l-2eiu{7cos ff=Bui*<?cos®<7, 

n * -10/1 8inS2fi 

tlicrcforo 1-Bin2<?= — -g — . 

By solving tins quadratic in tbo nsnnl way wo obtain sin 20 = - 2±2 V2 > 
tbc upper sign must bo takon, for tbo lower sign wonld make sm 20 nnmc; 
ncolly greater than unity. 


23 2 sin* d+ sm’ 2d=2 , tbereforo sm® 25=2-2 sin® 5=2 (1 - sin® 5) , 

tbereforo 4 sm® 5 cos® 5=2 cos* 5, 

tbereforo either cos® 5=0, or ran® 5=^ 

If cos® 5=0, then 5=nw+g 

If Bin* 5 =h , then sin®5=sin®J, 

2 4 


tbereforo 



24 tan5+2cot25=sin5^1+tnn5ton|^, tbcroforc 


sin 5 2 cos 25 

cos 5 ^ Bm25 


=sin5f 1 + 


sin 5 Bin- 

- 5 

cob5cos^ 
«/ 


therefore 

tboreforo 

tbereforo 


Bin*5-»-c os 25 _ coB^5-gy 

6m5cop5 ' 5 cos 5 ’ 

COB 5 cos s 

Bin®5+cos25=sin®5, tboreforo cos 25=0, 

25=«s-f g 


25 


sm® 25 -Bin® 5= Bin* 


IT 1 
6 “ 4 * 


tberoforo 


4 sm* 5 cos® 5- 8m® 8=y 
4 
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Asm* ff(l- Bin® 0) — sin® j i 


thereforo 
therefore 

By solving this qnadratic in the nsnal vray we obtain 


4Bin*tf-3sm®^+7=0 

4 


O 


,3ir 


Taking the upper sign we have sin® 0= sin® ^ , and therefore 
a Sir 

0 = n,r=tj5 

Taking the lower sign we have Bin®0=Bin®^, and therefore 
0=«w*^ 


26. aoseo 0=ooBea ^ , 


therefore 


Bind 0’ 
sing 


^ BOB 

therefore sings=Bin0, therefore sing=:28ingC0^g, 

B 

therefore either sin ^=30, or 0085=5, 

B B 

If Bing=0, then 

If^OB|=g, then |=2»nir±| . 

V 

27 00s 0 cos 30=008 50 00s 70 , therefore 

COB 40+cos 20 =008 120+ cos 20, 

008 40=008 120, therefore 120=2»ir±40, 


therefore 


taking the upper sign wo obtain 0=?^ = ^ , 
and taking the lower sign we obtain 0=??^ = ^ 

ID O 

It is obvious however that the second expression inolndesthe first 
28 sin 08m 30=5, therefore 8m0(3sm0-4sm®^=5, 

A 2 

4sm^0-3sm®0+5=O 


therefore 
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By solving tins qaadratio m the ttsnal yray we obtain 

_ 3±1 1 1 

or j 


If sm®fl=^, then Bin®fl=Bin®?, and e=rnrds^ 
A 4 4 

If Bin®ff=i, then Bin®tf=Bm®^, and ^=njr±s 
4 6 6 


See Example 6 of Chapter Y 


29 4Bm*fl+sin®2ff=3 , therefore 4sin®ff+4sui®fl(l-sm®5) 

therefore 4Bm^fl-8sm*d+3=0 

By solving this quadratic m the nsnal way we obtain sm^ O- 
and only the former valne is admissible Thus sm’’0=sin^|, 

d=»Mr4/7 

30 (l-tand}(l4-sm2d)=l+tan0, 

therefore 1 1 ;?) (Bmd+oos5)*=sl+ 

\ cosey' ' cos®’ 

therefore (cos 0 - am (cos 0+6in ff)*=cos d+sin 5 j 

therefore either cosd+8md=0, or (cos^-sin^) (cos0+sm0)=l. 

If oosd+Bmd=0, then smd=:-cos9, 
therefore tan 0= - 1 , 

therefore B=ivtr + ^ 

4 

If (cos 0-smff) (cos d + sm d) = 1, then cos* 0 - sin‘ d = 1 , 
therefore cos 2d=l , 

therefore 2d=2R7r. 


31 smd+6in2d-i'Em3d+Bm4d=0; 

therefore 

smd+Bm4d+sm2d-f Bm3d=:0, 

therefore 

„ 6d 3d „ 6d d - 
2 sm cos — +2 sm Y cob 

therefore 

„ 5d/ 3d d\ - 

2 sin ^ (cos j+cos g j =0 , 

therefore 

X. 6® ^ /I ft 

4 sm-^ cos g COB d=0 


= 3 , 



therefore 
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Thns there are three cases 
If sin =s0, then -j— **"» 

0 0 V 

If oosj=0, then 2=«*'+^ , 

ir 

If cosff=0, then 0=nr+ ^ 


32 sind- 

COB 3=4 sm0 cos® 3, 

iherefore 

sin 3-4 sm 3 (1— sin® 3}=: COB 3; 

therefore 

46m®3— 3 sin3=oos3, 

therefore 

cos 3= -8in83=oos > 

therefore 

33+^=2»ir±3 

33 (cot 0 - 

• tan 3)® (2 - VS) =4 (2+ V3)-; 

therefore 

/cos 3 Bm3y 4(2+s/S) 

\am3 cos 3/ “ 2-V3 ' 

therefore 1 

/cos®3-Bm*3y 2+^8 (2+V3)® 

1; 2sin3oos3 ) ~ 2-^3^ (2-V8)(2+V3) 

therefore 


therefore 

oot®23=cot®:^. 

therefore 

23=mrdb^. 


34, 2^2coa^j-fl^ (l+Bme)=:l+ooB2^, 
therefore 2 y/2 cos ^ (1 + sin = 2 cos® 0=2(1 -an® 0) ^ 
therefore either l+Bin0=O, or ^oos 


If l+8in0=O, then Bin0= —1, therefore 0=:n7r+(~ which xnay 

2 

be caressed more simply as (4ffi-f3} ^ 

If ,/2cos ^j-3^=l-smd, then V2 ^^cosff+^smi'^ =l-smd. 
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therefore 

therefore 


26mtf=l-cos0; 

46m^coS;r=2sm37, 

Sa A S5 

0 


therefore either sin^=0, or tan-=2 

A 2 

B 6 

If Bin 2 ==®* 2””’’^ 


If tan 0=2, then ^=mr+a, where a is snoh that tana=2 

y a A 

f 

35 Bin 90+Bin 60+2 Ein^ 0=1, therefore 

2 Bin 70 cos 20=1 — 2 sin’ 0=cos 20 , 

therefore either cos 20=0, or sin 70=^ 

If cos 20=0, then 20=n7r+ 

ia 

If Bm70=g, then 70=«5r+(- 1)“ g 


CHAPTER X P lOU 
1 Let X denote the required logonthm, then 


2x 


t 

128=(^4)* that is 27=4’= 2-' , 
21 


therefore -^=7 , therefore x— „ 
o 2 

2 Let X denote the required loganthm, then 

243 ^9=(V3)* that is 3» 4^9=3^, that is 3«+t=35, 
therefore ^ = therefore 

3 Let X denote the logonthm of 2187 to the base 3, then 2187=3®, 
that IS 37 = 3 ®, therefore x=7 

Let X denote the logarithm of 0001 to the hose 10 , then 0001 = 10®, 
that IS that is 10“*=10*, therefore *=-4 

Let X denote the loganthm of 00345’ to the base 2, then cos 46® =2®, 
that IS ^=2®, that is 2“4=2®, therefore 
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4. 6®~^=2*+®j therefore (6-4*)log6=(*+3)log2, 


therefore 

(6-4*) log “=(*+S) logs, 

therefore 

(6-4*) (1-log 2)=(*+3) log2, 

therefore 

*(4— 31og2)=6-91og2, 

therefore 

6-91og2 3 29073 

®~4-31og2~ 3 09691 


qol 7 V 

5 Hero «=log 224=log^=log ^=log7+61og2-3, 

6= log 125 =log^^=3-31og2 
o 

Prom the Beoond equation we have log 2=^ (3 — 5) , and then enhstituting 

9 

in the first equation we have log7=a4-3-§(3 — 5) 

O 


6 725 hes between 6* and 6'* , and therefore the oharaotenstio of the 

loganthin of 725 to the base 6 is 3 


Then 
725 


1 1 791 ? 

I.g«07SS)=llog0m4!o8j2gg. 


and -nTZi. lies between i and that is between 6”^ and 6~® 

JlUUUU 0 oU 


Hence 


ilog 


725 


to the base 6 lies between — g and -g, and thus the charac- . 

tenstio will he -1, since by supposition the decimal port of a logarithm 
IS positive 

7 Log 405 =log (81 X 6) = log ^81 x ^ =log!l^=4 log 3 + 1 - log 2 , 


therefore 41og3=log405+log2 — 1=8 908485; 

therefore log 3 =477121 

8. Log98=log(2x7®)=log2+21og7= 301030+1 690196=1 991226, 

^‘’8(3i)*=^°e4 = il‘’Sy = g(21og2-31og7) 

= - 966617=1033383 

9 Log ( 0020736)^ = i log 0020736 =i log 

o a 10* 

= I log = |{4 logs + 8 log 2 - 7} 

= - 89443=110557 
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10 i— i. 1 ^-1.1 1 

• [3 [2- [3- l6-14-[5« [7-]6-i7' * 

thus •wo seo that the soncs =-j^ — =e~K 

I£ l£ l£ 

U 12 1 

J2^“2 |2 ~2’ 

1+21 2 3_1 1 
(3 2 [3 ”2*1’ 

1+2+3 13 4 11 


1+2+3+4 14611 

li “2*15-2|3’ 

, . 1+2+3+ +n 1 n(n+l) 1 1 

«a6«.<Miir 

Thnfi wo flco Oat tlw Bones sag |l+i + ^+-^+ |=g* 

12 46ina;Bm(a;-a)=2co3a— 1, 

thoicforo 2 {costt— cos (2*— o)J=2coso — 1| 

thoreforc cos(2*-a)=g, 


therefore 2*-a=2»7r±g. 

13 cosPy/{fi^-x^=xsmp-aBma, 

therefore cos® /S (a® - *®) = a:® sin® p — 2ara sin p sm o + a® sm® a , 

therefore a? — 2xa sin p sm o=a® cos*^ - o® sin* a , 

therefore (* - « sm /5 sin o)® = o® cos® ^ - a® sin® a + a® sm® p sm® a 

=a® cos®/? - o® Bin® a cos® p=a- cos® p cos® a ; 
therefore x— aEin/?Eina=+acos/3cosa, 

therefore iB=a(8in/?sina+cos^coBa)=acos(/?-a) or -acos(|?+a) 

14 Bin a + Bin (x— a) + sin (2a;+a)=6in (»+o) + Bin (2x-a), 
ilierefore sin a = sm (* + o) - Bin (® - o) + Bin (2x - o) - Bin (2* + o) 

=2 sin a cosx-2 Binacos 2x, 


* 
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thorofore 1=2 oosa;- 2 cos 2 x =2 cos a:- 2 (2 oos^as - 1) , 

tboreforo 4cos®a!— 2oosa! — 1=0 

By solving this qnadratio in tlio nsnal way we obtain cosas=^^^p^ 

Taking tbo nppcr sign wo bare cosa:=oos and tberefore ai=:2nn-:b7 

o o 

Stt 3ir 

Taking tbo lower sign we bavo cosa;=cos-^ , and tberefore a;=2nir:!:~ 

o 5 

16 cos “+ ' 

tberefore 2 eos (a:+ 3) a cos g=sm o=2 cos ~ , 

tberefore cos(ai+l) o=sm|=cos 

Hence all tbo solutions are eontained in 


(a:+l)a=27Mr±^|-|^ 


16 ai^cosocos 


(- 1 ) 


+a! cos (a-/S) =2 cos^ , 
2 


o . a!C0S(tt-i3) 

tberefore + - r =■ — - 

cosacosfa-g] cosocos 


2 COB- 


(-!) ' 


tberefore _|x+— 


2 cos 


cos^ (a—p) 


2 cos a cos j j cosacos^o-5^ 4 eos® o cos® ^a- 

cos® (tt - /3) + 8 cos o eos ^ cos 
4 cos® a cos® 

_ cos®(g-p) + 4 cos tt {cos g + cos (a-j3)} 


4 cos® g cos® 
_ {coB(g-;8)+2cosg}® 
4 cos® geos 


(-f) 


tberefore x+"—' 


2 00s 


. cos fg-|8) + 2 cosg 

gcos^a-0 2cosaoos 
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Taking tbo upper sign \vo liavo 
2 cos a 




2 COB a cos 


(-§) 


= soo («-§) 


Taking tbo loivor sign wo bnro 

COB a + cos (a-p) 


X= — ‘ 


cos a cos 


2 cos 


(-i) 

H) 


p 

“°®2 6 

= - 2 008 ^ SCO a 


cos a cos 

Or WO may wnto tbo proposod equation in tbis form 


xcos a |a;cos | 


(a - 1) - 1 j + 2 j* cos - 1 j cos §=0 ; 

and Ibcn tbo two vnlncs of a wbicb satisf} it nro obvions 
17 col 2*~'a - cot 2*as=:coseo 3a , 
pul j/ for 2*~*a, thus coty-cot 2y!=cosco8o, 

tbereforo 

Bin (2y-y) 


cosy cos2y . 

S' =00800 3tt{ 

sin y sin 2y 


tbereforo 

ibcroforc 


^ =coEeoSa= — 5-, 

6inysm2y smBa 


8in2y=sinSa, tbat is Bin2'a=Bin3a 
Thus tbo general solution is 2*a=fl1^^ (-l)"8tt 


18 mTorBd=n vers(o-O), 

tbereforo 

m (1 — cos <?)=«{! — cos (o - 

tboroforc 

2m Bin* 5 = 2n sm® , 

SB « 

tbereforo 

. a-0 0 

sin-g ®“^2’ 

tbereforo 

a 0 a 0 fm\i 

Bm-coSg-cos^Bin5 = (^-j 


sin , 


Dnido by cob~, thus wo obtain a simplo oqnation for findmg tan 

A 


tOI ^ 
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19 oosnff+cos(n-2)^=oos^, 

therefore 2 cos (» — 1) cos 6 = cos d ; 

therefore either cos 0 = 0, or 008 (n — l)0=g 
If cos 0=0, then 0=»Mr+ ^ 

If cos(n-l)0=^, then (n — l)0=2»Mr±g 

20 Bin 0 + Bin 30 =sm 20+ sin 40, 

therefore 2 sin 20 cos 0=2 sin 30 cos 0, 

therefore either cos 0=0, or fiin20=Bin30 
If cos 0=0, then 0=M5r+ ^ 

If Bin20=Bm30, then Bin20-Bin30= 0, therefore 2 sin^cos-^ =0, 

B 5^ B B 

therefore either sm?=0, or oos-^=0 taking 8in^ = 0 \fe have ^ = nv, 

and taking cos-^ =0 wo have 

The seven values greater than 0 and less than 2t are 
IT Ott Sir 7ir 9ir jT , Sir 

fi’ T’ T* T » T’ 2 T 


21. tan*=tan^tan(*+«)=*^?B2^±*B^, 

' l-tanxtana 


therefore tan a; (1 - tanx tan a) =tan p (tan«+tan a ) , 

therefore tan^a; tan a+ (tan/3- 1} tana;+tan a tan;9=0 

By solving this quadratic in the usual way we obtain the values of tana; 
It is knovm hy the theory of quadratic equations that for the values to be 
real we must have (tan /3 - 1)* - 4 tan® a tan /5 positive or zero 

And (tan /S - 1)®- 4 tan® o tan/3 

=tan®/S- 2 tan /S- 4 tan® a tan/3+ 1 

= {tan /3 - (1 + 2 tan® a)}® + 1 - (1 + 2 tan® a)® 


l + sm®a|® 4Bm®tt 
COB* a 




1 + Bin®i 
COS®tt 




^ 2 Bin g ) 
cos^a } 
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Tins c:9rcssion tbcn must bo positivo or zerOf and tberofozo tan/S mcst 
not lio botvreea and , 

\ COSO / \ COSO / 


22. 


tan(j-<?) + tan(j+<?) 

Bin (|-g) cos 04-g) + Bm (l+gj cos 

C08(j-(i) C03^J+(?j 


cos 


V 



C0S^J-(?j 

cob(J+9) 


2 

2 


8in(g+2fl 

^ ”"00329* 

Thns 

2 

cos2<?~ 

Y8V2U. 
U+V2/ ’ 

ibereforo 

cos 29 

/1+V2U. 

2 “ 

\8V2 ; ’ 

tboreforo 

cos* 29 = 

1+V2. 
"2V2" ’ 

ibereforo 

2cos*29-l= 

1+V2 

V2 

tbereforo 

cos 49= 

I tr 


1 

va’ 


tboreforo tho least toIqo of <? is giTon by 4(?=7 . 

4 


23. 

tboreforo 

tboreforo 

T T.K.a 


sin* (n+l) =Bm*«0'+Bin® (n- 1) <? , 
Bm*(n+1)<?-Bm*(n-1) 0=eiv?nO, 

Bin 2n0 sin 29=s6m* nO (Art. 83.) 


5 
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But 

therefore 

therefore 

therefore 


{«+1)^+(m — 1)^+B^=jr , 


Sn6=v , 


therefore nd—^ ; 


nn 2 jr -tr 
sin 20 Bin -g- = , 


Bin 20 = sin 


3 ’ 


thns 20 =s , therefore 0 =s* Bnt nff = ~, and therefore »s =2 
o o o 

24 cos* 0 - cos* 0=2 cos® 0 (cos 0 - eos o) - 2 sin® 0 (sm 0 - sm a) , 

cos 304-3 cos 0 , 


therefore 


cos*0-coa*o=' 


■(cos0-coso) 


8 sin 0 — sin 30 
2 


(Bin0'-Eina), 


therefore 2 (cos* 0 -'aos*a)=cos 80 cos 0 -}-sin 30 S}n 0 -cos 30 cosa-sin 30 sina 

- 1-3 cos* 0- 8 sin* 0- 3 cos 0 cos 0+3 sm 0 Bin « , 
therefore cop (30 - fl) — cos (80 - o) - 8 cos ( 0 + «) = 3 sin* 0 - cos* 0—2 cos® a , 
therefore cos 20 -cos ( 30 -e)- 3 oos( 0 +a)=S- 4 cos® 0 - 2 cos®ci 

=3-2(l+cOB20)-(l+cos2a> 

= - 2 cos 20 - cos 2 a , 


therefore 

B cos 3 cos a) - cos ( 3 ^- a 

therefore 

3 ^+ee ct — 3 ( 3 ^+a) 

3 sin— ^ Sjn-_+Bm-i-^— ' 1 

therefore 

, 30+0 ( 3 ( 0 — o) - ( 

Bin — ~ — jsm— i-g — ' - 8 sm- 

therefore 

. 30+0 s 6 —a , 

4 sm — g — sm®— ^=C 

^ 3 ^+a - a 

Hence either sm-— — = 0 , or sm - 3 — = 0 , 

and the latter gives 


30+ o 


25 Let 0 denote an angle haTmg the eame sine as o, so that 
em0=Ema, thus cos ^0-g^=cos , therefore all the solations 

ore comprised in 0-g=2nir±^^-a^ . 
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26 Iiei e denote an angle LaTing the Eame cosine as c, so that 
CG 30 =co 5 e; thns an = ; therefore all the solntions 

are 


connniEed in ^=nsrJ-{— l)"^c— 


27. Bt Art. 101 it loncm-s that the upper sign ought to be tahen 

if ^ hes behreen n3G0’-*-225® and nSGO’+dOS®; in this case A lies be- 

tu-een 2n3G0’-450’ and 2n360’-810’, and ji->-270’ hes hetireen 2n36{P-i-720® 

J ^ 270 ^ 

and 2n360''’-«-1080’, and therefore —=== 5 — Kes bets7ecn 2n— 2 and 2nJ-3 

OOU”' 

thus the integral part of this fraction is an eren number, so that denoting 
it bv m "vre have ( -1}®* positire 

In predsdjthe same manner r-e find that the present example agrees 
Tdth Art 101 for the case in trhich m is odd 

23 rirst suppose the number of degrees in A to he betireen «360 and 

n 360— 90; then tan A and tan^ are both positiTe, and therefore the upper 


sign must be tahen m the ambignitj. Also in this case 


A-t-90 

180 


hes between 


n360J-90 , n3G0-«-180 „ 1 . „ . , ... 

— — and = 3 ;; — , that IS between 2a— = and 2n-»-l; so tnat m 

is even* 

Xeit Euuposeihe number of degrees in A to he between n360-*-90 and 
n 360— ISO; then tan A is negatire, and tan ^ is positiTe; and therefore 

a 

the lower sign must be tahen in the ambignitr. Also in this case 

hes between 2n-rl and 2n-»-2, so that >a is odd 

Similadv we mar proceed if the number of degrees in A lies between 
n360->-lS0 and n360 — 270, or between n 8607270 and ti3G0-*-360 

It win be observed that in this and the preceding sample the greatest 
integer m a certain expression means that integer which with a ^sitive 
proper fraction constitutes the whole expression. 

Or we mi^t treat the example thus . 

±V(l-«-ianS A) = ± . ^ 7 = ; 

cos’A cosA 


but 


, A 1— cosA cosA 

Tan — 

2 Sin A tan., 


-1 


hence the ambiguitTin :&V(1— tan-A} must be so taken as to ensure that 
the sign is the tame as the sign of cosA, and it is easy to dew that (—1)” 
is of the same sign as cos A when m has the prescribed value 

. 5—2 
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29. 

ton (cota:)=cot (tan a:) , 

theroforo 

tan (oot *)=tan |" tan*| , 

therefore, by Art 68, all the possible Bolntions ore compnfied m 


cota!=»ir+^ — tan »; 

therefore 

Cot*+tana:=nir+g , 

therefore 

cosa; sina; . ir 

h jsn-T+s-, 

Bmx ooBz 2 

theroforo 

1 (2n+l)ir 

sm*008ai~ 2 ' 

therefore 

2 

sma!Cosa;=,- , 

(2n+l)T 

therefore 

4 

Sm2x = yT rr — 

(2»+l)ir 

The valaens 

- 1 vronld moke dn 2a; greater than nmly. 

30 

A 

2C0B®-g=l + CO3A, 

therefore 

4 cos” =2 + 2 cos A , 

therefore 

2 cos = V(2 + 2 cos A) 

Again 

2cOB* j=l + COB^, 

therefore 

4oob®^=2+2cos'^; 

therefore 2oos^= ^ ^2+2cos|-^=V{2+V(2+2ooaA)}. 

Similarly 

2 cob g.=V[2+V{2+V(2+2 cos A)}] , 

and this process may be contmned to any extent 

31 Change 

* successively to and r+x, thus 

« 4 * 

cos 
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and cos (j+*) = =s- |l+cos (f +2^)} = ± 

Thon putting for cos^j-*^ nnd co'j^^+as^ tlicir '\nlncs uo Lavo 


1 1 /l + 6in 2x 


oud 


ic08*-;^-fim* 




Em2i: 


( 1 ). 


( 2 ). 


Hcuco bysulttraction \ro find ilio required exprcbEion for suite. In (1) the 
upper or lower sign must bo lnl.cn according ns cos^te--^ is positive or 

ncgntivc, that h according ns tc-^ bes between 2 nr- 5 “ and 2 nw+ 3 ir, or 

* 2 2 

1 Sr 

between 2ar+-r and 2nr+-^. Sunilarlj wo can dctcnnino tbo sign to 
bo token in (2). 


.^2. Let h denote tbo vnluo wlucb the expression retains for all values 
of 0, so that 

A cos (g+a)-t-.C Bin (0+P) . 
^'6m(tf+o)+f#'co8(<?+/S}“ ’ 

then A coB{<?+o)+i?Bin (fl+/5):=I, ^X'Bln{<?+a)+i?’cos^ff4•/5)}; 

tberoforo coEt?(^ cosa-l Ji Bmp) + BmO [Scoap-Asma) 

szl, cos 0 (A' em a +JS' cos P)+leinO (J' cos o - J5' sin /S) , 

tberoforo cos^M cosa+J}Binp-J.(A'ana+J)'cosp]] 

+ sin { i? cos /5 - ^ sin a - 7. (.,1' cos o - i?' sin /3) } = 0 

Kow this IS to bo true for all taluea of 0 Put for 0 in succession 

0 and thus wo obtain tbo following two results 
A 


^ cos a sin /5=7. (il' sin a+ P'cos /S), 

17 cos /3 - .d Bin o:^ A. (^' cos a -if' Bin /3), , 

and it IB obvious that if these hold tho original expression docs alwajs 
retain tho same value 

By cross multiplication wo obtain 

cos a +17 sin /3) (yl'cos o-H' sin/3)=:(^'Bma+.0'cos/3) {Scosp- Aetna) , 
thereforo AA'ces"^ a - 1717' Bin-/3 + {A'B -AH') cos a sm /3 

=Pf7'cos®/3-.djl'Bin*o+(jt'17-^P') sinacos^, 
AA'-J}Ji'=[A'J}~.AJ3') Bin {a-/5) 


thereforo 
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33 Lot A denote the earn of the two angles x and y Then 

x+v x—v _ A x—v 
smsc+sin y=2 sm cos — g-^=2 Bin ^ cos , 

and the numerically greatest Tolue of this expression is when cos is 
greatest, that is when as-y=0, that is when x=y 

Agam 

smA 2 sin A 


^ ^ sm* . siny Binfx+y) 

tan*+tani/ = h — ^ — — 

" cos a. cosy cos a cosy 


'cosaoosy 2cosacpBy 

2smA 2sinA 


“cos (x-y) +COS (x+y) “ cos (a-y)+cos A ’ 
and li cos A is positive the munenoolly least value of this is when 
C03(*-y)=l, that IS when »=y 

84 By Alt 114 we have 

ton A tan 5 + tan jB ton C'+ ton £7 tan A = 1 , 

therefore tan’’A+tan®5+tan®C'=sl+i(tanA -tan jB)® 

+ i (ton B - ton £7)* + ^ (tan £7- tan A)®. 

Hence the least value of the expression is when tan A— tanH, tanJB-tanC^, 
and tan £7- tan A all vanish , and the valne is then unii^ 


35 By Art 114 we have 

tanA+tan J7+tan £?=tanAtanHtanC, 

1 11 1 
cot A ^ cot cot £7 ootAcotHcotC'’ 

cotB col £7+cot A cot £7+cot A cot J3=:l , 

cot® A + cot* B + cot® £7 

=l + 5 (cotA - ootB)® + |(cotB-o6t£7)®+|(oot£7-cot A)* 

Hence the least value of the expression is when cotA— cotH, cotB-cot^, 
and cot £7- cot A all vanish , and &e value is then unity 


therefore 

therefore 

therefore 
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«« . T, 1 ^ , co<i i? COS (7 1 

86 coti?+cotC'-coseoA=^+^-^ 

8m(i?+C) 1 _ siuA 1 _ Bin* A -Bin i? Bin <7 

“pinjfanC?" BinA ’“sin^BinU buiA ~ Bin A Bin sin (7 

Proceeding in tins ivny \io find tlint tbo diilcrcnco of tbo tiro given 
eicprcssions is cqtm aicnt to a fraction with tho denominator sm A Bin JJ Bin 0, 
wlnlo tho numerator is 

Bm®A+sia*jB+BinSU-8milsmC'-Bmf7BmA -smAsmP, 
that IS g (sm A - am £)* + ^ (sm iJ - sm <?)*+ 1 (sm £7- Bm A)®. 

This expression is noicr negative 

37. Snpposo A, JI, Gio bo threo acuto angles such that 
cos* A + cos* 17+ cos* 0=: 1, 

then cos® A = 1 - cos* £7 - cos® J = sm* £7- cos* 5 

s= - cos (£7 - N) cos (£7+ 17), 

This shews that £7+17 must ho greater than a right nnglo Now if we 
tjdi .0 A' =180*- £7-^ wo fihall have cos* A' numencallj’ cqnol to C08®(5+£7), 
and theriforo numencallj 7m thon cos (£7- J?) cos (£7+ 17), for wo mnj Bup- 
poso(7 not less than 17, and then O-JD is less than 180®- 0-17. Henco 
cos® A IS greater thon cos* A', and A is less than A', and therefore A + J5+ O 
is less than 180*. 

38 By Art 113 wo have BmA+Bml7+Bm£7-Bm(A+17+£7) 

=am A (1 - cos 17 cos £7) + sm 17 (1 - cos £7 cos A) + em £7 (1 - cob A cob 17) 
+Bm A sin 17 sin £7, 

and as A, 17, and £7 oro acuto this expression is necessarily positive 

39 Lot « = ^cos®^ , 

therefore log « = a* log cos ^ ^ log ^1 - am® ^ 

n* ( ,0.1 jO . 1 -o } 

= - 5 : jsm-- + 5 Bm«- + -Bm«-+ 

2 ( n 2 n 8 n I 


CK ft 

Now n8in-=o— — , and this is equal to a when n is mdofimtely 

ft ct 
n 

mcrcascd; and thoreforo n®sm*- is equal to a®. 
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Tben and ibis 'vamdiea 'wben n is mde- 

n n n 

finitely increased Similarly the other terms in log« vamsh, and as in 
Art 150 their sum vamsbes also ; and thus log « = - ^ ultimately. 

g* 

Therefore M=e“ 


40. Let 


«=(cos^y*j 


therefore 


log M s= log cos - = -s 

n A 



= -^ |sin*- + 5Sm*- + 5Bm®-+ |. 

2 ( ji 2 » 3 a ) 

Now we have shewn in solving the precedmg Example that o® 

altimately; hence n®Bm®^=3na®, and so becomes infimte. Thns the loga- 
rithm of « is negative infinify, and therefore u vanishes nltimately ' 


4L Bm0-(tand~^tan*5)=6md—tan5-)-gtan®6 


,Bm5-^ + iS^=-^{coB®0_oos*5+|8m®5J 
cosd 2cos*d coa»d’ 2 ‘ 


e: {2 008® d- 2 cos® d + 1 - COB® d} 

A C08* V 

smd(l-oo8 0),, . - „ 

= - rc 5- 8®d 


sin d (1 -- cos d) (1 - cos d) (1 +2 cos d) 
2 COB® d 


Bin d (1 - cos d)® (1+2 coed) 
2 cos® d 


whioib IS positive. 


42 


Let 




then 


log M = SB log log 



i- 


Thus the loganthm is always negative, and as x increases the logonthin 
diminishes nnmencally, and so v. increases, when sc is infinite log «= -1 ; 
and therefore 
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CHAPTER XI P 'So 


1 . 

this ^TSS 
therefore 


4 0948563 
4 0948204 
0000349 


1 • 86 .* 0000349 ; »; 
x= 0000122. 


log 12440 36=4 0948326 




0288658 

0288162 

0000406 


0288366 

•0288152 


this gives 
therefore 
3 


0000203 

9!= 00006, 

log 1 06866= 0288365 


0000406 : 0000203 .: *0001 . x; 


4 3702725 
4 3702540 
0000186 


log 23466 C >=4 3702640 
add for 3 655 

8 1480 


186 

370 

666 

740 

926 

1110 

1296 

1480 

1066 


• 4 370261030 

$ 

* 

therefore retaining 7 places of decimals 

log 23466 38 =4 3702610, and log 2346638=13702610 
4 - (1 8763146) =2 1246655 


1246998 

1246672 


0000326 


•1246866 

•1246672 

0000183 


0000326 0000183 .. 0001 i ic! 


this gives 

therefore 

therefore 


this gives 

therefore 

therefore 


6860366 

6860244 

0000112 


X— 000066 , 

logl332566=-l246865, 
log 01332566=21246866 U 

0001 . 00004 • 0000112 •'«; 
*= 0000045 , 
log 3 85604= 6860289, 
log 00386504=3 6860289 , 


therefore log ( 00385604)^ = ^ (3 6860289)=^ ( - 4 + 1 6860289) =I 3965072. 
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b 

log (24)^ = 5 log 24= 6901056 ^ 



6901074 6901056 

0000088 0000070 0001 », 

0000088 0000070 ' 

this gl^os 

SB= 000079. 


therefore 

log 4 8g8979=*6901056, 


therefore 

(24)*=4 898979 


7 

« 

log (142 71)^ = ^ X 2 1544544= 3077792 



3077954 3077792 

3077741 3077741 .0000213 0000051 1 

0000213 0000051 


this gives 

as= 24, 


therefore 

log 20313 24=4 3077792 , 


therefore 

log 2 031324= 3077792, 


therefore 

(142 71)^=2 031824 


8 log( 07)*=|log 07=j(3 8460980)=g(-6 + 8 8460980)- 

:1 7690196 

1 


7690227 7690196 

= SS ‘ 

*» 

this gives 

*= 58, 


therefore 

log 58761 58 =4 7690196, 


therefore 

log 6875158=17690196, 


therefore 

( 07)^= 5876168 





= log = -ilogl6= -glog2= - 2408240 


= 1 7691760=log 6743491, 


therefore 

( 0626)^= 574849L 


10 log (27)“^= -ilog27= -1(1 4313638)= - 2862728 

u O 



=17137272=log 5172818, 


therefore 

(27)“^= 5172818 
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11. log719C8 C= 1 8571391+^ of *0000000= 4 8571430 , 

los (•071'»0SG)’ - 1 (J-8571 130) =i { - 8 +C 8571 110) =1 8371 129 
Bttt log 7190*40 ---i 8171110, ihoroforo (0719080)*= 7I9GSfi 


12 ln-(l-01)-w= -.10v-012S372-=-*128372=l‘871C28=log 7UOOU, 

th^rcforo (1*01)"**= 7110112 

in log (l-OI)-**- -20 X 0211891=- - 421780=1 37C21 i=log 37C89 , 
thcrcford (1*03)~*^= *37089 , 

thcrt'foro 01(1- (1 01)"*’} « 04 {1 - 37081} 

=Clx 02311-39 87901 

11 Bcnoto it l>y II, llirn logMai,/31og5=-2V51t>B\/0; 
llcTcfore^ log (logtt) s:-1og2.}-log V^-t-log (logV'*) 

Sow log Vr. n loR 5 ■= i log ™ = ^ (I - log 2) 

-.-,(1- 101010)-J( 098970)= 349185, 


lor (log Vi) = log 319181-1 513423 


Therefore log(Iogw)'=’30101()-l- 141181 + 1543128= 113943 
Therefore log «= 1562111 


5G100C 

3C2887 

000119 


502114 

5G2SS7 

■-000057 


•000119 000037 • *001 • e; 


th5» given a-'s 00018, llicriforo w=86*5518 


15 logH4=logl2'*-2 log 12=-2 1583621, 

log(l lI)-e=-Clogl ll=-6( J5aiC21)=- 9501711 
‘ =l-01982r.6=log*11215C8; 

therefore (l*41}-«= 1121668 

log {1 1 1)“»= - 12 log 1 1 1 = - 12 (*1581624) = - 1 9003188 
r. 2 099ail2 =log 01237915 , 
thcrefero (1 4 !)-«= *01257916 , 

Iboroforo (1 ll)'* - (1 1 1)-« = *1121668 - 01257916 = *09957705 
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16. log - 13 log 1 05= - 13 ( 0211898)= - 2764609 
=I 7245391 =log 5303214, 
therefore (l " 05)* ^~ 6803214, 

log—^a -201ogl 06= -20 ( 0211893)= - 423786 
=1 676214=log -8768894 , 


therefore 

P^„-J7088M; 

therefore 

M ^ - 

06 j(l 06)»* 

j = 20 1 5303214 - 3768894} 



=20 X 163432 =3 06864 

17 

7431448 

7313637 

0117911 

60' 1' 0117911 a:, 

this gives 


0001966 , 

therefore 

Bm47''l'= 7813637 0001905= 7816602 

18 

1270646 

1267761 

0002886 

60" 25" 0002886 ; x, 

this gives 


x= 0001202; 

therefore 

Bin 7* 17' 25": 

= 1267761+ 0001202= 1268963 

19 

9 4663483 

9 4659853 
0004180 

60" 12" 0004130 X, 

this gives 


*= 0000826, 

tlierefore 

Z Bin 17® 0' 12"= 

=9 4659363 + 0000826= 9*4660179. 

20 

9 6482582 

9 6480038 
0002644 

60" 12" 0002644 • x, 

this gives 


*= 0000609, 

therefore 

Z sin 26® 24' 12" 

=9 6480038+ 0000509 =9 6480547. 

21 

9 5052891 

9 6048538 
0004363 

60" 35" 0004363 x, 

this gives 


*= 0002639 , 

therefore 

Z cot 72® 16' 36"^ 

=9 6062891- 0002639= 9 5060352 
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22 . 


9 1604669 
9 1603493 
0001076 


0001486 -0001076 10 *, 


thiB gives ®=7, therefore the required an^e is 81® 46' 7" 


23 


9-9713383 

9-9713351 

0000032 


0000079 . 0000032 10 x, 


this gives a;=4, therefore the required angle is 20® 35' 20"— 4", that la 
20® 35' 16". For as the L oosmo inoreases the angle diminishes 

24 60" 26" -0000865 *, 

this gives £=-0000375; 

therefore L oos 34® 24' 26"=9 9165187 - 0000376 =9 9164762 


Again 


9 9165646 
9 9165137 
0000509 


00QQ8GS . *0000509 60 x. 


this gives £ = 35, therefore the required angle is 34® 24' -85", that is 
84® 23' 25" 


25 Smee seo0xcos0=l, vre have logseod-f logcoBd=0, 
therefore Lseo6-|-Xco80-2O=O, therefore j!/Beo0=20-Lcos0. 
Wo shall first find L cos 87® 19' 47" 

60" 47" 0000963 • *, 

this gives «= 0000754, 

therefore Lcos 37® 19'47"=9 9005294- -0000764=9 9004640. 
Thou L see 37® 19' 47"=20 - 9 9004640=10 0995460. 

Next find L sm 87® 19' 47" 

60" 47" • -0001657 *, 

this gives £=-0001298; 

therefore L sm 37® 19' 47"=9-7826301-j- 0001298=9 782769a 

Then tan0=2^; therefore log tan 0= log smd- log oos 6, 

COS v 

therefore L tan 0 - 10=Z sin 6 - 10 - (L cos 0 - 10)=Z sm 0 - Z cos 6 , 
therefore Ztan0=10-fZ6in0— ZcosO. 

Thus Ztan37®19'47"=10 + 9-7827699 - 9 9004540= 9 8823069 
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2C 60" 24" 6 0001998 x, 

41us gives *= 0000819 ; 

therefore i5sm32®18'24" 6=9 7278277 + 0000819=9 7279096 
60" *24" 6 0000799 x, 

this gives *= 0000328; 

therefore Z cos32“ 18'24" 6=9 9269913- -0000328=9 9269585 
And i tan 32® 18' 24" 6 =10 +11 sin 32® 18' 24" 6-icos32®18'24" 6 
=9 8009511 


CHAPTES Sn ~ ' 


1 Let ABGZ denote the rectangle Prom A dravr AP perpendicular 
to the diagonal £D, and from P dm\r P3l perpendicular to JBO, and PJV’ 
perpendicular to CD 

Let the angle DBA he denoted hy a. , then 

AB=c cos a, BP=AB cos a=ecos- a, 
PJf—BPcosBPJf—BP cos a=(rcos® a. 

Thus denotmg P.V hyj> we have p=ccos*a. 

Similarly 4i7=c sm a, PD— AD sin PAD’=^AD sin asc Bm=*a, 

P2f—PD sm PDBT s^PD sin a =c sin* a. 

Thus q—CSW?a 

Therefore =(c cos® a)^+ (c sin* a)5=c5 (eos* a+ sin® a) =e^ 


2 Let a denote the radius of the larger circle, and i the radius of the 
smaller circle. Let x denote the distance of the point of intersection of the 
two common tangents from the centre of the larger circle , therefore x~a-h 
denotes the distance of this point &om the centre of the smaller circle 


Then sinT; = -, and tuso Bms = - r, 

S X 2 x-a-b' 

therefore a;=-^, and a;-a-5=— 

• tf 0 

smg Bin^ 


therefore, by snhtraction. 


0+5 = 


0-6 
. e’ 

EUIk 


therefore therefore cos - = — ; 

A a-rO 2 O+O 


and 


. a a ^ ^ 4(a— 6)V(a6) 

smd=2singCos^= 
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3 secaseeff+tanatan0=Eeefi, 

therefore seoaseefi=Bec/3—taiiatanff, 

therefore sec* a sec^ d=(sec /3 — tan a tan 0)^; 

therefore Bec®tt(l+tan®fl)=Beo®/3— 2Bec/Stanatan5+ion®atan®tf ; 
therefore (sec®a— tan®a) tan®fl+2 sec p tan a tan sec® /5— sec® a, 

therefore tan® 0 +2 sec/3 tan a tan 6=^eecrp — sec® a , 

therefore (tan 0+ tan« sec /3)* = sec® /3 - sec® tt+ tan® a sec® /3 

* =sec*/56ec®tt — Bec®tt=tan®/36ec®a, 
therefore tan (7+ tan a sec /3=:& tan /3 sec a, 

therefore tan 0=— tan a sec ^±tan p sec a 

_ sing ^ Bin/3 _ — Bma±sm/3 
~ cos a cos /3 cosp cos a ~ cos a cos /3 

B B B B 

sin^co320 sin?cos20sm^ 2 sin® ^ cos ^ cos 20 


vers 0 cot 0 ' 


Ters 0 cos 0 


(1 - COB 0) cos 0 


B 6 B 

2 sin® ? cos cos 20 cos g cos 20 

Jt 2i 2 ^ 

” ft - 5^ /I cos^ ’ 

2 sm^ ^ cos B 

and the value of this is unity vrhen 0=0 

tan®0 sin®0 _ Bm®0coB20 

sec 20 — 1 ~ cos* 0 (sec 20 — 1) ~ cos® 0 (1 — cos 2^ 

_ sin® 0 cos 20 _ cos 20 
“ 2 cos* 0 Bin® 0 “ 2 COB* 0 ’ 


and the value of this is - irhen 0=0 

Jt 


5 cot~(l+cot0)i=cot^-cot0-l=— ^ 

2 ' ' 2 0 Bin0 


Bin0 cob2-*co®^ 
0 

Em^Ein0 


I i-i 1 

- X X ij — A , 


sm = sm ^ 

A 


now this IB always positive as 0 changes from 0 to v, except when 0= 
and then it is zero 


tSi t) 



so 
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„ . B tantf+c-l 

C *®“2“tan»+c+l’ 

0 

therefore tan ^ (tan + c + 1) = tan 0 +e—l, 

b ( ^*““1 \ ^*“2 

therefore taHol ) = ■ "- +0-1; 

“V'-*”’! / '-““I 

» 

B f B 

therefore 2tan*^+(c+l) f l-tan®^jtan^ 

=2tan|+(c-l) ^l-tan*|^ , 

B 6 B 

therefore (c+ 1) tan»^- (1+c) tan*|+{l - c) tan ^ +(e- 1)=0, 

therefore (c+1) tan®|(tan|-l)=(c-l) (tan^-l), 

B B 

therefore either tang-l=0, or (c+l)tan®g=:c-l. 

Thne tan 1=1, or ^ 

7. aseo^0-&coB0=2a, therefore a-&ooB^0=2acoB°0, 
therefore &coB*0=a — 2acoB’'9, 

again &ooB^0-aBea 0=26, therefore & cob” 0=26 cos 0+ a, 
thus a-2acos”0=2&oos0+a, 

therefore —a cos 9=5, therefore oob0= — - 

a 

SnhBtitnto this value of cob 0 in either of the given eauations, for instance 
a” 

the first, thus ^5-+ — =2a, therefore o*+6*-2a®6®=0, therefore o®=J* 


8. o® + 6’ = (sin a COB /3 Bin 0 + cos a cos 6)®+ (sm a cob peoaB- cob a Bin S)* 
=Bin® a cos®^+ COB® a , 


c® 

fiin®ff 


=Bin®ttBm® 


P 


» 



XIT laiSCELLANEOTJS E XAM PLES 


therefore a® + 6® -j 7- = sin® a cob® S + sin® a sin* B + cos® a 

^ =sin*o+cos®«=l 

9 6+ccosa=Mcos (a-fl), h+ecoBfi—ucosifi — B), 

therefore 25+c(cos a+coB p)=uooa(a- ff} + u cos{p - 0) , 

a-B 


cl+B 

therefore 5 + c cos ■ cos 


^=«COB (^-<>) 


therefore 6 sec « cos -o'j-c cos 


cos- 


ct+/3 


Again from the first two equations, by subtraction, 

c (cos a — cos /3) =« cos (a - tf) - « cos (jS - ff) , 

g+/3 


/3 — a ft+/3 
2 


therefore 

therefore 0=«sm^^^^-^^ — 

Sqnare and add (1) and (2) , thns 


P-g . 

2 


esm- 


6®Bec*3s=M®+c*-2ttc|cos 


g+S ( g+/3 
OOB-^ + Bm(~/- 


10 


=o®+c® — 2«ccos 3 


atan®d — *= 


a — *= 


2a tan 0 tan 2g tan 2tt' 
tan2a+tan 2a' 

2a tan 0 


tan2a+tan2a' 


therefore, by subtraction, 
a 


,1 j. 2atanS(l— tan2tttan2a') 


therefore 

therefore 

11 


tan2a+tan2a' 


2tand 


1 - tan 2a tan 2a' 1 — ton® 0 ’ 

tan (2a + 2a0 = tan 20 

Bmd+Eiu0=a, cosd+cos^=&, 
square and add , thus 

2 + 2 (cos 0 cos ^+ smd sin 0) =a® + J® , 
therefore 2 + 2coa(d-^)=a®+3®, 

therefore 2+2e=a®+&® 

T T K H 
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12 xcostf+y sm tf=n, *cos(ff+20)— yBm(^+29i)=a, 
Uierefore, hy snbtraotion, 

x{costf - cos (<>+2^)) +y {sin e+Bjn +2^)} =0 , 

Qietelote *sm(0+^)6m^+yBin(fl+^) co3^=0, 

therefore xBm^+ycos^i=0 

AgBin, by addition, 

*{cos e+cos{d+2^))+y {Bind- Bin (d+20)}=2a, 
therefore a cos (6+i>) cos y C08(d+(S)Bin^=o , 

tt 

therefore acos«ft-ysin*= 

^ ^ ^ cos(9+4i) 

Square and add (1) and (2) thus 


a=>+y~ 


therefore 


cos*(d+^) i— sin®(d+0) 
(*’+y‘) ^l-^Bin»^^=e» 


l-gjsin-^ 


But from (1) *Ssin®<6=y®oos*5>=y®(l-Bin®^^), 


therefore 


Therefore 


therefore 

ar>+jr=o®+5^ 

13 

tanc=tan(a+y)_^_^J^^J^. 

Kow 

tana+tauy=a, and cota+cotys6. 

therefore 

1 1 

’’’h r — » 

tana tony 

therefore 

tan a + tan y = 6 ton a tan y , 

therefore 

tanatany , therefore tanatany 

therefore 

. a a5 

taUC= — , 

. a h~a 

b 

therefore 

^ b-a 1 1 

cotc= — r- s= — r 
ao a b 


e**! R 
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14 


SB sec-O — cos-6_l — cos*0 
a ~ seiS* 0+ C03* 6 ~ 1+cos* 0 ’ 

l+cos^0 


— = Bec*tf+cos®tf = 

y 


COB*0 


= 1 


, Sir 3 ^ /I— cos*fl\® 4coB*ff /l + cos*tf\® 

therefore ^ + g; = ^ij.cos«tfj (l+cos'*0)®~ \T+coi<ffj 

16 (a+6)tan(a-^) = (a-6)taii(ff+<^), 

therefore (a + 6) sin {6 — cos (6 + ^) = (a — J) sm {0 + ^) cos (ff — 0) , 
therefore J{sin{<>+<S) cos{<?-^)+ein(ff-^) cos(0+^)} 

=a {Bin {0+4i) cos (6—^) - sm (fl - cos (®+ ^)} , 
therefore 2i sm 29=0 sm 2^, 

and i cos 2ds=c— a cos 2^ , 

square and add , thus 6*=sr+a*-2accos2^ 


16 


ssin(d+^ gsm [0 — ff) 


emiO ’ Bm2^ 

Sqnare and snbstitnte in the first given equation , thus 

j?Em®((?+<n . s;*Em®(0-^ . . «* ^ 

— — t -cos e=s — s — V- -— cosfl+riCosff', 
o-Bm-20 a’6m*2i7 6* 


therefore 


sin® (6+0^ COB sm® (6— O') cos 0 _ cos ^ 
Sslm®2ff 6® ’ 


, {smScostJ'+cosffsmO')’ — (sinflcosP^— cosPsinP^® 

thereforo -J . . ’ — ys ^co3d= 

4a-Bin-<?cos^^ 


therefore 

therefore 


4 sing cos® g smg'cosg" _ cos g' 
4a® Bm® g cos® g W~ ’ 


emg' _a® 
smg ~IP 


17. jrcos^— sBsm ^=acos2^ 

ysm^+ascos ^=2a Bm20 

Multiply (1) hy cos^, and (2} by sm^, and add , thus 
y=a COE 2tft cos 2a sm 2^ sm ^ 

=a cos ^ (cos 20+4 sm® 0)=a cos 0 (cos® 0+3 sm® 0) 
Agam multiply (2) hy cos 0, and (1) by sm 0, and subtract thus 
ss=:2a sm 20 cos 0— a COB 20 sm 0 
=a sm 0 (4 cos* 0 - cos 20) =a sm 0 (3 cos® 0 +sm® 0) 


cosg* 

“ 6 ®“’ 


( 1 ). 

( 2 ) 


6—2 
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Thus a!!+y=a(Bm®^+oos®^+3 oos^+8 cos® 0 siu^) 

= a (sin ^ + oos ^)® , 

and a— y=a(sin® ^—3 sin® 0 oos^+3 cos® ^ sin cos® t^) 

=a(sm^-coB^)® 

* 4 a 4 

Therefore (fe+y)^+{x-yy >=er {(Bin0+cos0)®+(sin0-oos0)*}=2o“ 

18 cos 0 cos ^ -h sin 0 Bin sin ^ Bin 7, 

therefore sin® 0 sin® <f>= (sin p sin y — oos 0 oos 0)® , 

therefore (1 - cos® 0) (1 - oos® ^)= (sin ^ sin 7 - cos 0 cos 0)® , 

, /, 6in®/S\ A 6in®7\ / „ _ sm/9Bin7\® 

therefore (1 5^)(1' f- J = | BinSBin7 — = — i), 

\ Bin®a/ \ Bin-ay \ ' Bm*a J 

therefore (sin® a — sm® (3) (sin® a - sin® 7) = sin* p sin® 7 (sin® a - 1)® , 

therefore sin* a - sin® a (sin* p + sin® 7) = sm® p sm® 7 (sin* a - 2 sin® a) , 

therefore sin® a - sm* p - sm® 7= sm* p sm® 7 (sm® a - 2), 

therefore sm® a (1 - sm® p sm® 7) = sm® p cos* 7 + cos® /3 sm® 7 , 

- , Bm®SooB®7+cos®fiBm®7 

therefore Bm®«= 

therefore cos® a=^ ~ sina^c_OB®7-cos®p Bm«7 

l-Bm®/3Bm*7 

(sm® p+ cos® P) (sm® 7 + cos® 7) — sm® p sm® 7 — sm® p cos® 7 - cos® p sm® 7 

l-Bifi*/3Bm^7 

_ cob®/ 3 oob ®7 
“'l-Bm®/3Bin''7 

Therefore ian®a=5^i&^2frt5£!!£f!^ 

ooa^/5ooB^7 

sm®/3 Bm*7 . . 

19 m=ooBeo0-sm0=-i^-sm0=?-l^=?2!!|, 

6m0 Em0 Bm0' 

- .1 „ 1 - cos® 0 sm® 0 

71 = see 0 - ooB0 = — 5 -oob0= — ■ — - — = , 

OOB0 CO8 0 COS0 


therefore 


oos®0Bma0 * . 

»*»== s-=oos 0 sm 0, 

sm 0 cos 0 ' 


. mn , . mn 

sm0= — and cos0=: — 
COB0’ sm0 


therefore 
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theroforo 

therefore 

therefore 

therefore 


cos® 0 , sin* 0 

OT= , and n— , * 

mn mn 

1 1 
cos 0={m‘n) , and Bmfl=(»nn*) , 

0 s 

cos* 0 + am* 0 = (m®«)^+ (mn*)^ , 


20 

therefore 

therefore 

therefore 

therefore 

therefore 


(xsind— ycos Q®=a?+y*, 
a:®+y*-(*smd-y cos 0)®=0, 
se'oos* 0+2xy sm 0 cos d+y* sm* ff=0 , 
(* cos 0+y sm ^)®=0 , 
xcos0+yBm0=O, 

tan0= — - 

y 


Hence 


we obtain cos*d= ^ . , 
a^+y* 


and sin*0= 


it* 

a»+y*-* 


Snhstitnto in the second given equation thus 

I fy ^ . _ 1 

a?+y* \o* J’y ®*+y*’ 


therefore 

?? + -=l 

21. 

train* (?+o'oos* 0=h , 

therefore 

a am* d + a' (1— am®0) =6 , 

therefore 

sin® 0 j , 

0-0 

therefore 

a/. 

COS*<? = 

a— a 

therefore 

tan*g = ^~° 
a—b 

Similarly vro find 


But 

o* tan® 0 = o'® tan* <?'; 

therefore 

^h~a' ,iV~a 

o® ir=« ” -7 — r , . 

0-6 o'-y 
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therefore a*(b — a')llf—a')=a'^(b' — a} (b—a), 

therefore a* {fiy — o' (6 + S')} = 0 ® {65' — a (6 + 6')} , 

therefore 55' (o® - o'*) = 00 ' (o - o') (5 +5*) ; 

therefore 65'(o+o^=ao' Q>+V) 

Dmde by adW, thus T + - = ^ + r- 
a' a V b 

22 y*cos*g+a?Bin*g=^^= ^ ^ ^ — =5*Bm*o, 


therefore 


therefore 


therefore 


therefore 


^ (l-i-cos 20) (1- cos 2e}=lr Bin** a, 

*®+y*+ (y*— **) COB 20=25* sin*a. 


therefore o®+5*+{(y*+**)*— 4y^}" cos 20= 25® sin* o, 
therefore o* + 6* + {(o® + 5®)® — 4a®5® sin® 0 } ' cos 20 = 25® sm® o , 


cos20=- 


25®Em®a— 5® — o® 
{{o®+6®)®-4o®5®Bm®o}- 


-4o®5®sin-o+46®Bm*o(5®+o-)-46*sin'*tt 

therefore Bm®20= v i... — r-sb — 5 -^ 

(o® + 6 ®)®- 4o®5® sm* o 

45* sm® o (1 - sm® o) 
~(o»+5®)S-4o®6SBm®o’ 

,, , . . 25®BmocoBo 


±Bm20=- 


Hence by dmsion 


±cot20= 


{(o»+6®)®-4o®5»sm®o}® 

25®Bm®a— 6®— o® a®+5®cos2tt 

25-* sm a cos a 5®sm2a 


^hich 'we may also egress thus 


= — cot2a— — ooseo2o, 


•tcot20=cot2a+;s C0Bec2a 
5 - 

oa cos2® - cosSa; , , , x 1 iv 

23 Let , , and each be equal to =■ , then 


a;i=l.cos«, 0^=5. COB 2x, and <^=7i.cos3au 

Therefore gggZgiZ^- 2cos2a!-co3a;-coB3x 
4aj, 4 COB 2x 

_ 2 cos 2a;— 2 COB 2a: cos a; 1— cosa: 
” 4cos2* ~ 2 


tOIH 
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^ . Bin* Bin 3* - Bin 3* , , i 1 

24 Lot , , and each bo equal to r , then 

Oi «3 a® ^ 

aj=jlsinx, a3=^sin3*, and a5=A.Bin6* 

n.-2a.-(-a> Bin*-2 6in3*+sin5* 2 sin 3* COB 2* - 2 Sin 3* 

Therefore ^ 

= 2 (cos 2*- 1)= -4 sin** , 

, aa-8tt, sin3*- 3Bin* 3 Bm*-4 Fin*r-3flin* _ ^ 

“““ sin* bin* 

flj “ 203 + O5 ^ O3 30 ^ 
a® “1 


Thus 


25 Let y denote the lalno of tlio bractions iiliich are given equal , thus 
h 

ai=Kcosx, «n=X,cos(*+fl), «j=I-cos(*+20), 0 ^=^ cos (*+39), 

therefore Sllf* ^ cos 0, 

Uiereiore co8(*+0) cos(*+9) 

o.+flj cos(*+0)+cob(»+39) 2cos(*+29)co39_„ ^ 

and COB (*+29) cos(*i;^~-'‘“®‘'’ 

thus the required result ib eBtablishcd 

cos 2a COB 2a' 


2f> Pin* 4 > = 
therefore cos* ^ = 


cos’(aTaO ’ 

COP* (a + a') - COB 2a cos 2a' 
COB* (a + a') 


l + c0B2(tt + a')-C0B 2(a + a')-cos2(a-a ') _ sin* (a -a') 
— 2cOB*(a+tt') ~oos*(a + a')’ 

, Bin (a - a') 

therefore cos ^ = ^cos{lW) 

PHI (a “ aO . 

Tabo tho upper sign , then co8^= ^^^ (a + aV 


-a') 

l+^=C0B(a+a')+Bin(a-^ = ^^^^^_^_^,j^^^^^^_^.j 


1 - COB 0 _ COB(tt+a*)-Bm(tt 
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thorefore 


‘“’ 1 “ 


tan 


(f-) 


ton 




Take the lower sign : then cos 0 = — — , therefore 

1-COB0 coB(a+aO+sm(a-aO Bin (|-a-a>) +sm(a-aO 
1+COS0 eo8(a-ra')-6in(a-«') 

g Bin (;-“') QOS (i~“) oot(j-a) tan(|+tt) 
2 Bin - oj COB ^ J- cot^j-a'^ tan^l+a') 

■■ ‘(H' 


therefore 

27 

therefore 


ton® 5 


tan I 


Bin (0 - 13) cos a ooB(a+g)Bmp _ ^ 
Bin (0 - a) cos cos (0-/3) Bin o~ ’ 

sin (0-/3) costt Bin(0-a) Bin/3 ^ 
oos(o+^ oos/5’*'cos(0-/3)sina~ ’ 


therefore g cos /3 - cos 6 em /3 ) cob a ^ (sin 0 cob a - cos 0 sin a) Bin /3 _^ 

(coEaoos0 -BmaBin0/ooB/3 (cOB0ooB/3-t-Bin0Bm/3)Bina~ ' 

therefore (tan 0 cos /3- Bin /3 ) cob a ^ (tan0coatt-Bina)Bin|3 _p 

(cos ct- Bin a ton ^ cos /3 (coBj9+tan0Bin/3}Eiua~ ’ 


therefore 


tan0-tan/3 tan 0 oota-l_Q 
l-tanatan0^ cot/3+tan0 “ ’ 


therefore (tan 0- tan /3) (cot/3+tan0}+(tan0cot a-1) (l-tanatan0}=O, 
therefore tan 0 (cot /3 + tan a) + tan 0 (cot a- ton ^)= 2 

But tan 0 = -tan 0 tan g therefore 

tono cos{o+g) 

-tan 0 (cotg+tan«)^^ fEg^+tan 0 (cot«-tang)= 2 , 

thorefore -tan0(cota+tan/3) oos(a— g)+tan 0 (cota-tang) oos(a+/^ 

=2cos(a+/3), 



XU mSCELLANEOUSS EXAMPLES 


89 


thcreforo tftu {cot o [cos (o + /3) - cos (a — /3)] - tan /5 [cos (a + /3) + cos (o - /3)] } 

=2 cos {a+p), 

tlicroforo tan^ {cota8maBm/9+tan/3ooB aoos/3}= -cos(a+/3) , 


tlicroforo 

and 

28 
therefore 
thcreforo 

Again 

therefore 

therefore 


tan ^ = - _ i n _ cot /5) , 

2 cos a sm /3 2 ' ’ 


tnn 0 = — tan ^ 


tan/ 3 COB (a-/S) 
tana cos(a+/3) 


cos (a -13) 1 , , . . _ a, 

= — — 1 — = — (cottt+tan/3) 
2 sin a cos /3 2 ' 


siu/3Bin0 


Bin /3 sing 


1+* cos (/3 - g) cos ^ cos g + 6111 /Sang cotj8cotg + l’ 
cotpcotg+l=i^, 

cot/3cotg=-^ 1=-^ 

2 tan(g-a) _ (tan g — tan a) tan /3 
1+*”* cot/3 ~ 1+tangtana ’ 

2(1 + tan g tan a) s (1 + os) (tan g - tan a) tan /3 , 

tftu g - ^ + tana tan P 

(1+*) ton /3- 2 ton a 


( 1 ) 


( 2 ) 


Prom (1) and (2) by multiplication 


2 + (l+a;)tanatnn^ x-1 
cotp-jl+^) tan /3-2 tana 2 ’ 

therefore 2 cot /3 { (1 -r as) tan p-2 tan a J =2 (* - 1) + (»* - 1) tan a tan /3 , 
therefore 2(l+»)-4cot^tana=2{*-l) + (a?-l) tonotnn/3, 

** tnn a tan j9=4 -4 cot /3 tnn a+ tnn a tan/3 , 
cot a cot /3- 4 cot® ^+1 


therefore 

therefore 


=2 ^cot^-tnug^ cot/3-4 cot®/5+l 
•=^cot2-2cot/3^ ^tnng+2oot/S^ 


20 8mg6ineb=Bma8m/3, thoroforo 2 sin ^ cobr — 

* • ' *A *J. c^n ^ * 

therefore 


2 — 2 sm^ 


j 8m®oBin®/3 

4 Bin® 46m'‘5 = s-r-*- i 

2 2 Bin®^ 
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therefore 


hut 


. j -I Bjn®osinSi3 

4Bin*j-4ein*- + l=l . 


cot»5 




cot®^+cos®^ 


$ 6 

therefore 48m*^-4sm®^+l=l— 


Bin*o^cot®|+cos*|3^ Bm®/S 


cot=| 


therefore 


2sin‘ 


=1-4 Bin* I ^cot®5+cos®/3^ Bin®/S 
=l-4Bin*| ^cot®|+l-Bm®^^ Bin®/S 
=1-4 sm®g Bin® j8+4 sm* I Bin*/3, 
|-l=±(l-2Bin®?Ein®p) 


Taking the lower eign wo hove Bin® g=Bin® ^ Bin®/S 


30 Bm^ = nBmO, therefore cos ^ = V(1 - n® Bin® 0) , 

nsmO 


therefore 


tan^= 


V(l-«'Ein®0) 


Hence wo have 

therefore 

therefore 


nsin9 


VCl-n^Bui^ff) 


=2tan0= 


2 Bing 
eosg ’ 


n cos g = 2 ^(1 — n® sin® g) , 
n® (1 — sin® Q =4 (1 - M® Bin* ^ , 


therefore 


8 n® Bin® g= 4 — n® , 


fiierefore Bin®g= 


4— n® 
Ir^ 


This must he between 0 and 1, bo that 4 -n® must he between 0 and 3 r®, 
therefore 4 mnet he between n® and 4n®, therefore n® must ho between 
1 and 4 

31 AESume 3;=tan^ and 2 ^=tan JS; then by Art 114wehaves=tanf7, 
where A +H+f7=180* 

Therefore 2^+25+2(7=360®, therefore tan (2A+ 25+ 2(71=0, 
and therefore, as in Art 114, 

ton 2A+tan 25+tan 2C=texL 2A tan 25 tan 2(7; 
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therefore 


2tanA , 2ianJ , 2tan<7 
1 -timsif 1 - tan= C 

2 tan A 2 tan B 2 ton C7 
~ 1 — tan* A 1 — tan’ 2 ? ' 1 — tan’ O 


32 vEinc=Bins!=sin(3s--a:-y)=-Em(»+y) 

= — sin as COE j/ - cos x sin y= — r sin o cos y —v sin b cos a: 
Therefore either t =^0 , or sin c= - sm o cos y - sin 6 cos ar 
Tnho the latter, thus sin a cos y= — sin c- sin 6 cos r , 
hnt sina &iny=sin&sinx. 


square and add, thus Ein’a=sin.’&-f Ein’c-i-2Ein&Einccosae , 


therefore 


cos SB = 


sin’ a- sin’ &- sin’ c 
2 Ein 6 sin c 


Similarly coty and cos: may be found, and then r 

li r=0, -ttc liavo Eina:=0, Bmv=0, and sinc=0 This vnll gi\e us three 
solutions; se= 0, ys=y, s=-, se=5r, y=0, c=r , *=ir, y=r, c=0 * and also 
three solution®, a:s=0, yssO, r=25r, xs=0, y=s2sr, r=s0, x=2x, y=0,z—0 


33 Let «=(cosaa;)'”*'^*^'^, therefore 

1 


log «=cosoo’/3j: log cos coscc-ffx log (1 - sin’ ax) 


Now 


sin ar a sin or 


/5r 


einfix p ax ’ sin /5x ’ 


when X is zero the value of is unity, and so also is the value of . 

sin/3x* 


ax 

Bin ax a .. , sin’ ax o* 

thus V — therefore 


smpx p' 


sm'px pP 


BUi^a* 


The limil of is rero, and so also the other terms in log« aanish, 

and as in Art I'iO their sum TOuishes also Hence Iogu=-^, and 
therefore «=c 23 *. 


34. By Art 183 if h is very small we haio tan (d+/t)-tan<?=AEec*d, 
thus if 0 be nearly equivalent to 60® wo have approximately 

tan (0-{-7t)-tand=:4A 
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Since the tables extend to 7 places of decimals it follows that we con 
disciuninato angles which are near 60”, bj means of their tangents, when 
the circnlor moasnro A of the difference is snch that 4A= 0000001 Thus 

A=| of ; the corresponding volna in seconds is i x ^ x ~ x 60 x 60, 

33 By Art 196 if A is Teiy small we have 

L sm (tf+A) -L sm d=Mcot . 

thns if 0 be nearly cqturalent to 64” 36' we have approximately 

A 




4 8492 


Smee the tables extend to 7 places of decimals it follows that we can 
discnnunate angles winch are near 64” 36' by means of their L smes, when 

the arcalar measure of the difference is snch that - 0000001 Thns 

4 B«92 

, 4 8492 „ . 4 8492 180 „ 

A = -r- A - - . tlio correspondmg value in seconds is -wsr- x x 60x60 

this win be fonnd to be about ~ . 


36. 


tt Cl 

oos”--Bm®^ 

i-to-j — 

C»<J 


COStt 

• a ^ 
cos*- 


COS-7 -sm* 7 
1 X «® ^ 4 

COE- 7 
4 


a 

C0B®j 

4 


and BO on 

In this way we find that the proposed expression 


a a a 
cos a cos;r cos ^ COB s= 
2 2* 2* 

COBSgCOS*|,OOS»|,. 

COStt 

a a a 

cos g cos ^ cos 


= COStt- 


sina 


tana* 


See Art 129. 
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37 We have timversally 

Bin®(il+^) = (BmA cos^+cos A sini?)® 

=sm®A oob®^ + cob’A sm®5+2 Bin A cosABin^oos B 
=Bin®A (l-Bin*^) + Bm®jB{l-Bin®A)+2suiA cobA Bin^cos^ 
=sm®A+Bin®5+2 Bin A sin5 {cosA oosjB-sinA Bin£} 

=sin®A + Bin®5+2BmA sinjBcos (A + JB) (1) 

Also m the preeent case 

Bin* A + Bin* N=l— Bin® (7= cos® (7 (2) 

If A+N IB greater than 90®, then a fortiori A+B + 0 is greater than 90® 

If A + £ is less than 90®, then sin® [A+B) is greater than sin® A +sin® B 
hy (1), and therefore greater than cos® 17 by (^, and therefore A + 5 is 
greater than 90® — U, so that A +JB+U 1 S greater than 90® 

38 Take the diagram of Art 71 Let a be the angle BAB Suppose a 
circle having its centre O 'within the space bounded by PB, BT, and TP', let 
it touch the arc PB, the tangent BT, and the secant APT Let p denote the 
ra^uB of this circle, and r the radius of the ongmal circle 

OT will bisect the angle A^jB. and OA •will pass through the point of 
contact of the circles Let N be the point of contact of the secant APT and 
the circle wi^ centre 0 Then 



WTrrpcotl^l-o^, OA=r+p, 

therefore 

AiV= (r+p)-‘-p®= V(»^+2rp). 

Hence 

V(r® + 2rp) + p cot ^ j = A2’= r sec tt ; 

therefore 

^(r®+2rp)=rBeo o-pcot 


By sguanug we obtain a quadratic equation for determining p The 
reason why we have a quadratic equation is that another circle can also be 
drawn, which may be said to fulfil the conditions For produce PA throu^ 
A to meet the ongmal circle agam at p, then we may have a circle outside 
the arc Bp, toucbmg this arc, touchmg TB produced throng B, and touch- 
mg Tp produced throu^ p The correspondmg equation would be 

pcot - g^-v'(»'®+2rp)=rBeoa, 

this differs from the former only m the sign of the radical, and therefore 
leads to the same quadratic equation 
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Suppose p=r, then ±\/3 = 


cos a 

1 

'cos a 


1 

COS a 


cos 


sm 


iLIi 

(M) 


a a 

coSg+Binj 

a a 

cosg-sing 

(cos|+Bin|)‘ 

■ cos*?-sm*? 


1 1+Bina 
~ cos a COB a 

Hence taking V3=tan a we have 


-tano 


39 Let X denote the vnlno of I Bm{0—p)—m am (O — a) , so that 
I cos (d - /S) - TO cos (fl - a) = n, f sin (tf - /S) - m sm (^ - o) =* 

Square and add, thus 

TO* - 2Zto j cos (fl - p) cos (5 - o) + sm (0 — /9) sm (^ - o) } =n® + 0 ?*, 
thatis I’+m® — 2fincos(o— /3)s=n*+a5®, 

therefore se s= Vf" + to* — «■ — 2lm cos (a - P) 


40 9-sm0 IS less than tan 9—0 if 29 is less than sm9+tan9, 
that IS if 29 IS less than tan 9 (1 + cos 9), that is if 29 is less than 

2tan^ 2 9 

■■ X ■ ■ ■ ■, that IB if s *8 loss than ■' ■ i m and this is 


1-tan®- 1+tan®^ 


1-tan^x 

2 


obviously the case, because ^ is less than tang 


xm TJ I <!> 

1 The greatest angle is opposite to the greatest side, thus the cosmo 
(a? - 1)»+ (2*+l)® - (a^*+®+l)» 

~ 2(*®-l)(2*+l) 

as* - 2a® + 1 + 4a? + 4* + 1 — {** + ®® + 1 + 2aP + 2»® + 2®) 

~ 2(a®-l)(2®+l) 

-2®'*-a5®+2a+l _ 1 

~2{2a?+a®-2a-l)~“2 
Therefore the angdo is 120® 
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2 2sm<7cosiJ=smA=Bin(5+<7)=BmJ? cos (7+co8^ Bind?, 

tlicroforo siu C cos B—sai B cos C , 

therefore sin (C7- 2?) =0 ; thoroforo i? = <7 

3 Wo hinc 008^1=- , 6inA=-, 

c c’ 

, 1+cosA c+J _ .A. C + ii 

ihereforo , thereforo cot=-=— — 

vni.l (t 2 a 


J+B 

4 a tin A +6 tan 5= (a+l») Inn —g—t 


tlicroforo 


thereforo 


t ^tan A - tan- ~ ( 


, ^ * 
inn — 5 inn 


I,). 


. . A 

sin J cos — cos A em — 




cos A cos 


A+li 


o I Bin — 55 — cos jB- 


A + D 

cos — s — Bl» 




cos B cos 


A+/i 


ihereforo 


ttBin- 


A-B 


hsin 


A^B 


cos 


- , rt cos j1 

, thoroforo f = 

cos B .0 cos B 


. a fin A , Fin A cos A 

But j- = ;r, thereforo ■r,=s i,, 

b hinU Bin if cosB 

therefore tinjl=tnn2?, thereforo A =i? 

5 Let 2a denote the least angle , then the other angles aro da and 8a 

Tcspech^ely thoroforo 2a+4oJ-8a=ir, thereforo 

Then by Art 211 tho ratio of tho greatest sulo to tho pciimetcr 

Pin 8a 

Bin 2a + Bin da + Bin 8a 

nn 8a 2Bn^a cos do 

'“Ein2a+Biir4a+PiuCtt~2 sin da cos a -f- 2 sin 3a cos 3a' 

hut da4-3a=5i thereforo cos da= sin 3a , honco this expression 
,0 


sm ia 


2 Bin 2a cos 2a _ sin 2a 

’cosa + cosda” '2co3acos2a cosa 


=2 Bin a 
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6 2ic vers A'+2ca vers J}'+2tth vers O' 

=26c (1 - cos A*) +2co (1 - cos S’) + 2a6 (1 - cos O') 

=2Jc (l+cos A)+2«i (l+cosi})+2a6 (1+cos 0) 

j P Q 

=4bc cos’^r +4ca cost's- +4oJ cos®^ 

2 ^ ^ 

=4» (s - «)+4s (s — 6)+4s (s— e) 

=4s (3» - n - 6 - c) =4s» = (2s)s = (o + 6 + c)= 


7 Let AD=p Snpposo tlie angles B and O to lie acute, as in tbo left* 
hand diagram of Art 214 Then 

AI?=poos {90®-iJ)=psmN, 

i)^=^sin(90®-5)=pcosJB, -- 

• £B=:J)Bcot J}=p COB Boot J} 

therefore AE EB=:p^coa*B 

Similarly AF FO=p-coB^C 

Therefore AE EB cos- G=AF FCaos^B 

Nest Bupposo ono of the angles B and 0 to bo obtuse, say the angle 0, as 
in the right-hand diagram of Ajrt 214 

Then AE ^2?=^)® cos® 5 as before, 

AF=p cos {C— 90®) =p sm C, 

BF—p sin (C - 90®) = - ;p cos C, 

FG=DF cot (180® — C ) = - DP cot C=p cos C cot C, 
therefore AF FG=^p^co^C, ns before 

8 ~ ~5~ • “i6r®foro 2cosd=— ^ ; therefore cosd=-^, 

therefore tan® g= - -- _i 

COS-0 \a+ej 

9 Smce G is obtuse, A+JB is less than 90®, therefore cos(A+B) is 
positive, therefore cos A oosjB — smA sin 21 is positive, fhoroforo smA smil 

6111 Bill Ti 

is less than cos A cos B , therefore r = is loss than nmty, that is 

cosA cos£ 

tan A tan B is loss than nmty. 

10 Smce a, h, c are m Arithmetical Progression, so aro sin A, sm B, sin C, 
hence sin A -t-sm 0=2 smjB, 
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therefore 

therefore 

Again 


A+C A~C . n J} „ H A + C 
ran — g— cos — g- =2 sm-g cos gt=2 sin g sin — g- , 


A-C „ Ji 
cos-— =2 Bing 


a cos* g +c cos*4 = I (1+cos C) + g (1 +cos A) 

=tg(o+e) +g(«cosC'+ccoaA)t=i(a+c)+gt by Art. 21C, 
=b+|. by hjTothcsis, 


11 Trom the triangle A liD vo have 

Fin A J)jB AB _ 2e 
Bin JiAD ~ JW ~ a 

Pat ^ for BAD , thus 

Bin + B) _ 2e _ 2 Bin g 
61110 ~ tt “ BinA ’ 


tberefore 


Kin 0 cos J7 4 cos 0 sin .0 _ 2 sm C 
Bin 0 ~ "bui a ’ 


therefore 


therefore 


COt2? + COt0=: 


2 sm g 2Bin(A-f J) 

Bin A Bin Ji~ ^inA sin if 


=2 cot A -f 2 cot J?, 


cot 0 — cot JJ = 2 cot A . 


12 Let tho angle A of n tnanglo bo divided into two parts bj a straight 
Jino AD, denote BAD bj 0 and CAD by 0, and sapposo that s * 


Thus 


Bin (A — 0 ) _ c _ Bin g 
Bill 0 ~l~ BinJ} ’ 


Bm0 h 


Ihcreforo Bin A cot 0 - cos A , 

^ Bin B’ 

thcroforc cot 0= cot A + _ 2 cot A H cot B 

Bin A Mn B 


Similarly cot 0=2 cot A + cot g. 

Therefore cot0-col0=cot/f-cotg 


13 

llins 


Snpposo cot A -i- cot g= 2 cot 7? , 

cos A C0Bg _2c0Bjg. 
Bin A ^ Bin g 


T T K. II 


7 
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therefore 

Bin(A+C)_ 2oosi? 
smA sinC’ smi? ’ 


therefore 

®m*-B _o jj„ ^ 

smAsmC'" ’ 


therefore 

b' a^+tr—V^ 
ac~ ac ’ 


therefore 

26*=o=+c* 


Thus 0 *, 

5*, c* are in Arithmetical Progression 



14 Let a pcrpeudicnlar AD be drft\m from ibo angle of a triangle on 
tlie base BC Let BAD==4>, and CAD=\jf Let m denote tbe ratio of tbo 
base BG to the pcrpcndicnlar AD 

Then in tbo case of the left-hand diagram of Art 214 we have 
tan0=jg, tanV-=jp. 


XV / X ^,X , BD+OD BC 

therefore tan 0 +tan^= — — = 22 J“*^ W 

Also = thu<! 

Hence from (1) and (2) tvo con find tan tj> and tan ^ 

Similarly m the case of the right-hand diagram of Art 214 we have 
tan ^ — tan 

j X « X /j fx tani^-tani!' 

and toiiA=tan(d — ^)=-= — — — ^ 

y w r/ i+toji^tan^ 

15 L<et the base BC of a tnangle bo divided at D and E, so that 
BD=-DE—EC Let the angle BAD bo denoted by ^ , the angle DAEhj 
and the angle EAG by ^ 

Then from the tnangle AEB wo have = ■r^ = - - 1 from 

® tsmAEB AB 3 c 

the tnan^o AEG wo have -^,^ 7 : = ^ r , 

smAEG AC 4 6 


therefore by division ^£(^4^) _ 

sin^ c 

In the some manner we see that 

8in(0s+^_2c^ 
sm^i, 6 ’ 

Therefore 5i^^±MSS^3±^=4=4(sm»^,+cosVs). 

therefore (cos sm cot (cos ^j+ sin cot =4 (sm® + cos® , 
therefore (cot^. + cot^j) (cot + cot ^ 3 ) =4(1+ cot* 
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16 Suppose that sm -^ + sm Q=2 sm B, 

„ A + a A-C . B B . A + C A+C 
then 2 6m— ^ cos— 5 — =4Bm^cos =4 cos — g — Bin — 


therefore 

therefore 

therefore 

therefore 


A-C . A+C 
cos —^=2 cos — ^ , 

AG A C^AC^AC 
oos-^ coB^+sm-^ smg =2 cqb-^ cos-^-Zsm ^sm 

„ A C A C 
3sm gBm^=oos^cos^, 

. f7 1 

tan^tan-=- 


17 Denote by ^ From the triangle we have 
sm BAD BD a 



sm ADB AB 2c ’ 

therefore 

Bmlfp+B) a 
sm ^ ~2e’ 

therefore 

coBB + smBcot^s:—, 

» 2 c 

a „ 

, 2 c 

^ smif 

therefore 

therefore 

2c sm F 2ac sm B 

^ a— 2 ccobF a*— (a^+c* - 


2ac sm B 26c sm A 


~ h—<? ' 6 ^-c-' 

18 Here 

,A ,C f. , B 
cot- + cot^= 2 cot g , 

A C „ B . A+C 

coB^ 2 cos-g 2 sm — ^ — 

a'^ a B A+C ' 

sm- sm-j sm-g cos— g— 

therefore 


A + C „ ^ + <7 

sm— 5 - 2 Bin — 5 — 

therefore 

A G A+G' 

Bin^smg cos-^ 

therefore 

A+0 „ A 0 
cos— ^ = 2 sm^Bm-g, 
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tlierefore 

G A 0 „ A 0 

COB ^-Bin ^ Bin ^=2 sm g sm ^ , 

therefore 

A G „ A 0 

COS ^ cos - =3 sin - sm g , 

therefore 

cot^oot 5=3 

2 2 

■tn n i it. 1 Bin2).4(7 1 

19 First suppose that — 5 rrn = -« 

BmJDAJB n 

and that 

sinD5£7_ 1 

8inil.Bjl“n* 

We have 

sin DOS BD 

BmDBC~ DG* 

and 

fan DSC 1 
sm DBA n ’ 

therefore 

siniiaB BD 1 
onDBA DG' n 

Similarly 

sin DOA AD 1 
miDAB~ DQ' n' 

Therefore 

sin DQB sm DAB _ BD 
smDOA ' Bin DBA ~ DA ’ 

therefore 

emDCB DB BD 

BvaDOA' DA~ DA’ 

therefore 

Bin DOB _ , 
sm DGA ~ 

In this ease the an^e 0 is bisected by DO 

Next suppose that 

smDAG 1 

BvaDAB ~ n ’ 

and that 

smDBA_ 1 
sm DBG n ’ 

thus the an^e S is dmded into two parts equal to the two former, but dif- 
ferently situated 

Then proceeding as before we have 


Bin DOB BD 
emDBa~DG' 

and 

sm DBG 

emJbB.d 
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theroforo 


Hcnco yra find tlint 


em DOB n BD 
»mJ)BA^ JJC ' 

vox DC A ADI 
BmDAB~ Doin’ 


an DOB , 
Bin DCA ~ “ 


20 Lot tho Btmglit Imo ’vrluch bisects the tinglo A of a tnangle meet 
the base at D Then 

the angle ADOs^ihn angle H+the angle BAD, 
tbns sm d=Bm • 

Hcnco t ^Bin 0 - Bin = t |Bm -Bin 

„ j5+A J? „ OB 
- 2$ cos — 5 — sin — ss 2« sm -s sm , 

It A « 

0 B 

pat for sm^ and ein ^ ibcir values bjAtt 217, tbns we have 
- C B 2s , . /l*~b) (* -c) 

2*(<-a) A 26c ,A A 

- — Bin- = — cos* s- Bin - 

a 2 a 2 2 

he A , 

= — cos 7 Bin A. 
a 2 

Again I sm 0 = the peipondionlar from A on BO 

= h Bin 0. 

Therefore fsmdcos'^=&6mC7cos^ 

= ^ Bin A cos 7 , by Art. 214 
a 2 ' 

Theroforo s (an d - sm sin d cos^ . 
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21 Tlie third angle of the tnangle will be rr-O-tp, and as the sines of 
the angles mast bo m Arithmetical Progression, yto have 


therefore 

therefore 


sin d+ sm 0=2 sm (ir- d— =2 sm (fl J- ^) , 

_ d + 0 B—th , d + 0 d+0 

2Bin -^c03-~-5=4sm cob —~, 

48 iS 48 

fh 0 “ A 

2cob—^=cob-—, 

A it 


- - _ X d 0 B 0\ d 0 B A 

therefore 2 f oo8gCOs^-smgBm^j=oos^co8^+Bin|Sm^, 


therefore 

therefore 

therefore 


6 ^ g B lj> 

oos-cos| = 3Bm^sm|, 

«0 A f, d «0 

cos* g cos* = 9 Bm® 2 g 


therefore 

therefore 


= 9(l-C0S»|) (l-COB*|), 
8(l-cos*|) (l-cos*|) 

= C0B*|c08*g - ^1-C0S*|^ ^1-COS*^^ 

=OOB*g + COB*^-l = COS®5- Bm®^, 

40 « Z if 

A 1*^ B ~ tb 

8 sm® 5 sm® 5 =cos cos — ^ , 

A 40 40 48 

4 (1 - COB B) (1— cos 0)=2 cos cob- ~^ 

2 2 

= COBd + COB0 


Or thus, cosg= ° — , and b=^^, therefore 
2a4 2 ’ 


„ a-e h a—c a+e Ba-Se 

cobB= +n- = +^1— =-T — 

a 2a a 4a 4a 


Similarly 


COS0 = - 


g c— 3o 

■4^"* 


■cr Aft ^ m /1 (3c-d)(3a-c) 10ac-3tt*-3e® 

Hence 4(l-ooBd)(l-oos0) = i ^ , 


and 


^ 6a-3e , 5c-3tt 10ac-3o®-3(r* 

COB P 4*008 ygg ■ — 


4a 


4c 


4of 
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22 Draw from A, B, Q respectively straight lines to meet the opposite 
sides at B, E, F, so that the angle j5Ai>=tho angle CBE =the angle ACi^=a 
Let LMN be the triangle formed by the straight lines thus drawn so that 
A, L, M, D at&m one strai^t hne , B, N, E on another , and C, N, L, P 
on a third Then will the tnangle LMN be similar to the triangle ABO 

For the an^e MLN =ih.e an^e ilfAU+the angle LCA-=A-a + a=A , 
similarly the an^e NML=Bf and the angle LNM=Q Thus the triangle 
LMN IS eqmang^ar to the original triangle, and therefore similar to it 


Agam 

therefore 

and 

therefore 

Hence 


BN SOL BON 8m(C-a) Bm((7-a) 

BO ~ emBNC~ am.{‘ir—C)~ smU 

smC 

BM _ Bin BAM sm a _ sma 

BA ~ sm BMA ~ sm {*■- N) ~ sm if ’ 
e sin a 


BM= 


emB 


aBm(C~a) e sm a 

3IN = ^ i 77 

sm O Bin B 

=:acosa — acotUsin a — 


sacosa -acotUsma- 


ttsmU 
smA smN 
gBm(A +jB) 
smAsmS 
= o cos tt — a sm o (cot (7 + cot ^ + cot A) 
The ratio of this to a is the same as the ratio of 

cos a - sm a (cot A +oot 5+ cot C) to unity 


sma 


sma 


23 a5 cos (7- ac cos 


oS+6*-cS a®+c»-6* 


=&*-c» 


2 2 

24 a (oobBcob (7+cosA)=a {cos B cos C- cos (B+0)i 


=aBmBBmO= 
& 


■/sinA BjnBBinC 


Similarly J (cos A cos 0+ cos 'B) = 


smB 


Bin A 
Bin A BinBBinO, 


and 


c(cosA cosN+cosO= — ^smAsmifsmU 
Bin 0 


Thus the three expressions are equal by Art 214 
25 (6+e-a)tanj=2(s-a)tan^=2(B-a) 

2^(s~a){3-li)(s-c) 


V* 


Similarly the other two proposed expressions reduce to the same sym- 
metncal form 
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a sm H _ <t sin Q „ 

2a_Bm(jj^cos(E-g)^ 

2sin(B + g) ' * 

27 By Art 216 

ccos J5+6cosg=a, acos g+ccosA=6, Jco8A+acosJB=c, 
tlieieforo by addition 

c {cos B+ cos A) + 6 (cos A + cos g) + o (cos g+cosi3)=<t+5+c 

28 Let I, stond for ~ - 7 , — ond — ^ urhicb 170 know oro nil 

smA’ sinJ? sing 

equal Then 

(oS-5*) ootg+(i9-c*) cot A +(eS-o*) cotB 

=k®{(sin®A— Bin®jB) cotg+(sin®B— sm®g) cotA . 

+ (sm* g — sin* A) cot B} 

=k* {sm (A + jQ) sm (A - B) cot g+ sm (B + g) sm (B — g) cot A 

♦ +sin(g+A)sm(g-A)cotB} 

ss {sm (A - B) cos g+ sm (B— g) cos A + sm (g- A) cos B} 

« - k* {sm (A - B) cos (A + B) + sm (B - g) cos (B + g) 

+ sm (g-A) cos (g+A)} 

= - ^ {Bm2A-sm2B+sm2B-sm2g+6m2g-sm2A} 

=0. 


29 Let ^ have the samo meanmg as m the precedmg solution ; then 
(a - &) cot ^ + (c - o) cot ^ + (6 - c) cot "I- 

= ^ |(sin A — smB) cot ^+(sm g— smA) cot^+ (smB- sm g) oot^j 

-, { A-B A+B, g-A g+A B-g B+g) 
= 21 1 sm — y- Bin — ^ + sm — ^ sm — j- + sm sm — g- ( 

= 2ft jsm*4 - sm*|+ sm*£ -8m»^+ sm»|- Bm*|j 
=0 

l-tan4tan|=l-ySBx 

2 2 V «(*-a) V s(8-6) 


30 


s o+6+c~c+6+e 
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31 (a+5+e) (cosA H-cos^+cosC^ 

=a cos A +i cos if +e cos O 

+acosJ7+icosA+aoos f7+ccoB A+Jcos <7+ccosE 
=:acosA+&cosi7+ecos(7-fe+&-fa, by Art 216, 
=a(l+cos A) + &(l+cosi^+c(l+cosC) 

=2a cos* '^-r26cos*^+2ccos*^ ^ 


32 Let J have tho same moaning as m tho Eolation of Example 28 , then 

coaAco<tJI cos A cosg ^ cos B cos C 
* alt ac be 

1 (cog A cos B cos A cost? cosifcosg i 
“A*j£nA smif ^sinA Bm<7^6mi? smf?) 


=p {cot A cot if + cot A cotf7+cot JBcotf?} 

1 tan A •‘■tan if + tan <7 1 , . . 

“p-tKSXtanif tanC-^F' 

8m*A 


«« , . 1 T. . rr , o Bin if „ o Bin O' _ 

S3 a COB A + o cos c cos C=a cos A + — cos if ^ cos O 

smA Bin A 

. a(Ein2if+Em 2(7) , 2o6in(2f + (7) C03{J3-(7) 

SsmA 2smA 

=ttcos A+ocos(5-(7)= -a cos (if + £7)+ a cos (if -(7) 

s:2a8inif 8m(7 


2a ein JJ sm C 2 sin if sin (7 2 sin J3 BtnC 

o+b + c 1 ,b . e Bin if Bin (7 

X+— +— 1 + “—- i 

a a smAi siuA 


2 Bin Asm if Bin (7 SsmA Bin if sin (7 

imA +Binif + 6inC'” . AU G' 
4 cos g cos ^ cos 


by Example viii 16, 


=4Bm^8in^Bin ^=cosA+cosJS+cobC7-1, bj Art. 

1 n . - , 2o sm if Sin £7 

cos A + cos if + cob (7=1+ . 

o+o + c 


114 , 


therefore 
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35 a -2a5oo3(GO»+U)=o*-2a6(ooB60®cosC''-siii60«BinC7) 
=a —ah cos (7+2a5 sin 60® smU 


- 4" Z*** *“ c 

=“ — ] — 


+ 2e5 Em60®si&A 


d* 4- 5* — 

=c* 5 +2ic Bin CO® Bin^ 

=e'-hc cosA +2icBinC0®BinA 

=e® — 253SOS (60® + A) 

6+c-o Bin i? T sin C- sin A 
2o 2 Bin A 

„ £+0 £-G . A A 

2sin — — cos — g 2Bmg-ooB^ 

= ' ^ ^ 

4 Bin ^ cos — 

jB-U a 5-U £+0 

cos — ^ — Bm^ ®°®— 2 “®“T" 


J C 
sin^sm-g 


Again 


2 BIO -2 

cos — 

,A A 4 

cot - cosoc 5 - = — 7 

Bin ^ 
4 


o 

2 sin j 


A A 

2cos®“t-1 cos- 
4 2 

' -4 " A' 

Bin^ sin ^ 


tlicrcforo 


£ G J5 + (7 A 

.<7 /°®2 — ^^2 

cot 2 + cot 2 _ ^ ^ 

Bin ^ sin - Bin g Bin - sin -g sin - 

,A A £ G 

cot -r - coseo =• Bin Bin . 

4 2 2 2 0+e-(t 


oot- + oot^ 


*17. 4S (s - cos ^2 - cos ^ ^2 - cos ^ 5=tho product of 
If A ,£, G\ / £ G A\ 

I^COB^+COI^ + COB^ ) (cOS^ + COS-^-COS-j 

f A G £\ f A £ G\ 

^COS - + tOSg— COS-j f COS^ + 003^- COS \ , 


into 
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Xow Bnbshtuto for tho tncominl expressions results given by Examples 
VIII 20 and 21, thus iio obtain 


j8oo.rj 


t—A t—B v — C ir+A v + B r + C)^ 


COS — ■. — cos — J — cos — ; — COS — 
4 14 4 


cos 


r 3 

« 


, ,o ir-A r—B t—C r-A w-B r-C)^ 

that IS 18 cos — 7 — cos — ; — cob — j — Bin — ; — sin — 7 — sin — r- 

4 4 4 4 4 4 


... IS 

that IS sin — — - sin - 

4} 


-B v-C 
~ — sm —77 
2 2 


r- 


... nA ^ B 

that IS cos’ - cos- — cos* 


rni I . X . c«nA csinB . 

38 Xhepenmeter=a+o+c= — + y;-+c 

8 in C * 8111 0 

_ e (sin A + sm .B + Bin g) ^ cos ^ cos ^ cos 
im C ~ bin (J 

. A B „ A B 

2 cos 2 CO® Q 2 cos "2 cos g- 


, by Example vni IG, 


a 

sin — 

bxu 2 


cos 


A+B 

2 


- A B A+B 
= 2 cos - cos 7; sec — 5 — • 

4b 40 « 


39 Lot h=yBm®A+a:sm*^=z8in’^+y sin’(7=xsin®f7+2Bin®A. 


Thus 

and 

therefore 

therefore 

therefore 

therefore 

therefore 

Similarly 


A (sm® 0- Fin® A) =x sm® B sin® 0-z sin® A sin® B, 
7i=x Bin® C+: sin® A , 

h (sm® C - Bin* A ) + 7i sm* B=2x sm* B sin® C, 
h Bm((7— A) Bin(C+A)+Asin®.B=2*sin®5Bin®f7, 

A sm (C? - A) + A Bin (<7+ A ) = 2x sin 2? sm® C , 
xemB sm* C—kemC cos A, 

_ A cos A _ As m 2A 
’'sinUsinf?'” 2 Bin A imJ? Bin O'* 

_ A. sm 2B - h Bin 20 

^~2eitiAtimBEm(7' °° V 2 smA sin Bam O’ 


40 Since A+B+C=^v, wo may show that 8 sm — sm^ sin g has its 

A Jt ^ 

greatest value when A, B, and C ore all equal 
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For 


A B 

Bin sm =sin 

» A 




,A+B ,A-B 

=sins — j Bin® — j~, 

4 4 


A. JB 

thus, whatever may be the value of C, it follows that sin ^ sin has its 


A+ B 

greatest value when A =B , for sm —g — does not change while A and B 

change in such a manner as to leave O unchanged In this way we see that 
the greatest value of the expression is when all the angles are equal, and the 

value then IS 8 Bin® g, that is 1 


41 Let h have the same meanmg as in the solution of Example 28 , then 

rt Bm(J5- G) oob(N+ G- A)=:lcBmA sin (B-G) cos (180° - 24) 

=— l8m(R + (7)sm(i?— G) oob 24 = I (sm* B — sm® G) (2 sm® 4-1) 

=2i sm*4 (sm® B — sm* G)~k (sm® B — sm® G) 

Similarly the other two terms of the proposed expzeaaion may bo trans- 
formed , and then the whole vanishes because 

sm®4 (sin® jB - sm® G) -j-sm® (sm®(7— (nn®4) + sm® 0 (bwPA - sm^B) =0, 

and sm® J? - sm® G -h sm* G - sm®4 -1- sm® 4 - sm® 5=0 


Bm4 siuR sm4 cos4+sm5co35 Bm24-f Bm25 
oos5"*'oob4~ cob 4 cos 5 " 2cob4cos5 


2 sm {A +B) COB (4 - B) 
2 cos 4 COB 5 


Bing 

COB 4 COS 5 


(cos 4 COS 5 + sm 4 siuE) 


=sm g-l-cos g tan 4 ton B tan g 


Similarly 


sm B sm g 

- — 7i4 5=sm4-j-cos4tan4 tan5tang, 

cos G cos B 


and 


sm G 
cos 4 


+ 


Bm4 
cos g 


= Bin 5 cos 5 ton 4 tan5tang 


Hence by addition we obtam the required result. 


1 


Bm4=rBm5=irp 
0 2 o 


CHAPTER XIV. 1-" ' C 0 
26=g, therefore 4-=30® or 160*. 
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2 SappoEO c=^b, nnd A =00®, then, hy Art 229, 

1-i 


i(R-C)=30». and |(R+C)»=C0®. 


therefore 

Hence c> if=90® and C=30*. 

3 Let a, h, e denote these sides in order Then 

J’ + eS-a* C + (l+V3)®-4 6+2^3 

2be ~ 2(1+V3)V® ~iV-+y/B)y/(> 

- ~ "To * therefore A =45® 

(l+VdjVfi V2 

. T> fl**^(*"**?#® 1 + {l-f- \/3)* •" 6 2 +2^/3 1 

C0B^= ___ =- 4 (1+^3) “l(l+V3)“2’ 

therefore i?=C0’ 

a*+5*-<s l+6-a+v'3)* 6-2^/3 S-y/3 


COB C= 


2ab 


4 VC 


4VC 2V6 


= ~^, therefore 0=70" 


4. EinR = -EinA =^i^ .i= j, but this is impossible, for i 
a 40 2 4 ’ 

cannot be greater than unity 

5 Ein i}= - sin A = sm 18®= (1 + V®) Bin 18® 


therefore i?=90o. 

Thus Cr=72®, and cS=i»-o®={4+V(80)}*-16 
=80+8V(80)=16(6+2 Vo) , 

therefore *c=i.y/{3-\-2y/o). 


sine 
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6 BinR=|smX=^±^^sinl5'>=(l+V3)^^=;^; 

therefore R=46* or 135* 

If ^=45®, then £7=120*, and e=^^=i -7^.^ 

Bin A ^ o ** X A 

=i^ = b^^)=2V6(V3 + l) 

^0 — 1 2 

II £.m>, aeaC=30", »d c-^~i ^ 5 

~~~ ^^ =2 n/2 (V3+1) 

7 With the first diagram of Art 234 wo may put e = AB and <!=.AB' { 
thus 

c=6 cosA-acos£7SjB', and c'=6oosj 4 +acos£7RjS'; 
therefore e+c'=2beoaA, 

and af=h" cos* A - o* cos® CBB'=\? eos* A - a® cos*R 

» J® (1 - am® A) - a® (1 - am® R) = 6* - a® 

Hence ((!+e')®=46®coB®A, 

4cc' cos® A =4 (S*— a®) cos® A , 
therefore c®+2ce'+c^-4cc'oos®A =4a® cos®A, 

thatis c®-2cc'cos2A + c^=4a®oos®A 

8 With the notation of the preceding solution the area of the smaller 

c 

triangle is - 5 sin A, and the area of the larger triangle is ^ 5 sm A , hence 
2 2 

the sum of the areas=g(c+c')5 6mX=5®Einw4cosA 


9 With the notation of the two precedmg solutions we have 
sin £7, e , sin (7. o' 

r/ = T and n=xt 

suiBi b sm Rj b 


therefore 


Bin £?| sm Cj c+& 
smRj^smRj” 6 


25 cos A 
b 


=2 COB A 


10 As m the solution of Example 8, we have 
ic'5emA=gc5emA, 




therefore c'=ne. 
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And as in tlio solution of Example 7, 

c'+c_ 22icosA 
o' - c ” 2o cos CBB' 


therefore 


h _« + l cos CItB' 
cosjI ’ 


008 

hut iho angle CBB' is greater than A, and therefore — -r —. — is less than 


imitT Hence - is less than 

a M -1 


cos A 


11 8inj5=-BinA, therefore Asm J3-10=log6j- Asin^t - 10-loga 

Thus if logo+10=logJ+A6in^l wo have Asin/i— 10=0, theieforo 
ApiniJ=10, therefore log sin /f=0, thoroforo sm//=l, therefore i?=l)0'’, 
and iho tnanglo is not ambiguous 


12 


, ,. 1 , 2sins(-<l+i5)cos^U- /h 

tt+fi PinA +Bin.g 2^ ' 2 ' 

c ~ Bin <? ~ 


2 Pin .j cost' 


thorefoTO 


cosg(Jl-H) 

” ^ ' 
sin 5 (7 

Q 

(0+6) sin- 
cos ^{A-B) 


Kow assume cos<?=-— \ thoroforo 
c 


81U®(? = 


r* -(0-61* n*+6*~2n6cosU-(n-6)® 


therefore 

therefore 

And 

therefore 


2n6 (1 - cos 0) 4o6 . C 

= i s= __8in“=- 


2 ’ 


Bin 


. 2V(«6) C 
0— Bin _ , 


^ 1,. (a +6} Bin 0 

c 2 c 2 
- 1 J . rn C Bin 0 

cos2(Ah = 
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13 c*=a*+6*-2o5 cos C'=ffl®+ J® — 2aJ ^1 — 2 sm® ^ 

s=(a~ &)* + 4aJ Bin® 5 = (a — 4)* + {o - 6 )® tan* ^ 

= (o — 1>)® 11+ ton® 0}=(o — 6)*Bec* 0 

14 Here *=30, s-o=12, » — 6=10,' s-e=8 

^ _A /(a-6)(s-c) / 10 X 8 /8 /2 

““ 2 “^ s(«-b) ~ V 30x12~ S6~ \/ 9’ 

therefore itan^=10+log y/|=10+|log2-log8=9 6733937 

15 The greatest angle is opposite to the side 66, denote this angle 
by C Then 


cot 


g_ fZL 

2 ~ V («- 


(»-c) 


Here 

therefore 

therefore 


■2 ~V («-fl)(s-6)* 
a=69, a-o=S7, #-6=29, # — c=3, 

,C’_ /69 X 3 / 207 

®”2 " V 37x29 “ V 1073’ 


i cot -=10+ log 


207 

1073 


= 10+ i (log 207 - log 1073) = 9 6426863. 


9 6426863 
9 6424342 
0002511 


0003431 0002611 60" ; 


this gives a;=44, therefore ,=60®18'-44"=66®17'16", 


therefore 

G-. 

16. Hero 


/#(#-6) 
2 V flc 

therefore 

iicos^=10+log , 


U=132« 34' 32" 
*- 6 = 2 ’ 


3 

^2 


=10 +l-ilog2=9 9463960 
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9 94G4040 
9 9463930 
0000090 


0000669 0000090 60" . x” , 


this gives *=8; therefore ^=27®63'8", therefore jB= 55046'16". 
17 Here o=7, »s=9, *-o=2, therefore 

.A_ /9x¥ /I _ /T 

’2~V5x6“V6“V 10’ 


therefore 


COS: 


Zcos j=10+log 




(log 6 -log 10) 


= 10 -»• 2 log 6 - 5 = 9 8890756 


9 8890756 
9 8S90C44 
•0000112 


■0001032 '0000112 60" ; *" , 


A 


this gives *s=6 5; therefore ^ s=39®14'--6" 5 = 39*13'63"5 , therefore 

A=78>27'47". 

18 As in Art 229 vro have 

, 1 . m 48 — 2 X A 8 , nmi nrxr 
t<m5{il-C)=jg^cot 2 =j5cot27<'30', 


therefore 


HaaUB-C)=L cot 27» 30' + log 8 - log 10 


10 1866133 
10 1863769 
'00023C1 


-.L cot 27* 80'+ 3 log 2-1=10 1866133 


•0002763 0002364 60" a/’, 


this gives *=51, therefore i(i?-C')=56®60'51" 

. And ^(R+<7)=62»30'; therefore ^=119'>26'51" C=6»33'9". 

19 t«mi(il-Cr)=|^cot|»gCot32'>6', 

therefore L tan g (H - C)—L cot 82® 6'- log 8 

=Ltan67®64'-31og2=9 2994355. 


T. T K. H. 


8 
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9 2999804 
9 2993216 
0006588 


9 2994366 
9 2993216 
0001139 


0006588 . 0001139 60" a/'. 


this gives *=10, therefore ^(JB-<7)=11®16'10" 

And 5(N+0)=67»64', therefore 5 =69® 10' 10", C'=46»87'60" 


20 ..tf o<,lf-lcotW 20 ' 6 ”, 

therefore L ton ^(A—JS)=Z oot 18® 26' 6 " - log 3 =10 , 

therefore log tan | (A - ^) = 0 , 

iS 

therefore tani(A-5)=l, therefore 5 (A -^=46® 

And ^(A+^)=71®83'64", therefore A =116® 33' 64", jB=26®33'64" 


21 

therefore 


tani(N-<7)=— 5 cot^ =i cot 23® 42' 30", 

Ztaa~(B-0)=L cot 23® 42' 30" - log 8 

=2itan66®17'80"-31og2 = 9 4643042 

9 4643042 
9 4641479 


0001603 


0004797 0001603 60" a/', 


this gives «=20", therefore 5 (jB- (7) =16® 63' 20" 

And g (5+ (7) = 66 ® 17' 30", therefore i?= 82® 10' 60", £7=60»24'10" 
22 tan^(A-^)=^Jcotf = |^Jcot2^=5|cotll®, 


therefore Z tan g (A - 27) =Z cot 11® +log 2 —log 10 

=iootll®+log2-l=10 0123777 


10 0123821 
10 0121294 
0002627 


10 0123777 
10 0121294 
0002483 


0002527 0002483 60" . 


this gives a;=59, therefore 5 (A-jB)=45*48'59" 
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And i(jl+-B) = 79®, tbcroforo j5=83011'r'. 

tliercforo ilton|(5- C)=10+log?^=10+|logS-log26 
a 1(\A ^ 

= 2 10 + g log 3 - log iy = 10 + 1 log 8 - 2 + 2 log 2 = 9 -31774 , 
thoreforo i(jB-<7)=ll«41'29" 

And 5{5+0 )s 60», tliercforo J?=71«44'29' 


24 Ijel 0=7, l>=8, c=9; then *=12, *-0=5, s-b=4, s-c=8 


Atnn^ = 


(*-i)(s-c) /l5c3 /l /2 

*(«-a) V 12x6“V6“V 10 

10+log ,y/ ^=10+g(log2-logl0) 


= 10 + g (log 2 - 1) =9 6505160 


9 G505G34 
9 GSOoOGO 
00005G5 


9 6505150 
9 65050G9 
0U00081 


0000565 0000081 10" . x", 


tills gives x=l 5, 


tliercforo 4=21®6'41"6, tliercforo A=48®11'23" 


/5x8 /5 /lO 

‘“2“V «(*-6) ~V 12'x4“V Ifa-V 32 

itnn |=10+log a/§= 10+ g Gofi 10 -log 32) 


=10+g-glog2 = 9 7474260 


9-7474677 
9 7474183 
0000494 


9 7474260 
9 7474183 
OOOOOG7 


0000494 • 0000067 • 10" x". 


this gives a: s=l 5, thoreforo —=29*12' 21" 5 ; thoreforo jS= 68® 24' 43" 

25 


Honco 0=180* - 48° 11' 23"- 68° 24'48"=73* 23' 64" 
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25 As in Alt 238 we have 


/l 6950 / d475 

“ V 2 6958 “ V 6953 ’ 

therefore L sm ^45® - = 10+log 


= 10+ilog (3476-log 6963) 


9 8493913 
9 8493902 
0000011 


= 10 - 5 ( 3012174) = 9 8493913 
0000021 • 0000011 1 " 


this gives *=6, therefore 46® = 44® 69' 16" 6, therefore 
therefore N=1'29" 


26 Let 


J=*100, 0=80, 




therefore ii ton |(N-C)= 10+log 3 ^=10 -glog8=9 28432, 
therefore ^(5-U)=10»63'36". 

And 3(^+U)=60®, therefore N=70®63'S6" 17=49® 6' 24" 


27 Let 


6=5, c=3, 




therefore 


iitong{5-<7)=io+log^^=10-ilog48 


9 1693794 
9 1586706 
0007088 


= 10-g(l 6812412) =9 1693794 


0008940 0007088 60" *" 


this gives a;=48, therefore i{i?-(7)=8®12'48". 


bsito 
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And 5(J3+C')=30», thoreforo R=38®12'48" and <7= 21® 47' 12" 

28 Let ABGD denote the sqnare base, P the vertex From P suppose 
a poipendicular PQ, drawn to the ground, and from Q draw QJt perpendionlar 

PQ, 

to A27 Let 0 denote the reqmred mchnation , then ton 4>= ^ • 

Now QR=100 Also PQ^+QIP=PP^, and J>JJ»+AJP=AP»; thus 
PQ^=PJP - QJP=AP* - AIP - (160)* - (100)* - (100)* =2500 , 

therefore i’Q= 50 Therefore tan ^=^j = ^ 


Hence 


9 C9900 
9 69868 
00032 


L tan ^=104 log ^=10 — log 2 =9 69897 

A 

00032 00029 60" 


9 69897 
9 69868 


00029 


this gives x=54, therefore ^=26® 33' 54". 

V 29 tani{A-i?)=f^cot5=i|:iJcot30»=icot30®=!^, 

' 2' ' a+b 2 lJ+1 10 10 

therefore L tani(A-i?)=10 + log^=10+5log3-l=9 238660D 

A XO A 


Now Loot 9® 49'= 10 7618797, and as tandxcotd=l, wo have 
log tan d+log cot 5=0 , 

therefore £tan5-104-Xcot5-10=0, 

therefore Z tan 5=20 -Z cot 5 

Thus Z tan 9® 49'= 9 2381203 


9 2385606 
9 2381203 
0004403 


0007614 0004403 • 60" 


this gives a;=35. 


therefore g {A -Z) =9® 49' 35" 




And i(A+Z)=60», thoreforo A =69® 49' 35", Z=60®10'26". 

30 8mU=-smA, Z8mU=ZBmA+loge-loga 

=Z sin A + log 3 - log 2 

=9 5228787+ 4771218 - log 2 = 10 - log 3 ; 
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thoreforo logBmC = — log2=logj, 

thorofore BinU=g, tlieroforo 0=80* or 160* 


81 Let e bo the givan baso and let h donoto tho given height 
the left-hand diagram of Art 214 ire have 


ootB= 


h 


and ootC= 


OD 

h 


* 


■Witli 


therefore 


cotif-i-ootO= 


BD+OD 

h 


e 



( 1 ) 


Also B-O IB supposed given, bo that cot(j3-0} is known, call it m 
thus 


cotil-cotO _ 
l+cotJffcotO"’^ 


From (1) and (2) wo can find cot A and cot J7 

32 Lot a, h, e denote tho Bides , and I, m, n tho porpondiculars on them 
rcspoctivcl} from tho opposite angles Then af=6m=cn, for each of those 
ozproBsions denotes twico tho area of tho tnon^o Honco tho sides a, h, e 
are respectively inversely proportional to 2, m, n Thus the ratios of tho 
sides are knoivn , and hence the angles of the triangle can bo calculated by 
Art. 217. Then tho actual lengths of tho sides can bo found, for Z^esmif, 
and I and B are known, so that e can bo found , and then a and i can bo 
dodnood as the ratios of tho sides aro already known 


33 . 


a=43257, 

6=24692, 

c=328C7, 

2s=100816, 


«-a=7161, 
8-6= 26710, 
s-c=17641, 
8=60408 
(s-6)(8-c) 
8(8-a) ’ 


L tan gA =10-hi{log (8 - 6)-i-log (< - c) - log (8 - o) - log 8} 


log (8-6)= 4 4102034 
log(8-c)= 4 2440543 
-log(8-a)=-3 8543G68 
-log 8 =-4 7024096 

0973914 

Ltani A=10 0486957, nn" v 6” 

^ 2642“ 

Ltan 48* 12'=10 0486124 , 

di&eronce for 60"= 0002642, 

iA=48»12'19 6", 

A =96* 24' 89 2", 
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L tan g G= 10 i {log (« - 1) +log(« - o) - log {« - c) - log «} 

=10+i{-2+l 3180164} 

=0 C500082 

Eton 240 30'_9 6587011 , 3041 

OilTerencc for 60"= 0003316, ” ’'8346' 

^0=210 80’ 64 5", 

C=49« 1'49", 

Il=180« - (A + C)=810 83' 32" 

fl=279, «— a=200, 

7i=38G) s — b~ 93, 
c=293, *-c=186, 

2*=958, *=479 

L Inn =10 +| {log {* - h) +log (t-e)- log * - log (* - o)} 

log(*-5)= 19684829 
log(*-c)= 2 2695129 
- log (*-a)= -2 3010300 
-log* =-2 6803355 

-2+12566303 

L ton 5^=9-6283152, 1121 

■" t»0 X qrnn' 

L tan 23* l'=9 6282031 , 
diiTorcncc for 60"= 0003509. 

gA =23*1' 19 2", 

A =46* 2' 38 1" 

L tan i C= 10 + g {log (» - a) +log (* - 5) - log(* - c) - log * } 

= 10+i{- 2+ 1.3196645) 

=9 6598323 

Lion 240 83' =9 6597076; 1247 

dinercncc for 60"= 0008342. ^3342 

^0=240 33' 22 4", 

C=49«6'46", 

jB=1800 - (A + C) = 84* 60' 87" 


64 5". 


19 2" 


22 4" 
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a=: 49 23, s— 0=22 06, 

6= 63 75, s-b= 7 Si, 

c= 29 6, s-c=4169, 

2»=142 68, «=7129 

L tan i A = 10+ i {log («-&)+ log (« - c) - log s - log (« - a) } 

log(«-b)= 8773713 

log(*-c)= 16200319 
-log(s- 0 )= -13436055 
-log^ =-18530286 

-2+13007691 

itaniA=9-6603846. 00"x^=18 3" 

L tan 24»6'=9 6502809 , 
difference for 60"= 0003390 

=240 5' 18 3", 

A =480 10' 37" 

L tan i JJ=10+g {log (« - a) +log (a - e) -logs -log (s - 5)} 

=10+i{ 2332376) 

=10 1166188 

L tan 620 36'=10 1165897, 
difference for 60"= 0002619 “ ’'2619“ 

iB= 62® 36' 6 6", 

5=105® 12' 18", 

C=180®- (A+5)=26®87'10". 


LcotgA= 10 3672499 

- 0002758 

log(&-c)= 8448498 

-log(6+c)= - 2 0775932 

itflni(5-0)= 91842307 


L tan 7® 46'= 9 1338391, 
difference for 60"= ‘0009444 
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J(R-C)= 7«45'24 9'’, 

l(R+<g=6G®46'12 5" 

J?=74«30'S7 4", 

C=58«59'47 G", 

cam A 

a= 

BinC 

log a = log c + X> sm ^ - L 6in U ; 

logc= 17503772 
Lsm.4:= 98C01423 
+ 0000699 
-I,BmC=-9 932'»897 
- 0000G02 
logn= 1 6778895 
a=47 6255 

tan cot i cot 54* 27' 13", 

LcotgA= 9 8540G91 

- 0000579 
log(5-c)= 10103900 
- log (5 + c) = -2 752018 4 

Ltnn^(R-(7)= 9 0513531 

X tan 6*25'= 9 0510078, 
diiTcroncc for C0"= 0011361. 

~(B-C)= 0*26' 18 2", 

g(R+<7)=35»32'47", 

R=41«58' 5 2", 

(7=29* 7'2B8" 
log a sslog 5 4- !• Bin A - Z> Bin B, 

L Bin 108* 54' 26"=X Bin 71® 5' 34" 

L Bin 71* 5' 34"= 9 9758870 
+ 0000245 
log 5= 2 5145478 
-L8mR= -9 8252301 
- 0000122 
loga= 2GG52170 
. a=4G2 G12 


G 0 "> c ^^=18 2 " 
lloul 
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Again, 


XIV SOLUTION OF TRIANGLES 

Leoi^A= 10 4792718 

- 0002G06 

log(&-e}=: 4 4968605 

-log(5+c)=- 51941174 

Ltan|(J5-C)= 9 7817543 

L tan 31« 10'= 9 7816309, 
difference for 60"= 0002853 , 

\{B-G)= 31»10'26", 

A 

^(B+C)= 71<»38'23", 

B=102®48'49", 

C= 40® 27' 67", 
log a = log e +L sin .4 - L sin (7, 

LBinA= 9 7765983 
+ 0000395 
logc= 4 7957480 
- JL sin C=- 9 8121003 
- 0001407 
loga= 4 7601448 

a=57663 2 

^=180»-{j5 + C)=G7® 69', 

, _a8inR 
“ BinX ’ 

log 6=log a+Xr Bin B - L Bin .d, 

loga= 219,31246 
L Bin R= 9 8050385 
-LsinA= -9 9671148 
log 5= 2 0310483 

5=107 411 

log e =log a -fL Bin C - L Bin .4, 

loga= 21931246 
LsmU* 9 9790594 
-LsinAs -9 9671148 
loge= 2 2050692 
c=160 35 
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40 A=180»-(B+U)=70®34'31" 

log c=log a+LBm 0-LsmA, 
log a=: 6658529 

Lsin(7= 9 9534134 
+ 0000576 
- L Bin A= - 9 9745252 
- 0000230 
logc= 6447757 
c=4 41342 

log 6=:log a+L sm B—L Bin A, 
log as 6658529 
ZBmB= 98529936 
+ 0000684 
-ZsmA=-9 9745482 
log 6s 5443667 
• 6s3 50241 

» 6sin^ 

41 smBs , 

a ’ 

ZBmB=ZEmA +log 6 ~ log a, 

ZsmA^ 99209393 
log 6s 14351433 
-log as -17199938 
LEinBs 9 6360888 
Z Bin 25® 38's 9 6360969, 

Ql 

difference for 1' s 0002634 : 60" x = 1 8" 

2do4 

J3s25» 37' 58 2", 

CslSO®- (.4+B)s970 54' 1 8", 

^ logcsloga+LEinC-LsinA, 

L Bin 97® 54' l-8"=£ cos 7® 54' 1 8", 

Z cos 7® 54' 1*8"= 9 9958586 
- 0000005 
logos 1 7199938 
-LsinAs -9 9209393 
logos 1 7949126 
cs 62 3609 

42 LsmAsloga+LsmB— log6, 

LsinBs 9 9971559 

+ 0000111 
log as 4 6925209 
-log6= -4 7736036 
Lsin^s 9 9160843 
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£sm65«81'=* 9 9160805, 

difference for l'= 0000868, 60" x ^=2 6" 

obo 

^=sS6« 81' 2 6", 

C= 180“- {A +5)=41« T 11 4" 
logc=:log&+L Bin O-L emP, 

log 6= 4 7736036 
Lein Os 9 8170882 
+ 0000276 
-LemBs -9 9971670 
logos 4*5935524 


cs 39224 


43 This IS an example of the ambignons case (Art 233), 

L sm A s E sin 13 + log a - log 5, 

L sin Ns 9 8725466 
+ 0000470 
logos 18656961 
-log 6s -18122447 
Lsin^s 9 9260450 
LBin67®30's 9 9260292, 

difference for 60"s 0000804 , 60" x |^=11 8" 

oU4 

(i) ^s57«30'118", 

Csl80'>-(A+B) = 74® 16' 23 2", 

or (ii) Asl80»-67® 30' 11 8"sl22® 29' 48 2", 

<7s 180® - (/I + N) = 9® 16' 46 8", 
log cslog 6 +i sin C- L sin B 

(i) log 6s 18122447 

L sin 74® 16' 23 2"s 9 9834161 
+ 0000138 
-Lain Ns -9 8725936 
logos 1 9230810 
cs83 7686 

(u) log 6s 18122447 

Lain 9® 16' 46 8"s 9 2069059 
+ 0006034 
-i Bin Ns - 9 8725936 
logos 11471604 
csl4 0333. 
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44 This IS nn example of tlio ambigaons ease 

LEinit=LsiHjB+log<i“log b, 

LemS- 9 6251346 
+ 0001312 
logos 3*7293049 
-log 5= -3 4723673 
Lsin^s 9 8822631 
I.sm49«41'= 9 8822283, 

difforenco for l'= 0001072, 

.* =49'' 11' 19 6", 

or ^=180® - 19® 41' 19 5"=130® 18' 40 5", 

<7=180®- (^+B) 

=103® 21' 11 5" or 2i» 13' 60 5", 
loge=log5+X,Etn U-LsmU. 

(i) Bin 105® 21' 11 5"=Bin 74® 36' 48 5", 

]ogb= 3 4723673 
X sin 78® 38' 48 5"= 9 <1841895 
+ 0000280 
-iBin/Js -9 6252638 
logc= 3 8313190 
c=6781 4 

(ii) log 5= 3 4723673 
X sin 24® 43' 50 5"= 9 0213127 

+ 0002310 
-XsinJ5= -9 0252638 
log c= 3 4636452 
c=2942 02 


60 "xl^? = 
1072 


45 This 16 nn example of the amhignons ease 
LttiaJ}=L sin ^ +log 5 - log a, 

XsmJs 98-156332 
-t- 0001136 
log 6= 2 8292323 
-logos - 2 7732304 
XsmXs 99016087 
X Bin 62® 52'= 9 9016852. 

difference for l'= 0000956, 60" x — 


19 5 " 


62 4". 
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5=620 52' 62 4" or 127® 7' 7 6", 
0=1800- (A +5) 

=820 37/ 14 6" or 8® 22' 69 4", 
• logc=loga+i em (7-£sinA 

logrt= 2 7732304 
L sin 820 37/ 14 e»= 9 9903841 

+ 0000040 
- L Bin A = - 9 8466468 
loge= 2 9239717 

c=839 405 

loga= 2 7732304 
L sm 8® 22' 69 4"= 9 1628863 
+ 0008495 
-LBinA= -9 8466468 
logc= 2 0918184 

c=123 401. 


(7=1800-(A+5)=100 4' 66", 

logc=loga+L6in O-LsmA, 

loga= 2 7629230 
L Bin C= 9 2425264 
+ 0006518 
-LsmA=-9 9361716 
- 0000469 
logc= 2 0708838 

c=117 729 

1800-5=69® 33' 32", 


log 6 =log a Bin 5 - L Bin A, 

logo= 2 7629230 
L sin 690 83' 32"= 9 9717291 
+ 0000261 
-LBinA= -9 9362174 
log 6= 2 7994598 

6=630 173 



SOLUTION OF TRIANGLES 


127 


47 logl»=]ogfl+isinI?~XtSUi 

loga= 2 7196213 
LsmJi^ 9 96(.1987 
+ 0000118 
-I,BinA=-n 8794199 
logi= 2 8007414 
ft=f>10 828 

C~ 180® -(A + B)= 62» 67' 12", 
logc=logrt + LFin C-L sinyl, 

logfl= 2 7190218 
ism (7= 9 9190876 
J- 0000121 

-Lsm/4= -9 8794199 
logc= 2 7899019 
c=616 I'SC 

48 ^1 trhcro tan8=^ , 

=zafice0. 

L tftn flslog 6 - log a + 10 

=5 18GG004 - 5 8916086 •{• 10 
=9 7950319 
i tan 31® 67'=9 7940465, 

difference for l'= 0002813; C0"x^=18 4" 

• <7=31® 67' 18 1". 
log i^/(n’ 6*) = log o + i sec <? - 10 

=5 3916085+10 0718071 - 10 
=5 4020350, 

,,/{a5+6S)=290359 

49 As m Example 48, 

(a®-»-6*)rsa sec <7, ivhore ton 6=^ 
iton d=10+log6— logo 

=10+8 7051150-3 7199111 
=10 0762039 
i tan 49® 66' =10 0751001, 

43 '; 

difference for l'= 0002505 ; GO" x = 10 18" 



128 


XIV SOLUTION OF TBIANGLES 


log^ (a®+6S)=loga+logseo 0 

=3 7199111+ 1913810+ 0000265 
=3 9112676, 

^/(a®+6*)=8152 06 


60 As m Example 48, 

^{a^+i'^=aBeo0, where tan 6=^. 

L tan 6=10+log6-loga 

slO+4 2873090 - 4 6593742 
=9 6279348 
Z. tan 23® 0'=9 6278519, 

OOQ 

difference for 60"= 0003512 , 60" x ^2=14 1" 

6=23® 0' 14 1" 

log ^ (a® + 5®) = log a + log see 0 

=4 6593742+ 0359739 +'0000126 
=4 6963607, 

,y(aa+5S)=49686 2 


XV \’1Q^ 

1 Tahe the diagram of Art 240 The angle PBG=60®, the angle 
PAG— 30^, therefore the angle ilPB=30® Also AP= 40 feet 

Since the angle P/lP=the angle APB, we have PP=4P=40 Then 
PC=BP Bin 60«=40i^=20s/3 , 

and PUsPP cos 600=40 ^=20 


2. Let AG produced through G meet the horizontal plane which con> 
tains B at D Then the angle AJ3I>=60®, and the angle CBB—W, there 
fore the angle ^P(7=80®. The angle /t(7P= 135® Hence 

the angle PA<7=1800-30®-136®=16®, 


AB _ sm AGB sin 135® 1 J3-1 2 

P<7~BmPA(7~ Binl6» “^2"* V2 ~ ^J3-1' 


AB= 

\ 


2x1760 

^/3-l 


yards. 


therefore 
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Tho hci^t of tho xnomifaui = AB cm CO®— AN — 

1760 VS 17C0V3(V3 + 1) 

“ V3-1 “(V3-1)(V»+1) 

_ 1760 ysjya + j) _ 330 (3 4.^3 j 


3 Lei h denote fho Lciglit of tbo toTTcr in yards ; then 

j4=tan30®=i. tWoroA=^ 

4 Lei 7i denote tLo heigbi of the tower, x tbo distnnco of the foot from 
A, and y tho diatonco of tho foot from B, Then 


ar=7icot80®, and y=hcotlS®. 


But y* -**=«*, 

thereforo b® (col* 18* -cot® 30®)= 0 * 

thereforo 


therefore 


therefore 

4b*(VS-l)=o*(8-V5), 

thereforo 

i« 3 — \/o , ^3 — (5 ■4" \/o) 

' ~4(V5-1)“ “4(V5-1)(3+V6) 


_ la" a* 


~ HJ + 2y/5)~ 2 +2-^5 


o Let A denolo the ovo of tho spectator, and B tho centre of the 
balloon. Tho angle a is formed by straight lines drawn from A m tho 
\criical plane which contains B, so os to touch tho balloon Hence 




ihereforo AB = r cosec s 


And tho height of tlio contro of tho balloon =AN sin /5s=rsinpcoseo 5 . 

6 Let 0 denote tho station which is in tho samo straight Lno as A 
and N, lot P bo the station wluch is in tho samo straight lino as A and C, 
and let Q be tho station tvludi is in tho same straight hno as B and C 
Then 0, P, and Q aro in a straight lino which is nt right angles to AB 
Let OP—p, 0 Q= 5 ; let APO—a, and BQO^^p. Then OA=ptana, and 
OB—qtanp Tims Ai?=gtany5-ptana And tho angles of tho tnanglo 

ABC nro hnown, for ABQ=~-p, and OAPrs^-o Honco AO and BC 

can bo found 


T. T K. II 


9 
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A n 

7 Tho tangent of the angle which AJ3 snbtends at F is ^ , and the 

tangent of the angle which OI> Bnhtonds at £ is therefore = — 

av. ±E QB 


therefore 

therefore 

but 

Again 


CE= 


AE CD 
AB ' 


CA-+AE>‘= 


therefore CB^= 
AE* CD* 


CE' 

AE* CD* 


AE* 


CA*=^AE*, 


AE* 
therefore AE*= 


AJ5* 


EA 


cobDA'A='^ , njidoosHFU= 
jSJj 


CD*~AE* 

EB*+EC*-BC* 
ZEE EC 


EA*+AE*+EA*+AC*-(AE*+AC*) EA* 

ZEE EC ~ LE hC 

But by hypothesis the cosine of BEA is eqnal to the cosine of DEC^ that 
EA EC . ..T. f EA* EA 

^EB = m)' 

8 Let A be the top of the flag staff, B the top of the tower, C the foot 
of the tower, E the eye From E i-aw a perpendicnlar ED on the horizontal 
plane which contams C Then the angle EEC is to be egnal to the angle 
BEA 

„ sin EEC EC ,sm BEA AB 


therefore 


EC~AE' 

This oomcides with Euchd yi 3 

Lot CD=x, then EC=y/(^*+!ie‘), EA = ,s/{flfi-h)*+x*i 
b o " « 


therefore 

therefore 

therefore 

therefore 

therefore 


tjh?+x* ,y(a+6 — 

{(a+ b — 7i)® +af} 6*= (ft*+ a^*) o* , 

, J*(o+6-h)S-7tV 
* “ a*-b* 

■h*{a*-b*)+b*{a-\-b-h)*~h*a* 

.j; ~ 

IiS{(a+6-7i)»-7»®} J*^o+5)(o+6-27i) 6*(a+6-27i) 

o*-B* ~ a*-b* ~ 0-6 ’ 
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9. Let P denote the top of the tower, from P draw PQ perpendicular 
to the ground, then PQ=h Let x denote the distance of Q from the base 
of the tower, x+a is the distance of Q from one point of observation, and 
c+b IS the distance of Q from the other point of observation 

Thus cotd==-, cotasT — cotfl=— 

iL iV A 


therefore 

therefore 

and 

Thus 


Acota=ai+a, %oot/3=as+6, 

5-g 

~cot^ — cota’ 

, . (5— a) cote 6cota-acotj9 

*=/i cot a - a= —TTr — r — 1 — 

cot/3-cota cot/!} — cota 

. . A 6—0 

tond=-=T — T 

95 6 cot 0-0 cot p 


10 Let 95 denote the required height , and suppose 0 the angle uhich 
the tower subtends then 


therefore 


95=6 tan d, 95+0=6 ton (d+Y) , 
_6 (tond+tonY) _ 95+6 tauY 

1 — tand tanY 95 tan y’ 


thus we have a quadratic equation for findmg x 


11. Let 95 denote the breadth of the nver m feet, let a denote the angle 
subtended by the column, and /} the angle subtended by tbe column and 
statue. 

Thus tano= — , and tan/3= — , 

95 95 


230 200 


therefore 


tan(/3-a)= 


95 je 3095 

, , 200x230 “95^+46000 
a? 


But, by hypothesis, tan (/3 - o) = - , 


therefore 


6 SOas •• 

' i = 9^+46000 » 95*+46000=695«. 

therefore 95® =11600, therefore 95=10^/116 

12 The part of the house above the horizontal straight Ime subtends 
an angle of 60®, and thus the hei^t of the top of the house above the wmdow 
IS 30 tan 60® feet The part of the house bcdow the l&nzontal straight hne 
subtends on angle of 80®, and thus the dgpth of the f^t of the house below 
the wmdow is 30 tan 80® feet Hence the ^stance &om the foot of the house 
to the top of the housd m feet 

=30(ton60®+tan30®)=80 ^^3+^^ =^30=40 V8. 


9—2 
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13 Lot a denote the height of each chimney in feet, and y tho distonco 
between them The distance of the first point of observation from tho 
nearer chimney is x cot 60**, and therefore the distance of the second point 
of observation is aJ (80)® + sb” cot® 60® Thus 

^ =tan4S»=l, 

,y(80)»+a?cot360« 

therefore a!S=(80)® + a:* cot*60®= (80)®+^, therefore 2a;® =3 (80)®, 

therefore ai®=6(40)®, therefore *=40 ^^6 

The distance of the first pemt of observation from tho further chimney 
IS y—* co t GO®, and therefore the distance of the second pomt of obserra 
tion IS i^(80)*+(y— acotGO®)®. Thus » 

* _i„^aAi>- ^ 

J(80)*+(y-acot60«)». VS 

therefore 3*®=(80)®+(y-aootG0®)®, therefore 14 (40)*= Q/- a cot CO®)®, 
therefore y=a cot 60®+40 */l4=40 (y/2 + (i/l4) 


14 Let P be the object, PQ the perpendionlar from P on the horizontal 
plane which oontams A, P, and 0 

Let PQ=x, Suppose ff the angle PAQ, then PPQ=20, and 

POQ-3e Thus 


tand=- 


tan2d=- 


tBn3(?=- , 
V 


therefore 

therefore 


■y+a+6’ ‘“““■'-y+ft' 

y+a+5=acot5, y-f6=acot2d, y=acot30, 
o=a (cot 9 - oot 26), h=x (cot 26 - cot 36) , 
a sm (26 - 6) a 


Em6Em26 sm26' 


,, , /cos 6 cos26\ 

therefore a=a I ^ ^ ) = 

\sm6 sm26y 

^ ^/cos26 cos3 6\ asm (36 -26) a8in6 

” \sm26 Bm36/~ Em26sin36 ~ sm 26 sin 36 


Thus 

therefore 

Hence 


Em26(3'-4Em®6) 

sm26=-, and 8 — 4Em®6=r — = 
a’ 6Bin26 


a 

b’ 


3 - 2 (1 - cos 26) =? , therefore cos 26= i - 1^ 


(3b—a){a+b) 
46® ’ 


therefore 
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2 

1 2tantf 3 3 , o.. » xt. 

Iftnn(?==, then Bin 2P==-ri — 5 -s=— T = ^i anaBin25=-, thus 
3 l+tan“ff 1.^5 o 

3 tj (a+5) (3b-~ci) 

5~ 26 ’ 


tlierefoio 866®=23 (a+6) (36- a)=25 (36®+2a6— o"); 

therefore 396’+50a6— 25a®=0, 


therefore (136— 5a) (36-roa)=0, therefore 136— 5a=0. 




''15 Let X denote the height of the tower in yards , then the distance 
from A to the loot of the tower is a; cot 15° Tho observer moves bo that 
the tower always Bubtends the Eamo angle, hence he mnst describe the arc 
of a circle havmg its centre at the foot of the tower , and as the bearing of 
the tower changes from north to north-east ho mast describe one eighth 
part of the circnmferenco, therefore 


23ra! cot 15® 
8 


= 100 , 


therefore x= 


400 tan 15® 


*r 


IG Let A denote the object which is farther from the road, H that 
which IS nearer to tho road, 0 tho point whore AB snbtends the greatest 
an^e, J) the second pomt of observabon 


It is hnown that tho pomt 0 is each that a circle described round A, .8p| 
and 0 will touch CD at (7, Bee Notes on Euclid, page 308 Therefore the 'I 
angle BCD is equal to the angle BAC, denote it by 0 Then tho angle 
AJBC=0+p, and a]BO = ir-(?-a, therefore 20=ir-a-p 


BO _ Bmft 
CD 


therefore HC7= 


c smjg 
Bm(&+/3J 


, AB 

■ w- 


Bina 

Bind' 


therefore AB= 


esmasm/S _ 2cBinttsmj5 
sm 0 Bin {0+P) ~ cosfi- cos (20 + p) 


2cEmaBin/3 _2e8ina6m/3 
cos/3 — cos(7r— a) cosjS+coso’ 


17. Let A denote the fortress, B tho first position of the ship, O the 
second; produce JSC through C to any point N Then tho angle A jS( 7= 22^®, 
and tho on^e ACE—%1\^, therefore the angle HAC=45®. 

AB_BinAC5_sm(180«-675«)_V(2-K/2) 1 ■>0+V2) /2+V2 

BC smBAG Bin45° 2 y/2 ~ v 2 ’ 

therefore AB=4:^^i^:=^(W+6y/2] 
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AG wa.ABG Bm22i« VCS-Va) 1 /2-V2 

BC~Bm£AO Bm45« 2 V2 V 2 ’ 

therefore AC'=4 ;y/^-^^=v'(lC- 8 V2) Bee Example vii 18 

18 Let P be the firet position of the ship, A the nearer hghthonse, and 
J} the further hghthouBe , let Q he the Beoond poBihon of the ship Then 
the angle BQP=:A5\ and the angle AQP = 22^^, therefore an^o 
QAF=67J® 

BQ Bm.BAQ _ ein(180»-67i®) . sinCTj® co822^« _ ^ 

BA~ emBQA Bm224® Bin 224® Bin 22 J® 

=V2 + li hy Example Tir 18, therefore HQ =8 (V2 + 1) 

And PQ=HQBin45®=i^^|^=8+4V2 

19 Let A denote the top of the hghthonse, P the top of the mast at 
the first observation, G the centre of the earth Draw a straight hne from P 
to A and let it touch the earth at B 

Let r denote the radius of the earth in feet, then 
PBssstJPG* - BG^= iJ{r+6^f-r‘=s^2rxGi+ (64)® = ^/2n( G4 very nearly, 
for r 18 very large compared with (64)* 

In precisely the same manner if Q denote the deck of the ship at the 
second observation, QB=is/2rxlG 

Now, smoe PGB is a very small angle, we may, by the principle that 
ton 8 IB nearly equal to 0 when 0 is very small, consider the straight hno 
P£ to he equal to the arc which measures the distance of the ship from 
B at the first observation, and similarly we may consider QH to be equal 
to the arc which moasuros the distance of the ship from B at the second 
observation Thus between the two observations the ship has sailed over 
*/2rx 64- ^2r x 16^, that is, Aij2r, that is, in half-on-hour it has soiled 
over 4 iJwMxS^ feet, so that the rate is 8 /^SOOO x 6280 feet per hour, 
„ , 8 J8000x 6280 , , . I /800 , , 

that 18 , ■ "52 80 ® V 628 

that IB, 8 yy/ II miles per hour, this is very nearly 8 yy/| miles per hour 

20 Let A denote the summit of the mountain, B the base, BG the first 
part of the path, OA the second part From A draw AB perpendicular to 
the honzonM planelpduch contoms B , then AE=n 

The foUowmg are the angles 

BAE=^-y, GBE=a, GAE=^-p, 
therefore BAG=p~y, ABG—y-a, AGB=ir+o.-p, 
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A2» = ~=-^, 

emy BinY 

J3C emBAO Bm(p~y) 

AB~ sin ACB~ Bin. (p~ a)' 

AO Bin A BO Bm{y— a) 

AB~ BinAOB~ Binip-a)' 

tliereforo 

AB Ein(/3-a) 

2Bm^cos(^i±^-7) cos(^-y) 
~ Sin(/3-a} “ B-a 

oo«V 


tboroforo 


BO-rAO= 


n 

einy 



21. Lot 0 donoto tlio foot of tho object, and let A, B, and O denote 
tbc tbree pomts of observation Lot x denote the beigbt of tho object, then 
OAsszcota, OB=xcoip, and OO^XBoiy 

From the inanglo AOO \ro bavo 


X* cot* oa=x* cot*y + a* - 2ax cot y cos AOO, 
and from tbo tnanglo BOO ire have 

X® cot*/5=ar cot*7+6*— 26x cot 7 cos BOO 
Mnltiply tbo first cqnation by h and tho second by a, and add, thna 
X* (6 cot* o + a cot* P) = a5 («+ 6) +«^ (o + 6) cot® y , 

tbereforo 


x* = 


ah (g+ 6) Bin*n sin-p sin*7 


a {coa-p sm*7 - cos*7 Bin*/ 3 ) Bm*a + b (cos®tt Bin®7 — cos*7 sm*a) Bm */3 

ah (a+h) Bm*tt sin*/? Bm*7 

~ a (sin® 7 - Bin* p) am* a + 6 (Bm®7 - am® o) Bm®/3 


22 Let P bo tbo Eiimmit of tbo loner bill, Q tho summit of the higher 
hill, lot A bo tho first point of obsorvation, B tho second, O tho thiri 
From P and Q draw PM and QN, rc^ectivolv porpondl)^ular to tho horizontal 
piano which contama A, B, and O 

Let PM=h, and <iN=V 

Then AM-=hcoia, and Ailf=AP+JlC4-Cilf=c+l+7(0ot/3, 
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thoreforo 7tcoto=!e+l+Acot/3, theroforo ;»(coto-cot/S)=c+l, 


tliereforo 


, (c+l)6m<tsinj9 
sinO?«-a} 


And by Bimilar tmnglos 

h' QiV jBN^ AN-AB _h'eoia'-c 
h~'PM~BM AM-AB’^ h cot a~c' 


thus Binco h is knoim ire can find V 


23 Lot h bo tbe boigbt of tbo toiler in foot, a tbe altitude of the sun 
at noon Tbo distanoo between tbo foot of tbo tower and tbe edge of tbo 
moat IB /(oot GO**, benco tbe distance botwocn tbe foot of tbo tower and tbe 
extremity of tbe Bbadowia 7ioot60<’+4G at noon, and 7i cot GO" +120 when 
tbe Bun IB due west Tbe dirootiouB of tbo Bbadows moludo a ngbt angle, 

therefore (7i cot GO® +46)" + (A cot G0»+ 120)"= (876)* 

Tbereforo 1G6+ (46)*+ (120)®= (876)* , 

tbereforo fiL + ^ 165 = 124200. 

o \o 


By Bolving tbia quadratic in tbo usual way we obtain h = 180 VO or - 845 y/3 , 
only tbe positive value la applicable. Then h cot a~h cot G0®=46 , 


tbereforo cot a=cot GO® + — = -^ + — i . 

h V3 ISOv'S Vd 4V3 


6 

'4V3’ 


therefore 



24. Let P denote tbo top of tbe tower Then ^ is tbo angle betwoen 
PA and GA produced through A Thus tbo angle GPA — ^-a, and tbo 
angle i)P0'=a-/3 


Then 


therefore 

therefore 


Jg sini)fg _ Bin(tt-/3) 

CP ~ sm GDP ~ sm/3 ’ 

GA smgPA _ Bin(^-tt )_ Bm(0-a) . 
CP ~sin C4i'*~sm(jr-0) "" Bm^ ’ 
Bin (tt-/3) 8in(0— tt) 

sin/5 ~ sm^ ’ 

BinacotJS— cos a=ooBa — smacot^. 


therefore cot0=2cota-cot/3 

Now let a', j3', and^' correspond to observations made in another straight 
lino AffJ)', then cot ^'=2 cot a'-cot/3', but by supposition 2 tan^s=tan a', 

therefore cot^'=0, therefore Thus AGIf makes a ngbt on^o with 

AP, and tbereforo AG'J)' is a bonzontal straight hue 
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From D draw Dilf perpondicalar to AD', and from M draw MN porpen- 
diotilar to tho horizontal piano which contains D, and prodnco PA through 
A to meet tho some piano at Q 


Then 

therefore 

25 


an 


„ MJr DM AQ AIN 

®=lir77* ^^^^AD^aD’ 


-WJ' ’’-DA 
cos0=6ind8in‘y< 


BinjB=- 6mA=^^^8inAs=V3BiiiA , 
A S 


thus if A wo have sm D=-s/3 . thereforo £ = J or ^ . 

D A o O _ 

Suppose howcTCT that where h is the circular measure of 2", 

then BmH= V3 sm 7»^ = V3 |®n ncorJy Suppose that 

JB=^±h; then approximately an^aiI.cos^=:V3 jBuigtkficos^l , 

therefore ±7,cos^=±ftV3coSy, therefore 7.=7tV3 . cotp=3A 
5 u u 

2r 

In tho same way if 5== y* 7. we find that 7 *= - 8A Thus the approsi- 
mate error in i7 is C seconds 

23 Let A and £ ho tho two objects on tho opposite bank of tho nrer, 
and suppose P and Q tuo points on this honk, such that PQ=A£ , and let 
P corre^ond to A and Q to £, so that AP is equal and parallel to £Q Let 
AQ and £P intersect at 0 

Then a=tho angle APP, and /?=tho angle AQP=the angle PAQ 

— , PC Bins AG Bino 

Thereforo ■=;-;= sr. 7 rr= 1 xr. 

PA Bin(o+/3) PA Bm(a+/5)’ 

hut PQ*=PC7S+Qa*-2P(7 QC. cosPCQ, and Qa=AC, 

g Em*/3+sin*a-2EinttBinj3coB(a+j3) 

Bm® (a+/3) 

Let X denoto the breadth of tho nver, then tho area of tho tnanglo 
AP£i=^xc, and this area is also equal to 

|pA.PPBmAPP=PA 

c-BmaBmj3Bui(tt-fp ) 

Bm®jS+ an^a- 2 sin a em /3 cos (a+/3) ' 


therefore 


c*=PA®’ 
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27 Let AB denote a side of the fort, O the position due south of A, let 
D be the second position, so that CD=a, and the angle A(72)=:90^, also 
A, B, J>, and O vnll he on the cixcumference of a circle Let E be the 
thud position, so that E is on GJ> produced through D, and I>E=h, and the 
angle BEB is a right angle 

Let ^ be the on^e between AB produced throu^ B and QE produced 
through E Then a+b=^Hcoa '&erefore AB=-{a-^'b) seo^ 

And BE=EOtzaBCE, and =EDi&nBDE , 

therefore (o+6)tan(90®-o)=6tanH^f7=6ton(90*— ^). (Euohdiii 22) 


28 From A draw AM perpendicular to the horizontal plane which 
contains the road, and draw AN perpendicular to the strai^t road 


Then 


AM , ^ AN 


Similarly from A' draw A'M' perpendicular to the horizontal plane, and 
A'N' perpendicular to the straight road 


Then 


, A'M' , ^ A'N' 

8ma'=^andsin^=^ 


Thus we have to shew that 


AZr A'N' 


or that 


AB * A'B 
AM A'jV'rrA'Af' A2f,orthat 


A'M' 

A'B' 

AM 

an‘ 


AN 

AB* 

A'M' 

’’A'N'" 


Now if A IS just hidden by A' at some pomt of the road, the strai^t hue 
A' A if produced through A will intersect the road, and then AA' and the 
road will he in one plane, the sme of the inclination of this plane to the 

horizontal plane is expressed by and also by j— ; so that these are 

equal 


29 There are two cases Suppose the angles APQ and BPB to be 
on the same sides of AP and BP respectively, then the angle QPB=tbe 
angle APB-=a. Suppose the angles AP^ and BPB, not to fall on the same 
sides of AP and BP respectivdy, then the an^o jRPQ=!ir—a In both 
oases AB =BQ , for the diameter of the circle which goes round the five pomts 

A, B, P, Q, and B= ■ “Iso = - 

' ’ ’ emAPB BmJlPQ 

In the former case and m the latter case 

AB=^/(a-+b^^^ 2a&C0B a) 


30 Suppose both straight hues 00 and OO to fall withm the angle 
AOB. Let AO=a, AOO=i>, then &om the triangles AOO and BOO we get 

and , 

^ sma Bmp ’ 


sma 
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therefore 

Hence 


00 Bin a=:a (sm ij> cos a+cos ij> sma), 
00 sm p=a (cos ^ cos p+sm<p smjS) 
0 0 Bin g (cos p-emP) 
cos (a+p) ’ 

00 B in p (cob tt - Bin a) 
cos(a+/3) 


asm 0=- 


a cos ^ = • 

Square and add, thus 

o- cos- (a+p) = 0f7* {sm® a (cos ^ -cm /5)*+ sm® p (cos a - sma)®} 
= 00® { sin® a+ sm® p—2 sm a sm p sm (a+p)) 


Thus 


00 *= 


a® cos® (a+p) 


sm®a-}-sm®/3-26ma sm/S sm (a+/3) 


A similar expression vnll be fonnd for O'O® m terms of a' and p' Then 
0 ' 0 '*= 00 *+d* This finds a, and then AJ3= a 

Similarly the problem may bo solved for any other positions of the 
Imcs 00, O'O 

150 

31. Let a denote the Son’s altitude, then tana=-— =2, 

70 ’ 


therefore 

10 3013153 
10 3009994 


Ltana=10+log2=10 3010300 

10 3010300 
10 3009994 


0003159 *0000306 CO" 


0003159 000030b 

this gives *=6, therefore a =63® 26' 6''. 

32 Tale the diagram of Art 240 Here P£0=5&>, PAC=48®, 
AjB= 30 feet 


PB sm PA B Bm48® 


; therefore PB-- 


BA smAi'^ 8m7® 

BO=^BP cos Pi?f7=HPcos55»=i?PBm 35»= 


30Bm48® 

’ sm?" ’ 

30 B in 48® Bin 35® 
sm7" ' 


log PC7=log 30 + A sm 48® — 10 + A sm 35® - 10 - (A sm 7® - 10) 

= 1 47712 + 9 87107 +9 76859 - 9 08589-10 = 2 02089 ; 
therefore P(7=104 93 

33 Let a denote the mclmation ; then sm a = 

’ 19G 4x49 

therefore Lsma=10+logl00-log(4x49)=12-2Iog2-21og7=9 70774 
9 70782 9 70774 

S S’ “““ 

this gives 55=37, therefore tt= 30® 40' 37". 
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34 Let A 1)0 the point of intersection of the lulls, S the point of obscr* 
vation on tlio lull, P the top of tho object, 0 the bottom Produce PB < 
through B to meet at J) tho horizontal straight hno which contains A , pro- 
duce BA throu^ A to any point B Then A^=04 feet, and the following 
are tho given angles 

OAE=60\ BAB=400, BBA =70o, BPC=90»-70»=20“ 

Therefore BAa=80<>, BCA=710\ PBa=88\ 

BG _ BID. BAG _ sin 80** 

"BA ~ sm BGA~ 

PG BmPBG smSO® , PG sin 80® sm 30* 

BG ~ emBPG " imloS ’ £A “ Bin-* 20® ’ 


therofore 


PG= 


64 sm 80® sin 30® 
sm® 20® 


64 sin 40® cos 40® 128 cos 40® 

Bm®20» ton 20® ’ 


therefore log PG= 7 log 2 + L cos 40® — L ton 20® = 2 4803981 , 

therefore i>C'= 269 40031 


So Let A, B, G ho the three successive positions of the ship from which 
the observations are made, let P, ^ J2 bo the correspondmg positions of 
the other ship 


Then the straight hue ABG is parallel to tho strai^t Ime PQB , also 
AB-BG, and PQ=<2iJ 

Let 0 be tho angle between tho North direction and the direction of sailing 
From B draw a straight hno parallel to AP, meotmg PQ, at M, then 
Q,M sin QBM sin QBM sm (g - g) 

BM ~ Bin BQM ~ sm BQP ” sin (0~p) 

Again, from G draw a straight hue parallel to AP, meeting QiZ at N, then 
RN _ sm RGN _ sin RGN _ sm {y - g) 

CN ~ sin GRN ~ sin GRP ~ sm (d-7) 

But BM=:GN, and J2iV=2Qilf, for RN is tho difference of the paths of 
tho ships in two hours, and Qfil is the difference m one hour. 


Therefore 

therefore 

therefore 


2Bm( j 8-a) Bm(Y-n) 

Bm\0-p) “'sin(d-7)’ 

2 sm (d - 7 ) sm (/S- tt)=Bm {7 - a) sm (d -/9), 


2 (8mdcoS7-cosdsm7) sm (3— a)=(sm dcosj3-cos dBmj3}sin (7-0) 
Divide by cos d , thus wo obtain the value of tan d 


86 If a+/3+C^=jr, then !B+y=s7r; therefore smicssmy, therefore 
tan 0=1. 
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VTo iaight aa in Art 242 aay that 

y V^J 


that IS 


Einx+sm ) 

1 

"F 


2 Bin 003 


Ssin^i^ cos* 


ij=l«n (#-|) 


Bat as cos is now zero wo cannot dindo both nniaerator and de- 
nominator of the last fraction by it, and tbns wo cannot proceed farther. 
In fact m this case a circlo woold go round P, A, C, and B, and P may bo 
at any pomt of tho arc between A and B 


XVI 

1 Hcros=oC, *-os=12, *-6=6, *-c=18 

Tho area of the tnanglo x 12 x G x 18 = x 30 x 36=G*=216 

2 Tbo third angle of tho tnanglo = 180° - 60° = 120°. 

_ , . , 10 X sin 16° ,, 10x6m45° 

Ono of tho containing Bidcs= ■ — ~- ^oq6 ~' i =- ~ — . 

Hcnco tbo area ‘ 

iaO)° sin 16° Bin 45° „ 60 Bm 16° sin 45° 60(V3-1).. 1 .. 2 

“2 Binn20» - Bin 120° “ 2Va ^ 

23(V3-1) 

- V3 • 

3 Tho area of tho tnanglo=ix3xl2 x Bm30°=-j-=9 

Lets denoto tho hypotenoso of tbo right angled tnanglo, then each of 

•C 1 ^ X 3^ 9^ 

tho egaal sides is -rr , and tho area m ;; x ( -tt ) , that la -r - . Hence -r=9, 

« \^£J 4 4 

therefore a?=SG , theroforo i=6. 


4 

Now *=7, 


S _ _ ahe 
' 7 ’ •'*~ 4 &' 


, Ji sahe 
therefore — = -rr« • 

T 40- 


*-a=if «-6=2, «-c=l, theroforo N=<v/7x4x 2, thus 
jR_ 7x8x6xC 46 
r ~4x7x4x2~lb 


5 From the angle (7 of a tnongle draw a perpendicular CD to the side 
AB, or AB produced 


1 
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First suppose A and R acute, so that D is between A and B Then 

11 

<7D=6 sin A, AD=h cosA, thus the area of ACB=-^- sm A cos A=^&-8Ui2il 

Similarly the area of RC2)=^a*8mBcoBR=5ja®sin2B 

Therefore the area of the whole tnangle= j (n? sin 2B+b® sin 2A) 

Next suppose the angle B obtuse, so that I> falls on AB produced 
through!) Then as before the area of AO!)=^2i^ sin 2A. Andtheareaof 

CBT)=\ a- sin (180" - B) cos (180" -B) sm (360» - 2B) 

Therefore the area of ABG 

= j {6® sin 2A - o-Bin (360®- 2B)} =:i (b® sm 2A -f a®sin 2B) ^ 

This mode of solution shews the geometneal meamng of the two parts of 
the expression 176 may proceed more bnefly thus 

j(a®sin2B+b®sm2A) 

=g(a8mBaco8B+b8mAbcosA}sgaBmB(acosB+bcos/{), by Art 214, 

=|acsmB, by Art 216, sthe area of the tnan^e by Art 247. 

T'R sinAsmB j c®Bin®A c®Bm®Bl 

^2 Bin (A -B) ~ 2 sm {A -B) | sin® C Bin®C’ f 
_ c® sm A sin B (sin® A - sm® B) _ <? sin A sin B sin (A +B) sm (A - B) 

~ 2Bm(A-B)Bin®(7 ~ 2Ein (A-B)Bm®<7 

= — =- — ^ — =sarea of the triangle, by Art 247. 


J 


2abc 


-oos|cos|cos?=?^. X . 

2 2 2 2s \ be 'V ac ab 


o+b+c 

= tjs {s ~ a) (s —b) [s ~ c) =S=the area of the triangle 


8 

Similarly 


PA = 


EA 


ABcosA 


=2BcobA, 


cos DAO sin O 
PB =r 2!l cos B, PG = 2B cos G 


9 PB =PC? Bin PCD s=2R cos C cos B. 

Similarly PE =211 cos A cos C, PF=2R cos A cos B 


(Ex 8) 

■I 
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10 Since OA'i=OB cos BOA'=:Bcoa A, 

OA'=IpA(Ex 8)=An 01 HP, 

and OA' is parallel to AHP, 

AOA'H and HOA’P are both parallelograms 

11 F, B, D,P are concychc, and PDCE are concychc , 

. / FDP= A FJ?P=909 - A, 
and L BBP^z zECP=90<>- A , 

. lFDE=mP-2A 
Similarly ZDEPsslSO®— 2R, 

and /DPE=180«-2C 

'-'IcTthe same iray, by considering as the original triangle (Art 253), 
A= ABAC=ie(y>-2AlaIil3, 

/ V,Jj=9(P-|a , 

similarly /riLr,=90«-^B, iIjl3T3=QQ^-^C. 

Or, smcc IBIjG arc con< 7 clic, 

/ /jliras 180’ - BI<7= 180® - + gR i (7^ = 90® - 

12 EF is a chord of the nme-pomts circle ^radios , subtending an 

angle 160®- 2^ (i c. z FDE, Ex 11} at the circumference. Therefore 
£P=i! sin (180® -2A}=2i? sin A cos A =a cos A 
Similarly DF^hcosB, DE=ccosC 

13 The radius of the circumcirclc of IiInTj^ZR (Art. 253) , 

the angle 7,1173=90® -5 A (Ex. 11), 
hence 1313=2 {2B)smIHil3=iIlcos^A 

14 7is the orthocentre of the inangle IJsls; the radius of the circum- 
circlc of 7i7.7, IS 2R, therefore from Ex 8 

77i=2(2E) cos l37i7j=4R cos ^90® - ) , (Ex U ) 

. 77i coscc gA =4R 

Similarly 77, coseo 5!?= 4R=I73 cosec 5 C 

A A 
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15 I^A 7313=2 area Ii/a^s I ^onoa from Ex 13, 

1. 2 area 7 , 7,73 
7,AoosgA= 

7,4 008^^=728 cos |B=73 0coBic 

Or, directly, from the figure, draw 7,X pcrpendioular to AB, then AX=s 
(Art 250) 

Eat ^X=^7,oosX^7,=/i7,cosg^; 

All cos ^A =873 cos ^8= CI^ cos ~ C 


16 By Art 252 we have, smce ^8 is the rodins of the oircumcirole of 
DBF, 

28 tsxaaBEF=DE DF EF=aheaosAcosBcozG, (Ex. 12) 

area I)EFs= 2 . ^ . cos .4 oos 8 cos (7 
4i< 

=28 cos cos 8 cos G 


17 Area 7 i 737 a=i 7 i 4 7/3 

“§ • ^ COB ^ (Ex. 15 and 13) 

oosg 


=28s=2 


abc 

48 


S _ ale 
r~ 2r 


Agam, area 7 , 7313 = 17,73 7 , 7381117 , 

=1 48 Qosg G 48 oosgB . sin ^90® (Ex 13 & H) 
= 88 ® cos 54 cos 58 cos i C 

« 49 2 


18 OA'G and AGP are similar triangles, therefore 

OG • GP=OA’ AF=1 2, (Ex 10) 

A'G AG=OA’’AP=l 2, 

GP=20G, 

and 2A'G=AG, 

or ' SA'G=AA'. 


19 A'D IS a chord of the nine>points circle, the circle is therefore on 
the Ime bisecting A'D at right angles This hne, which is parallel to OA' 
and PD, passes thiough the middle point of OP Agam, the Ime biseotuig 
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C'F ftt right angles parses Ihrougli the centre of the nine points circle and 
also through the middle point of OP. Hence the centre is on Uno straight 
lines which intersect in the middle point of OP, therefore the middle point 
of OP 18 the centre. 


-’0 




o/ 1 1 1 

- ’ \»-a s-b »-e t) 

~s J + JL, I 

({ k -«)(«- 6 ) 

(>-?<) 
^c)^+rt 6 


■Sc. 

»*> 


rt-i ‘ ^ i 

r, ^ r, * fj ~ .S S S 

S# — (fl ■*-?/+ r) 

.S 

_s _1 
“A~r 

Bj Art m 

J 4 

" ' ■ ’ jj— ^ =«= 2 I?fcin A= IRsin cos^*, 
sin^wn^ 

A U C 

ri=l/lPin jrHa- 8 in 
* * J* JL £ 

B% Art 2 ol, 

A 

A 4 

j-=n=JJf 8111^ cos-, 

cos ■^COUy 


A n C 

r, = 111 inn — cos •;j cos — 

A Ji C /(* — If) (* — c) , s (s — fl) 5 (* — f ) 

sin-coH~cos-=; - ti — A — 1 — 4 - 11 — U 

2 2 2 be ae.ab 

g {» - ft) (s - c) 

*” abe 

_ S'» l__ii 
*-a * 4 /l.V~ 4 /l "" 


T T K H 


10 
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22 


s s s s ^ 

.„A .,<7 sls-a) ^ s{s-h) s(«-c) 

cot ^cot ^oot 2-{s~b){s-c) [s-a){8-c) ^ {s-a){s-b) 

s® s* S® 


23 


[s-a)(s — b)(s~c) S® r*' 
■ £ra=r«cot®^cot®|oot®^ 

TiTs+r^ri+riU 


® C(«-i>)(«-c)^ («-c)(»-a)**^ («-«)(»-&}! 


=S® 


= S“ 


{s-a){e-b) («-c) 


24 oootA + bcotJB+coot C=— ^ C0B/t + -- ^ .cosRh — ^ cosC 

sin A sinR smG 

( A S C\ 

1 +4 Bin ^ Bin — Bin ^ j (Art 114) 

=2R^1 + I^ (Ex 21) 

=2R + 2r 

25. acosA + 5GosR+cGOSC=2i2Ein A cobA 

+ 2R sin B cos B+ 2R sin G cos C 

=R(sin2A + Ein2R + sm2G)=4RBmilBinRBin(7 (Art 114} 


26 

27 

28 

29 


rr. 


1 — 


S® 


S® 


= (L:Mzl)=tan®- 

rjrg s{s — a) (s-5)(s-c) «(8-a) 2 

. ^ A ^ C O 

cos A+cosR+oos (7=1+4 Bin ^ sin ^ sin 

A A A 


im>.l+8ii.B+««0=i + i + i = i 


(Ex 21) 


/ s(s-c) . “ " ^ 


G 

*2 


\> 
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30 From Ex 27, 28 wc hare 


1+— =cos A-i-cosR-fcosG 

Square and sabtract, therefore 

f »\2 .2 

+ - —=cos®A- Brazil + +2{cosA coaR-sin A em J3)+ 

= cos 2il + cos 2B + cos 2G+ 2 cos (A + B) + 2 cos (A + C) 

+2cos(B+C) 

= -1-4cosAcosBcosG-2(co3A+cosB+cosC) (Gh vm, Ex 18) 
= - 1 - 4 cos A cos B cos C - 2 ^ 1 + , 

4cos A cosBcos(7=^- ^1 + ^^ -2^1 + ^^-l 
31 

" JT) ^ 

T®+4Brs=-5 + — 
s 

_ ( s-g) (»-b)(8-c)+abc 

~ s 

=s®-»(tt+b+c) + a6-fc6c+co 

= j {-(a+6+c)®+la6+4l>c+4ca}, 

. 4r®+16Br=2ali-‘-26c+2ca -g* — c® 

82 T] , rj, are roots of the equation 

- (r^ + r* + Tj) X- + (r^r, + r,r 3 + r^rg) x - TiUtg = 0 
Now rj+r2-»-r3=r+4B, (Ex 20) 

r,r 2 +r,r 3 +r.r 3 =«®, (Ex 23) 

5 ® 

=S»=r«® 

Hence the above equation becomes 

- (r +4B) x~+8^ - s®r=0 

10—2 
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then 


33 If the cuhio equation he 

a?-fa?+gx—h=Q, 
f=:s — a+s-b+s-e=s, 
<7=(s-a)(«-6)+(«-6)(s-c)+(s-c)(s-a) 


=S2 j2-+-L+ij 

(Va V3 W 


£P 


(ri+r.+rj) 


s=r(r+4R), (Es 20,22) 

h—[3 — a) (s - b) (s — c)=^=r®s 

The required cubio equation is therefore 

a? - sa!*+ r {r+4B) » - = 0 

34 Put 8~y for a; in the equation of the preceding example Then 
when x=s — a, y=a Hence a, b, e are roots of the equation 

{« - 1/)®- « (s - y)®+ (i®+4Br) (* -y) - r=s=0, 
or -y (s2-2sy+y-) + (r*+4Rr)*-(T®+4Rr)y-r®s=0, 

or -i/®+2syS-(r®+s®H-4Rr)y+4J!!rsssO, 

or j/S-2sy®+(r®+8®+4Br)y-42irg=0 


35 


s-a=AIcoB^A, 


^ ra— iing)' _ ~ ")~ _ he (g - g) 

cos^iA ® 

a AP+b Br+c CP=— (8-a+8-b+s-c) 
8 

=abe 


36 


AI,== 


r,- r^-bc 


BinS- («-*») 


T>ra— ^1~ _ >1**^^ 

® „B s(s-b)’ 
cos®-^ ' ' 


2 


cr,s= 


_ r^ ab 


oos»g 

Jd 
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AV-t,.BV-c. OV=r,>.aU. 


, . s-s+c-s-^h 

8{i-b){s-c) 

5= 


=abe 


.abc. 


s-a 


s{* — b) (s-c) 


37 The radios of tho circle insonbcd in the tnonglo ABC 
=4JI Pin-^-Ein ^ sm ^ 

r=2R' cos I, cos Jj cos Tj, (Ex 11) 

whero It' is the radius of the circumcirde of IiT^T^ Hence bj Art 253 the 
radios of the circle inscribed in DEF is 2R cos A cos B cos C 

This result may be found at once from the figure (Art 253) P is the 
contra of the msctib^ circle of the tnangle DEF, let p be the radius 
Then 

pssPD sin PDEssPD sm PCE=:PD cos A 
s2Rco3l}cosG cos A (Ex 9) 


PA 2R BC 2Rcos^ . 2Ba 
BO^ CA.AB~ a be 


2R , . , 

= A) 


Similarly 




-a^+b^+c”- 

2 


) 


abc 


PB 2R.CA R(a=+6*J-c5) PC 2R AB 
CA'^AB BC~ abc ~AB^BG CA 


39 Let p be the radius of tho inscribed circle Since B is the radius of 
the circumcirclc xre hare from Ex. 21 


Now 


p=42? singA'amirsin^^ 

A Ji ^ 

X= ZAXT+ AAXE=zABr+ zACX^^B+^C, 

C+A A+B 
p=:4Rsin — ^ sm — sm — ^ — . 


4 
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40 A circle passes round QLGM, LM is a chord of this circle sub- 
tending on angle G at the circumference, and QG is the diameter, therefore 

LM=QG Bin G 

Similarly MN= QA sm A, LN = QS sm B, 

MN+LN+LM^QA Bin A + QB am B+QG am G 

41. Let AP produced meet the mrcumcircle again in X 
I GBX= I (7AL=90'>- 0= Z GBP. 

Thus J)X=PD 

Now PA=2i2GoaA, PX=2PI>—iRcoaBooBG 

And PA PX—R^-OP^, (Euc in 26) 

OP^=B?-QR- COB A cobB cos G 


42 Let AXX! be the bisector of the angle A, cnttmg BG m X and the 
circumcirole at X' 

^ he sm A =area ARG=area ARX-farea AGX 


Similarly 


1 1,1 1,„ , 

=gpc sm ^A+^pb am- A=^p sm^A (b-fc), 


1 ^ 
cosjt A 


“2^_1/1 1\ 
p ~2 Vb’^cj 

2\c^a}’ 


cos^B 


coss C 




COS^tA C0S;;B COS^G 


P S ^ t o'’’b'*'c 

Again the angle subtended by AX' at the circumference 

= IABX’= IABG+ l GBX'=B+iA, 

u 


p'=2Rsm^B-fiA^, 

p'cos^ A=i2Rsm ^B + ^A^ cos^A 
=B {sin (A -f B) -t-sin B} 
sBsin G-t-BBinB=^(c'f b) 

A 

g'coBiB=|(a-l-c), t'oosic=|(o-|-b), 

3/ cos i A g' cos i B t' cos i G= a -1- b -J- c 


Similarly 
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43 


L ABX= / ABC+ L CBX= aABC+ I CAB 
=R+90»-C 

AX=2R sin (B+90»- C)=2R cos (B-C) 

AB=AB sin B=2Bein C smB, 

AX cos (B-C) , .T, 1 .^ 

-rrf- = — + cot B cot C, 

AD sinRsinG 

j V BV OZ 

- 7 ^ + ^ + ^-==3+ cotJBcot G+cot ^cot A-*-cot A cotR 
AD BE CF 

=4 


44 HK IS parallel to AB (fig Art 253) , hence 
aKED= IBAD=3^-B 

Thus KD, a chord of the nine-points circle, snhtends at the circumference 
an angle 90 ® -B 

KD=R an (90®-R)=Rcoa J5 

2Ri=-^^-(Axt 252)=^^^ 

^ sin KBD ' cos C 

RcosC 


Again 

Similarly 


45 


22*2=- „ 
“ cosR 


4RiBj=R® 

IB0C=2A, 


J?i= 


2 sin 2A ’ 


(Ar^2S2) 


46 




-I- ^ -f- =-= 2 (sin 2A sin 2R + sin 2C) 

Jtl Jt2 JI3 


=8 sin A sin B sin C 
__ a h c _aba 
ZR~'W 


(Gh Till, Ex 33) 


zRIC=180®-5(R-}-C), 
V a 

Pi=. 


2 8m ^180® 2 sin 


B+C 



abc 

ftPiPs— -g- 


A B C 
cos J cos cos 


_abc j \ be 
~ 8 \/ |s(s-« 


ac 


a) s(s — b) 
ahc xabc „ / abc\- S 
~ QSxs ~ \4s) 

=2R®r 


db 1 
r(s-cj 
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47. Since area J)EF~iS cos A cos 23 cos C, ve ha^ e by Art 263, 
area A DC=i^ area cos Jj cos Ij cos Ij 

=2 area Jj/Js ^ 

area 7iI,Tj=^ S coseo | A coseo git cosec ^ C 


48 A, B, C are the feet of the perpendiculars drawn from I, Jg, J. to 
the Bides of the tiiangle LLfg Kie circnmoirclo of ABC is therefore ’the 
nine-points cirde of the triangle hence the radius (R) of the cilonm- 
circle of ABC IB half the radius of the oircumcircle of IIoT^ 


49 Let ABC denote the right-angled isosceles triangle where C is the 
right angle Let F be the middle point of AB, let D be on BC, and E on 
AC, such that BE is parallel to AB, and the triangle BEF is equilateral 


Then the angle BEC=4S‘, and the angle BEF=(iffi, therefore the angle 

.r.Ti vt -P"-® Bin FAE sin 45® 

AE2!’=75®. Now -;r7 = — = 77 -; ssr . 

FA sin FEA sin 75® 


M f ™ 6in45® _a 1 _ a sin 15® 

ere ore — gjjj^go ~^2 co8l6®~2 cosl6®~2cosl6®Bml6® 

^ — "^^^5 =2a sin 16® Therefore the area of the equilateral triangle 
=1 (2a sin 16®)=smG0®=2a=smS 16® sin 60® ' 


60 Let a denote one side of the right-angled triangle, and a+h the 
other Bide, then the hypotenuse = ,v/a®-l-(o -J- /i)»= ^/i-+ 2a (a -f 7i) 

But S=half the product of the Bides=^o(a-h7i), therefore 4S=2a{a-f ft) 

Tlius the hypotenuse=J^(ft®-^4S), and the hypotenuse is a diameter of the 
circumscnbing circle 

61 Tlie angle ABO=tbe angle BAO='^~ G, and therefore the angle 
BOBsiTr-2G , the angle OBB=^~A, 

Ji 

therefore the angle RI)Os=2C-}-A-^=A-hC+jB+C-JJ-- 

Thus J>0_ BmBBO _ °^°(2~^) cosA 

BO smBBO “08((7-R)’ 

and BO— AO , therefore BO cos (B - C)=AO cos A, 



/ 




ixj 
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62 From A flraTT AD peipendicnlax to JJC, and produce AD to meet tbe 
circumference of the circle at L 

Then the angle ALIi=:the angle ACB=iC, 

tt.=DL=:BD cot ALB=BD cot C 
c cos B cos C a cos B cos C 


BinC 


sin A 


therefore 

Similarly 

Therefore 


a smA mn(R+C) . . „ , „ 

-s= = L ^=tanJ5+tan(7 

a cos B cos G cos B cos G 

1) c 

-=tanA+tanC, and -=tanC+tanA 
|3 y 

- + ^ + -=2 (tan A +tan D+ tan G) 

« /3 7 


63 The atea of the inscribed circle is to the area of the triangle as irr^ 

g 

IB to S, that is, ns ir is to . Thus ive haio to shew that 
r‘ 


Now 


S A ^B ,C 
P=cot^oot^cot^ 


,A B .G / fi(s- a) / s{s-b) / s(s-c) 

cot-jrcot -H-COt 7r= . / , ■ x . / , 1 - — - / ■ - X * / , ^7-- 

2 2 2 'V 'V («-a)(«-c) 'V (»-«)(«- 

£^/s 


6 ) 


= -=.Sy.-^=- 


/s,/(s-fl)(»- 6 )(s-c) ^ ^ 


61 Let the triangle constructed on BG haio its vertex at L, let that 
constructed on CA have its vertex at 31, and that constructed on AB have 
Its sertex at N 

Take the diagram of Art 262 The tnangle GLB ivill bo equal to the tn- 
anglc GOB in all respects , therefore the angle BGL^ the angle OGJB = 5 - A 

A 

In the same manner the angle ACiR =i^-B, 

therefore the angle LGM=^ -A+^~B+G—ZC 

2 2 

Then (Lar)®=R‘+E= - 2 R»co 3 2C=2R» (1 - cos 2C) = IRa sin^ C , 
therefore L]lI=2RBmG=e 

In a similar manner we find that jtirN=a,and NL=h Thus the triangle 
LMN IB in nil respects equal to the tnangle ABC 


65. acOBA+6cosR+cco80s=2R8inAcoaA+22JsiaRoosD+2EBia6'cosG 
=R(6in2A + sm2R+8in2G}=4i{ sin AsinDsin C, by Ait 114 
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0^'2=R2cos 9^=T-^ COS®^ =:-V COt®^, 
4LSin^A 4 

OR'®=R®cosSR= j-^cos® J5= X ootsp, 

4Bin®R 4 ’ 

, A7?cos®G=^cot®G, 
4 sm® C 4 


OC"®=JZ® 008*0= 


therefore 4 (04'®+OR'®+OC"®)=a®oot®^ + 6®cot®R+c®oot®<7 

57 Take the diagram of Art 248. The circle which is to be drawn 
Tinll have its centre, and its point of contact with the circle already drawn, on 

the straight line OA Thus the length of OA=t -i-r^+Ta cosec and this 
distance also=r cosec ^ , therefore 


r, + cosec ^oosec — - ij, 

j »‘(cos^-sin^)' 

K- ^ ~ ( A , A\® ' 

(^cosj+sinjj 


/ 


therefore / 

/ 

V 

58 By Example 57 we have 


, A 
1+sin^ 


therefore »y(r,r») = 


„ / A / 5 BN® 

r-(^ooB|-sin^j (coB^-Bin^j 

(cob| +sm Ij' ^oos| +Bin|y 
_®‘(co8^-sm^) (oosf -Bin|) 

(cos|+Bin^) (cos|+Bin|j 

(A A\(Ji B\(C C\ 
r [cob - Bin jj (^COB .j - sin - j [cob ;| + sm ^ j 

"■ / A , A\ / B . "’b\/ C of" 
^cos ^+mn ^coB ^+sin jJ ^oos j+sm j j 


A + v B+tt C — tt 
r cos — 5 — cos — ; — cos — 5 — 
4 4 4 

A-ir B~v G — tt 

cos — 3 — cos — : — cos — ; — 
4 4 4 


f A, B C\ 
r (cos cos --cos 

^ ■' ■ ■ q ,’ " by Examples vni 20 and 21 


A B , _ 

00Sg- + C0B^+C0S-^ 



XYI PROPERTIES OP TRIANGLES 


155 


Similar expressions can be found for and ^/(^e7o), and the sum 

of the three expres5ions=r 


59 


,JA tjv r ^JT S 

1 1 s-h 1 


„ , , 1 1 s-a 1 1 s-b i 1 s~c 

Similarly S' Jir' S ' ^A^~ S’ 

therefore 


1 1 1 _ 1 / s-a s-h s-c \ _ _1_ 

S S S j “a/tt 


Bs — a—b — c 1 s 
S S’ 


GO. Suppose a, b, c to bo in Arithmetical Progression , so that 2b=a+c 
The perpendicular on the mean side from the opposite angle 

ab sin C _ 5S 

~T 


=oBin G=- 


The radius of the circle -vrhich touches the mean side and the other two 

, , , S 2S 2S 

sides produced^ — r=-r- 

s-b a+c-b b 

^ S 25 25 

The radius of the inscribed circles— = — -r = sr 

s a+b+c 35 

The first and the second of these ore each three times the third 

61 See Ex. 37 

62 Let 5], c, be the sides of one tnangle, Sj its area; let a^, bo, 
be the sides of the other tnangle, So its area 


Then, by hypothesis, 


^ . 


^0 


therefore 


bi+Cj-nj Oo+Co-bo* 

_ L + ^ 

So aj+Cg-b" .aaSinC a^sinjU 


smR aiBin G _ 
^ _ bi + Ci-Oi sin A Bin A 


a2+- 


Bin A 


Bin A 


_ai emR+sin C-sin A 
~ ag * Bin A +Bm C- sin R’ 

But the areas of similar 'triangles are as the squares of their homologous 
Bides, thuB^^rs^, therefore, finally, 


aj anR+mn g-emA 
a 2 ~sm A + sin C-BinR* 


r 
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63 "We Lave 


8jR® cos i ^ COB ij? cos i G 


area of Jilsla 

" -s-em.penmotei of (cosi^+cosiR+cos^c)’ 

by Examples 17 and 13, tboreforo by Ex 21 


r'= 


r cot g ^ cot i JB cot g C 
cos g ^ + cos g R + cos g (7 


64. By Art 243 


r«=arca ABG, 
r'«'=area 

_ 2Sa 

~abcs' 


And 


2 sin g ^ sm g R Bin g G 




-l>)(>-c) (s-c)>-q) „ (s-a)(g-6) 


Ic 


ea 


.2S^_rs 
' abes r't' 


ah 


65 We Lave a's= 


A 


a'sreoseo^, 
2 


ajssr^ coscc g , 


„ R 

/9=roosco-g-, 

A 


Pl=1,CO^K~ , 


7 =rcoseOg, 7 ,=r 3 coseog, 
therefore a|Sya,j3j7,=!rSrjrjr3 cosec® 4 oosetf' ~ oosoo® ^ 

« A 2 


S» 

= ~s X 


S* 


lie 


ca 


<i5 


s® (s-o)(s-5)(s-c) (s-c){s-6) (s-a}(s-e} (s-a)(s-b) 

SWe- 




--a^b‘c^ 
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< I nG 

, , Jcsin®— casm--sr ab sm-^ 

„„ he . ea , ab 2 . 2 . 2 

60 — 3 + •< ; = "“U', + + < 


«r ft" •>!’ 


r«- 


r.- 




A B 

be cos^— +cacos-'^+ ab cos- 




Art 251, 


=^{(!(s-n)+s(«-5)+8(*-i;)} = j(#-a+s-6+s-c) 


=:-(3*-a— 6~c)=l 




r^(5-c) ^ r°(c-a) . 7^{a~-b) 

be sin-^ ca sm-'^ ab sm- 
« 2 2 

r* fa(b—e) . 5(c-ai , c(rt-5) 


ft 


{ a (6-c) . 5(c-a) 

8m*| Bm=| smS; 

|(6-c)cot~ + (c-o)cot^-^(a-5) cot 
:=0, by Example xin 29 


' abe 


ra f>-e C-a a-b 
bp,- cy/ 


J . c-a .1? , a-b^.O 

■ « + -TT? o 


= — ; sin- •=• + — =- Bin „ . 
ar,® 2 io",® 2 cr. 


jbj-c ^_^„A . e-a .Ji . a-6 


cos® -rr + -r- C 0 S= ^ + COS® 

*® I o 2 6 2 c 


;®^j.,byArt 251, 

=0, b^ Example xm. 29 
G9 Let C'A* intersect AB at E and CB at F 

The angle A'FG is equal to the sum of the angles FC'C and FCC, that 
IB to the sum of the angles A'AC ond FCC', that is to 5^+5 C, the angle 

A A 

BCA'=thc nn^e BAA'ss^A. 
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Thus 


CA'~ 

Bm^{A + C) cob^B 


Let R be the radius of the circle , then 

A'C=2R sm i A , theiefore FA'=i 


mea?-, 

W 

cos- 


2B6mS 


In the same manner 

And 


EC'=- 


B 

COB^ 


A'<<'=2jK sm + f7) = 2E cos^ 


Therefore EF=2R cos - 


B 2R(8ina^ + Bm*^) 

* 2 " B 

cos^ 

= JiL jcosal - sm»^- sm=|[ = {1+cosR - (l-cos A) - (1- cost?)} 

cos ^ ^ 2 

R 2B AEG 

= ■■■- " ■ (cos A + COB E + COB G - 1) =■ — g X 2 sm ■g sm g sm , by Art 114. 


cos^ 


oos^ 


70 Take the diagram of Art 248, draw FD, DE, and EF 

The angle FDB=~{t-S), the angle EDC=:~hr-C), therefore the 

A z 

angle FDE=^ iB+G) Similarly the angle EEF=\ (C+A), and the angle 
EFD=|(A+E) 

Suppose A, B, Cm ascending order of magnitude, then 
i(A+E), i(A+G), g(E+G), 

ore m ascending order of magnitude, and 

i(E+G)-|{A+E)=i(G-A) 

Thus the difference between the greatest and least angles of the first 
derived triangle is Jial/ the difference between the greatest and least angles 
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of the onginal triangle In like manner the difTercncc between the greatest 
and least angles of the second derived triangle is halj the difference between 
the greatest and least angles of the first denved tnaugle, and therefore a 
fourth of the difference between the greatest and least angles of the original 
triangle Proceeding in this way we see that the tnauglos thns formed 
ultimately become cgnilateral 


71 Let A, It, C, D, E be five consecutive angles of the hexagon , draw 
AC, IlD, CE, let AG and ItD intersect at P, and let ItD and CE interscot 
at Q Then PQ is the side of the second regular hexagon 

TIic angle BBC is half of the angle which DC would subtend at the 
centre of the circle circumscnbiiig the regular hexagon, and is thercfoic 

^ Simikrly the angle A CB is 


Then — = 
BC 


smj 


ElU , 


. / Its-S U- r 

sm(^T-^j sm-^ 2cos- 


, therefore PC = 


And P<2= 2PC sin i PCQ r=2PC’sin -= PC ton f 

2 Ob 


BC 

2cosJ 


BC 

Thus PQss-j^ And the areas of similar polygons are ns the squares 
of their homologous sides, so that if S denote the area of the first hexagon 
the area of the ■second is ^ In like manner the area of the next hexagon 

O 

1 S S 

IS - of j , that is ^ , and so on Hence the sum of the areas of all the 

s s s \ s s 

denied figures j jf i that is - *— j , that is ^ 


72 Suppose that the original figure instead of being a hexagon is a 
regular polygon of n sides Proceed ns before and wo hare 



Tlicn PQnZPCsmlpCQ, 


and the angle PCQ={n ~^)~t therefore PQ=2PC sin (n -4) — 

2r 

(3Q3 

=2PC sin =2PCcos — =:PC— 


cos- 
u 
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Thus tlie area of the second polygon is 


and Z=sS {m+m®+ Jft®+ } where m stands for 


.Sir 
cos* — 
n 

air ’ 
COB®- 

n 


thus Z= 


Sm 


Seat? — 
n 


„ o 2ir 
Soos- — 
n 


S cos® — 
n 


l~m ,ir ,2a- ,2a- „a- 3a- a- 

cos® — cos* — Bin® sm® - sin — sin - 

n n n n n n 


If ns=3 this becomes infinite, for sina-sO, in this case the original 
figure IS a triangle, and the second figure is the same triangle, and so on 
thus the sum of the areas is infinite 

If n=:4 the expression vanishes , for cos s=0 , in this case the original 

figure IS a square, and the second figure is only a point, and so on thus the 
sum of the areas is zero. 


73. In order that it may he possible to msoribe a circle within a qnadri* 
lateral the sum of one pair of opposite sides must be equal to the sum of 
the other pair Now if we take the pomt 0 of the diagram of Art 248, wo 
see that Uie condition is satisfied for OFAE, OECD, and ODBF, since 
OE+AFr=OF+AE, and so on We have then to shew that no other point 
but O can be taken 

Take any other pomt P, from it draw PM perpendicular to AO and PN 
perpendicular to AB The centre of a circle inscribed within PMAN must 
be on the straight hne ahich bisects the angle A , and also on the straight 
hne which bisects the angle NPM , but unless P is on A 0, the latter straight 
line wiU be parallel to AO, the former straight hne, and therefore cannot 
meet it. Thus P must be on AO , similarly it must be on BO and on CO. 

Then take the circle mscnbed in OFAE, and draw perpendiculars from 
the centre on the sides of the quadnlateral Thus we have 

Pji(AP-fPO+OP-f JBA)=:twioo the area of OFAJE, 

therefore Pi |p+pcot^|- =p®cot^ , 

pcot-^ j 1 - 1 -cot- 

iherefore p, = ■■ ■ - ■ , therefore — = — 

1+cotf pcot| 

^ poot| 


Similarly 
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Thus (i-i) 

\Pl PJ \P2 PJ , 




1. A. B 


pScot^cot-^ 

In this manner \re find that the proposed expression 

If A. B , ^ B. C , . G. M 
2 * ¥ 2 2*®’^ 2J 

= i , bj Example vni 25 

r 

74 As m Example 57 vie shall find that the radii of the circles succes- 
sively msonbed in the angle A are 2r, V^r, Pr, where 

A 


1 -sm 


1= 


2 


l+sin^ 


Hence the sum of the areas of all these circles is r (lrr‘+Pi^+ lPr^+ ), 


that IS 


irFr* 


that IS 


l-l*’ 
^^l_cos^)V 


that IS 




. A 
dsm^ 


4 sin I 


that is sT®sm* coseo 4 
4 2 


Similarly we find the areas of the circles inscnbed within the angles 
B and G Thus the sum of all the areas is 

o f dB-t-G A .G-i-A B mA+B 
ITT- fsm* — coseo + sm* — ; — ooseo + sin* — 3 — cosec 
( 4 2 4 2 4 


75 Smce the angles at E' and G' are right angles it will follow that A 
will be on the circumference of the circle which is described round PB'C', 
and that PA is a diameter of the cirifie Let O, denote the centre of the 
1 

ourole, then PO-i=^PA ^ 

In a similar manner if Og is the centre of the circle round PG'A', and 
O 3 the centre of the circle round PA'B', we have 

P 02 =ipE, and PO^=:~PC. 

Then in the tnangle PO^O^ We have 

OM^=PO^-+POs^ - ^PO^POb cob O2PO3 ; 


T T K H 


11 
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and in the triangle PBG we have 

EC8=PJBs+PC2-2PJB .PC COB PPG 

Hence 0n02,=\BC Or this might he obtamed by Enohd vi. 2, and vi 4 

A 

Snnilaily OiOi=^GA, and OiOa=^AB Thus the area of OjOjOj is one- 
fonrth of the area of ABC 


76 Let Ti, r., denote the xadu of the circles, then the sides of the 
triangle are respectively Vj+rj, rj+rj, and rj+r^ Thus 

B=rj+r.+r3, s-a=r^, «-J=ra, s-c=rs 

Therefore <S®=(ii+r2+r3)r,r2r8 


77 Sappose a, b, e m Geometrical Progression, so that 5^=00; let 
Pit Pai Pa denote the perpendionlars from the opposite angles on a, b, c 
respectively 

mi. 1 o 1 25 , , 28 , 28 

Then ^Pia=8, so thatjp2= — f sunilarly andjpg= — 

2b €L u C 


Bit G-i be the angles opposite Pat Pa respectively m the new 

triangle 

Then coBA2=.^y«^= ~ gf 

rPaPs “ ” 


be 


be 


gS (63+c«) - (ga- ciQ +a»c8 _ ttg-c^ac 

2a®5c 2o®6c “ 2at 


gg+ftS- cS 
2a& 


=cos G 


Thus Ai= G Similarly C^=A. Therefore B^^B. 


78 Here a=: 


sin A 


CBinP sinPsinC' 

1 1 ^ smJB , sm C 

Similarly 8 =-. — = and 7= ; =, 

^ '^pim C sm A ’ ' smAsmP 

Therefore 2(/5y+7o+a/3) -oS-^2-73=the product 

into {2 sm^P sin® <7+2 sm® C sm® A +2 sm® A sm®P — sin^ A — Bm*P - sm'* C] 
The expression withm brackets is equal to 

(sm A + sm P + sm G) (sm A + sm P - sm <7) (sm A - sm P + sm <7) 

(sm P+sm G - sm A), 

as we know from a similar process in Art 218 
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Thon, bj Examples vm 16 and 17, lye obtain 

4«sm*4sin=?sm"4cos4cos=|cos*|,thatis.48m*4^»Bsin«a 


2 “ 2 
Hence 

and therelore 


2 2 2 2 
2 (/Sy+7a+«^) 
or+ZS^+r - 2 ((Sy+7«-^“/*) 


79 Let P, <2, E be the centres of the cqiulateial tnan^es descnbed on 
BC, CA, AS respectivelj. 

Then PQs=PC=+^<P-2PC. QCcosPCQ; 

also 

Thns 3PQ55=a*-^Z^-2abco3{O+60®) 

sro--*-!*®— Sab (cos Ceos 60®— sm C sin 60®) 
=a®+b®-<zbcoa C+absinC/^S 

=a®+6®- ° -t-absmC^ys 

We gball obtiun flie same symmetrical expression for 3^5® and 3PP®, 
ThnBPft=QB=BP. 


80 We haye 
therefore 


. 1 _ b— e ,A 

65 + 25, a™, 9 1 

‘”‘2 = 65^*“^®’=4';73 = 


V3. 

“T"’ 


therefore Leot4=:10->-^log3— 21og2=10 113G219 

101137122 101136219 

101134508 101134508 

0002614 00017U 0002614 . 0001711* 60" -a", 

this gives * = 39; therefore ^ = 37® 36' - 39" = 37® 35' 21". Therefore 

^=75®10'42" Thns P + C=180®-75®10'42"; and P-C=60®. There- 
fore P=82»24'39" and C=22«24'3g' 


81 In the solntion of Example 12 it is dieim th^the sides of the new 
triangle are acosA, beosB, and ccos C respectively, 

_ In the solntion of Example 11 it is shewn that the angles of the new 
triangle are *--24, ir-2B, and ir-2C respectively. Then, by Art 215, 

C-a=coB^A . 

SbecosPcosC ’ 
bnt cos (x — 24)= — cos 24. Therefore 

cos 24 _ <®*c°s°-d-b®cos®P-c®cos®C 
2bccosPcosC 


11 — 2 ' 
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82 Lot Pi denote tlie radius of the oitde 'vrbidh toncdies JBD, BF and 
the arc BF m the diagram of Art 260 Let pj denote the radius of the 
circle which touches CD, GE, and the arc BE, 


The angle BBFsst^B Hence, by the method of Example 67, wo fame 


, v—B _ B 

l_gin__ i-oos-s - 




ft-’l 


l+sm- 


1 + OOS-g 


Similarly 


ft,=ri tan* 


C 

4 


In this way we see that the product of three of the radii 
rrrjtan*^ xratan®'jxratan®^, 


and the product of the other three 

=ri tan* ^ x rjian*^ x rj tan®^ 
The two products are equal 


83. 


AB’ sin APE'. 
AP" Bin AB'F* 


therefore AB'ss 


AP Bin APB' 
BinAB'P 


Similarly 


EG'= 


EP Bin BPC' 
smEC'P ’ 


and CA'sz 


CP Bin CPA' 
sm CA'P 


Thus 


AB' BC CA'= 


AP BP . CP Bin APB' sin BPC sm CPA' 
Bin AB'P.smBC'P sinCA'P 


In like manner 

T.,/ -SP CPsinAPC' sinBPA' sinOPB' 

AC BA .CJS - Bin.aC'P sinBA'P smCB'P 


The two expressions are obviously equal, for sin APB'sssm BPA', 
sinBPC'=BinB'PC, aud sin GPA'=Bm C'PA. Also, sin AB'Pssm CB'P, 
nud so on. 

84 Let P denoi^e the intersection of A A' and BE', then, if CC docs 
not pass through P, let a straight Ime bo drawn from C through P, and let 
it meet AB at 

Then, by the Example, wo have 

AB’.BGi . GA'=ACi BA' . CB' 

But by hypothesis, 

Aff.BC CA'=AG'.BA'.CB' 



XVL PROPERTIES OF TRIANGLES 


165 


BOi AGi 

Therefore -gQt — » 

BC'-CtC' A<y+CjC' 
fiherefore — jiff » 

therefore - -^ff — ~jff » 


therefore CjC7'_0 ; 

therefore Cj must coincide "with C. 


85 Let the feet of the perpendionlnrs from A, B, C be denoted bj 
A', B' C respeotarely. If all the angles are acute, we have 

AB^=iCcaiA, BC'=acosB, CA'=5cobG, 

ACssIcobA, BA'=ecoaB, CB'=ac03C , 
thus AB'.BC CA'^ACr BA'.CB’. 

Therefore, by Example 84, the straiglrt lines AA', BB', and CC meet 
at a point 

Next suppose one angle obtuse, say C Then 

CA'=b cos (1800 - C), and CR'=o cos (180® - C ) , 
the other expressions remam as before, and the result holds as before. 


86 Let the straight lines which bisect the angles A, B, C respectively 
meet the opposite sides at A', B', C respectively Then 

R2J'“ smil ’ CG’~ sinB ’ i4A'~'BlnO ’ 

sin 5 A sin 5 R sin 5 (7 

therefore AB'.BG. GA’-AA> . BB' . GCT — ^ , 

sinAsmitsmC 

the same value may be obtained for AG'. BA'. CB'. 

Therefore, by Example 84, the strai^t Imes AA', BB’, and CG' meet 
at a pomt 


Then 


87 Iiet A', B', G' denote the middle points of BC, GA, AB respectively 

Bn ^ s ^ 


Similarly 


AB'.BG* (7A'=g6x|cx|o=ia6c. 
AG' .BA' .CB'-\dhc. 

o 


^aerefore, by Example 84, the straight lines AA', BB', and GG' meet at 
n point 
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88 Iiet the points of contact opposite to A, B, G respectively be denoted 
by A\ S', C respectively 

^ JB 0 

Then AB'^rboi'—, jBO's=root'^, C4'=:root-^. 

Thus AB'.BC C^'=rSoot^oot5oot|. 

Similarly AG' BA' , CB'=r® cot ^ cot ^ cot . 

Therefore, by Example 84, the straight hnes AA', BB', and GG' meet at 
apomt 

89 Let the points of contact opposite to A, B, G respectively be denoted 
by A', B', G' respectively. 

Then AJ3'=raCotg(ff-jl)=ratMiiA, 

JBC'srgtanijS, 

GA'szritsLn^G , 

therefore Aff BO' , GA'ssrir^rg tan ^Atan^B tan g G. 

Ill 

Similarly AG'. BA'. <7B'=rirarjtangu4 tangEtangO 

Therefore, by Example 84, the straight lines AA', BJff, and OG' meet at 
apomt 

90 Here AE=:AF, GE= OB, BB^BF, therefore 

AE BF.GB=AF.BB.GE. 

Therefore, by Example 84, the straight lines AH, HE, and GF meet at 
apomt 

91 Let ABCB he the quadrilateral figure Then, denoting by A, B, G, 
and H the internal angles of the figure, we have 

r„ ^cot +cot =H(7, 
therefore ^tan ~ + tan •g^ =BG 

Agam, m like manner we have 

r ^ootg+cotg^ =BA, 
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• (tva^ +itin ^=J>A, 


that IS r(taa-g+tan; 

for A CTsff. and B+D=-r, bj- Euclid ra 22 

7~DA‘ 


Ecnce 


In the eamo manner ivc can show that 


£? 

r~AJi' 


t~BC' 


and 


Trf AB 


Therefore -^ 3 *=^* 

therefore Tgr^rgr^s^r* 


0A _ Bin QDA _ Bin /S' 
sm QJJf ~ ana* 
QB _ sin QCB _ sin •/ 
QC~BinQRC~ sm^ * 

<3C _ sin QXC _ sing* 
*" Bin QOii ~ Bin y 


Therefore, by mulhpEcation, 


or, 


Bin c'sin p' sm •/ 

~~ einaBin^Bin7 ’ 
sin a sin ^ sin 7 =Bin a'em^an y' 


93 t<iA€z=A-Ut ^QCA=su, . tAQC=sv-A, 

Similarly iBQA^v-B, £.BQCs:t-C. 

Kn sm (t~ A) _ BiaAQC _ AC _ AC AB 

sm« '~pmQCA‘~AQ~AB’AQ 

_ sinB Bin(ir~Jl) 

“EinC * Bm{Jl-ti>)* 

( B-to) _ sin 21 _ Bm (^ + <7) 

sm R sin « “ Bin 4 Bin C ~ sm it sin C * 

/ cotw-cotR—cotii -1-cot C; 

•• cot(ii=cot^-)-cotR-i-cotO. 

T^is equation may also be deduced from the equation of Example 92, 
which becomes m this cose 

Bin* ciissm (ji - u) sin (R - u) Bin (0 >• «) 

If x=cot u this equation reduces to 

a (a:®+l)-(a:*-H) (cot^.fcotR-hootC)=rO. 
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94 Lot AXY, BYZt CZX out the Bides of tho tnanglo ABG m B, Z,F 
Then / z jBAr+ / ABY=: L rjQC+ i ABY=B 

Henoo the triangles XYZ and ABG are Bimilar, and tlierefore their areas 
are in the ratio of YZ^ to BCP 

Lot Q be tho pomt determined in £s. 93 Then 
lQAT=u-iP- ZQBY, 

Q, A, B, Y are concyolio 
IBQY^ lBAY=4>, 

• JL QYZ~ J.YBQ-{‘ AYQB~u—</>+^~oi 
Similarlj, Z QZY=a=s: z QXY 
Hence tho tnanglos QYZ and QBG nro similar; 

YZ _ YQ _ sm YBQ _ sin (« - 4) 
BG~BQ~BmBl'Q~ amw ’ 
nreaXI’Z^ _ YZ^ _ sm® {u~4) 
area ABG ~ BG^ sm^u 


9o Lot AO cut BG in F, AF bmng the crease TVlien ABF is doubled 
over, let AB out FG in G Wo have to find the area of AFG, 

ZJild<?aZll^£«90»-<7. 

AF an ABF siaB emB 

ab’ 


AF=: 

ab' 

AG= 


BmAFB 
csmB 
cos (0-B)’ 
Bin ABF __ 
smAGB' 
csmR 


■ sm {ABF+BAF) "" sm (2? + 90* - G) 


sinR 


smR 


‘ sm (ABG+BAG) sm (27+180®- 20} 


■Bm(20-R)* 

w. ^ iTf jrt TPi^ ^ c‘BiD~Bsm(9<P-0) 

area AFG= 7 :AF AGsmFAG^s- ^ 


S COB (G-B) Bin (2G-B) 


=gb®sm®0 cos C SCO (0 -B) coseo {20-R) 


XQ rin XBQ _ sin XBQ _ sm XBA 
BQ~ smBXQ ~ sin27Ar~ cos ABY' 


YQ _ sm YBQ _ sm YBQ _ sm YBA 
BQ ~ Bin BYQ~ BmBAX~ cosXBA * 


Therefore, 1^ multiplication. 


TTtJ ten rjtj - SQ.AQ__QA 
tanXBAtanYBA— 


or 


i™i.TO^taJro^=^ 
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97 Let 0, O' te the centres, r and t' tlic radu ; PTQ a common tangent 
cntting 00' in T; and let /POi's=<? Then 

t' 


Bnt 


.+— ^=or-»-or'=2a 

cos 0 cos 0 

r+r'=a, 

^ 1 

/ eO50=:g. 




The length of the stnng 

=(2jr-20)r+(2ir-2a) r'+2PQ 

=:(2r~^a+2PT+2QT 


— ^|^+2r tan 0 + 2 / 1011 0 

O 

— ~^+2a,«y3 


98 For conrcntenco of reference let Q he Tnthin the angle AOC , let 
lAOQsB, sothat /BO<3=:/jBOA+0ss2O+0, Z(7O(3=2R-0 

Then P=:A(P-i-OQ--2JO.OQcoBff =R2+<P-2Rdcos0, 

ia®=R0=+0Q5-2170 . 0$ C08i?0<2=iP+<P- 2Rdcos (20+0), 
n-=: 00®+ 00® -iCO.OQ cos 00$ =7?®+ d® - 2i?d cos (2R - 6) 

hlultiply these equations by ein 2 A, sin2R, sm 20 and add , the coeffie;ent 
of - 2Rd IS 

cos 0 sm 2/f + cos (20+0) sin 22? + cos {2R - 0) sm 20 

= cos 0 (sin 2A + sm 2B cos 20+ cos 2B sm 20) 

+ sm 0 (sm 20 sin 2i? - sm 2R sm 20} 
=coa 0 {sm 2A + sin (360® - 2il)} = 0 
P sm 24 +m® sm 2B+n® sm 20=(R®+d®) (sm 24 +Em 2B +Em 20) 

=4 (B®+ d®) sin 4 sin B sm 0. 

99 Let jiAPQszO, Q being within the angle APC, where P is the 
ortbocentie. We have 

ZBPO=0+ /4PB=18O®-(C-0), 

/ OP0=180®- ( a4P0+ 4 OPB)=180»- (B+ 0) 
P=P4*+d®-2P4 .d cos 0 =:4B®cos®4+d®-4Bd cos4 cos 0, 

mS=Pps+d®+2PB . dcos (0- 0)=42Pcos®B+d5+42?d cosBcos (0-0), ‘ 
n® =P0® + d®+ 2P0 . d cos (B + 0) =4B® cos® 0+d®+ 4Bd cos O cos (B + 0) 
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Multiply these by tan A, tan B, tan G , the coefficient of iBd is 
- sin A cos 0 + sin R cos {G-0)+ sin G cob (B+0) 

=cos 0 ( - sin A + sin R cos C7 + Bin G cos R) + Bin 0 (sm B Bin G- sin R sin G) = 0. 
_ Hence, l®tanA+m*tanR+n®tanG 

= 4R‘‘ (sm A cos A + sin R cos R + sm G cos G) + (tan A + tan R + tan G) 

= 2R2 (sm 2 A + sm 2B+Bin2G)+dr tan A tan R tan G 
=8R^sm A smRsm G+d^tan A tonRtan G 


100 Let QA=l, QB=m, QC=n , QO=d, QP=d', 0 being the centre of 
the circumcircle and R the orthocentre From Examples 98, 99, 

Psm2A+m®sm2R+M®Bm2G=4 (R2+iP)BmA BinRsmG, 

l^tan A+m^^tanR+n^tan G=8R3sm A smRsm G+d'®tan A tanR tan G 


Now 


^ r-g-£ °« (^-+g)=2-2cotRcotG. 

smAsinRsinG smRsmG sinRsmG 


The first equation therefore becomes 

(1 - cot R cot G) I®+ (1 - cot G cot A) to® + (1 - cot A cot R) n®= 2R®+ 2d® 
Dividing the second equation by ^ tan A tan R tan G we obtain 
2cotRootG. I®+2cotGcotA TO®-(‘2cotA cotR n® 

=: ICR® cos A cosR cos G+2d'®. 


Therefore by addition 

(1+cotRcot G) P+(l+cot Gcot A) m®+(l+cotA cotR)n® 

= 16R* cos A cos R cos G+ 2R®+ 2 (d®+d'®). 

Bnt if N be the centre of the nine pomts mrole (the middle pomt of OP) 
we have d»+d'®=g0*+QP»=2gN»+20N®, 

2(d®+d'®)=4eN®+PO® 

The least value of this is when QN=0, that is when Q is the centre of the 
nine pomts circle 

(l+cotBcotG)l-+(l+aotGcotA) m®+(l+cot A cotR) n® 

IS a mmimum when Q is the centre of the nine pomts circle 


101 Draw R^N perpendicular to GGj Then BiG^=BjlP+ GiN® 
Therefore ai®=o®+^-r)® 

Similarly bi®=6®+(z-«)®, Ci®=c®+(a:-y)s 

Let ij=s—x, ^=ix—yi 

then l+V+f^O, 

a,®=a®+i®, bi2=6®+,® ci2=c®+f®. 
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Now 16Ai==26iV+ 2ciV+2fliV- V " 

= 2(62+17=) (c2 + r=)+2 (c2+i-2) (o9 + {=)-^2(o2+a (62 + 17*) 

- (a^+n®- 

=2bV+2e-a^+2a-e‘-a*-b*-c* 

+2 (cV+J^f=+a®f*+c=i®+^?+’J®a*- a*i= " *^1=- c=f=) 

+2,*i«+2f2ia+2f^2-i<-i7^-f‘ 

The terms in the last Ime are divisible by {+17+ j* and therefore vaiiish 
Hence 16Ai2=16A2+2o2{i72+i-2-{2)+26*({2-i72+f-i)+2c=(f2+i72-f*). 

Now 172+^2-^*= -2)7f=2(«-y)(a;— z) Ac ; therefore 

Ai= - A® = i [a* (x - y ) (X - a) + 6* (y - s) (y - ®) + c* (r - y ) (2 - ar) ]. 

Again smcc o®=aj®-$2, 62 = 6 , 2 - 17 ®, c®=c,®-j'2, 
and 16A2= 2b®c2 + 2c®a2 + 2o®6® - a* - 6 * - c*. 

we shoU obtam by proceedmg as above 

16A®=16A,®- 2a, 2 (,*+f2_ _2i,^3 (P-r+H - 2c,®(f»+i7®- f®). 

A , 2 - A2=i[ai2 (x - y) (x - r) -»■ 6,2 ^ - r) (y - x) +c,2 (r - y) (z - x)] 


HR HA , HC 

x=-r’“^— ‘ 


102. Since tho triangles JEAD and JEBC are similar 

ED 
' d * 

Since the triangles EAB and BCD arc similar 

— = ^ and— = — 
a c ’ o ~ c * 

These relations are eqmvalcnt to 

EA EB EC ED 

ad ~ ab ~ be ~ ed 

Let each of these fractions =k , then 

EAs=Kad, EB=Kab, EC=Kbc, ED=Ked^ 

*, AC=K{ad+bc), J3D=K{ab+cd). 

Now AC.BD=AB.CD+BC.AD, 

K® (ad+6c) (a6+cd) =ac+6d, 

ac+6d 


[ad+bc) {a.b+cd)‘ 
ad+be 


AC=:^{ac+bd). 1 ^- 
BD=^{ac+bd) 
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lOd Let 0 be the angle between the diagonals 

j)ia=2 area EAB=EA EB sm 0 
siKrdrhd sin 0 

Now S=^BD.AOsm0 

A 

s=i It® (ad+be) (ab+ed) sin 0 

-Pi— 2a5d 
S ~ (ad+he) {ab+cd) ' 

_ 2abcd „ 

(ad+bc) (db+cd) 

Similarly jpgd, p^h are each equal to the same espression 


104 The product of the segments of any chord through E 
ssEA 9 EG 

=icad Kbe 
~ b d ac+bd 

^ (ad4-Zic)(ab+cd)‘ 

106 LetBF=x,CF^y 

Smce the tnang^es BCF, ABF are similar, wo have 

® y+c y *+® 

b d ’ b d 

dx-by—hc, 
dy~bx=:ab. 

Solving these equations we get 


ab+cd 


be+ad 


®=-srr65- y=^ 


<P-6» 


.b 


106 Let 2(r=the perimeter of the triangle FBO. 

By Example 105 we have 

2(r_, bc+ad ab+cd 
b“ 

_(i®-li®+(b+d)(o+c) d-b+a+e 
d^-¥ ~ d-b 


(Ex. 102 ) 
(Ex 113) 

(Ex 102) 


(Ex 102) 
(Ex 102) 
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ff—h_ s—d 
~b 

1 _ c(,T-h) _ (s-6)(»-d)y {d?-Vf 

2 TC.FB~ {d-bf V‘{ab+cd)(bc-i-ad) 


(Ex. 1051 


(g-5)(8-d)(&+d)= 
(a6+cd) (iic+ad) 


107 Area EFG=area AFG - area AEF— area AEG 
=&reo.AFG-^Pi.AF-^Pt AG, 

where Pi and p^ are peipendicnlars from E on AB, AD ; the values of pi and 
p^ are found m Ex 103. 

From Example 103 

JT> . ab+ed , ad+be , 

AF=a+ „ .b= .d 


dr-lP 

Smularly, , a. 


dr-b^ 


. areaAFG=^ AG.AFsmA 


|gUd8mA+|5c6m^j. 
(area ABD-f area BDC) 


(a* 
ad (ad -i- be) 


~(a^-cP)(cP-JF) 

_ ad(ad-i-be) „ 
“{a-'-cS)(d=-6*)'*’ 
dbd 


2 ~ (ab + cd) {ad+ be) 




(P-6« 


(Ex 103) 


aid® 


oP-t .^Grr 


(o5+cd)(d®-6*) 
acd 


.S, 


(ab+cd) (ad+bc) 
d^cd 


_ ad+hc 
.Sx-j-^.a 

Or — C* 


(aJt+ed) (a^-e-) 

-ac((P-6®)) 

adS 

~ (at+cd) (os-c®) (d®-6S) (a6+cd) 

_ 2abed „ 

“(a— c-)(ds-62) ® 
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108 As in Example 105, 

he+ad , he+ad 

»,FOff=oosO=?+^^’,»inlrt 865 

FCP=GF*+GCP-2GF GG.dobFGG 

n 6c(6®+c®-fl®-d®) *] 

-{be+ad) |_(d2_jay* + (oi_cy" {iP-lP) (o«-c») (bc+at^J 

E 5* , c® . 6c , 6c n 

(d 2 _ 62 ]!i+ (a®-cS)a'^{flS-c®)(6c+^)'^(^-69) (6c+ad)J ‘ 

6® 6c 6®(6c+fl<0+6c(d»-6») 

(d®-6®)®‘*‘ (d*-6»)(6c+a^ {dS-6®)-‘(6c+od) 

6d(a6+c<Z) 

~ (d2_6-‘)®(6c+ad) 

c® 6c c*(6c+ai)+6c(fl®— c*) 

(a®-cS)®**' (a®-c*) (6c+ad) ~ (a®-c-')®(6c+ad) 

_ aejah+cdi 

” (o® - c*)-* (6c+ad) ’ 

r<p=(&+«i)(.6+«d)[j^+^^]. 

109 CC' iH paraUel to BD , therefore BC= GD and G'D=zBG 

Now BID C7C'+CZ> BG'=BG G'JD, (Buc vi Prop D) 

/M / ad+6c 


-=(6®-c®)y^ 


{ab+cd) {ae+M)‘ 


Let 0= / AGG'sangle between the diagonals. 

If Jt be the radios of the circomoircle, 

j!lG'=2R8m0, and S=^AG BBsmB, 

„ AG’ AG’ AG BD 
^ 2Bme~ is 


(Ex 113) 


110 Let /.ADB=0, JiBDG=^ Then 

area AGD=sAD DG sinD 


= ^REcos0 BD cos ^ smD, 
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area AB • BG • bvi ABC 

s=^JBDBmff.SDBm<p sinD, 

2 

. area ACD- area ABG=\ RD® an D (cos ^ cos ^ - sm 0 sin <{>) 

O 

^-BD^BlnD . cos(fl+^)=|RI>®8m2) .C 08 l>=jRI)S 8 m 2 R 


Again, we have a®+<Fs=R 23 ®=i®+c®, 

4(s-a){«-<l)={-o+l>+c+d)(a+b+c-d) 

= 6® + 26c + c® - a®+ 2ad - <P = 2 (6c + od) 

(s-a) («-d)=:56c+5ad=area RCR+areft ABD 

A 2 

r= area ABCB. 

Similarly (s - 6) (s-c)= area ABCB 


111 Let a, b, c, d be the fonr given straight hnes any three of which 
are supposed to be greater than the fonrth. 

The ades adjacent to amust be (i) 6, d, or (u) 6, e ; or (m) c, d With any 
one of these arrangements a quadnlatersl mscribable in a circle can be 
formed by ma-fang the sum of two opposite angles eqnal to two right angles 

In each case 

the area S=fJ{s - o) (s - 6) (s - c) (« - d), 
where 2«=a+6+c+d, 


and 


_1 / (db+ed)(ac+bd)(ad+bc) 

(s-< 


a){s-b)[s-e)(s-d) 

The lengths of the diagonals are 

m (i) / iae+bd){ad+bc) / (ac+6d) (a6+cd) 

\ ab+cd ad+be ’ 

. . /{ad + 6c) (gc + 6d) /(ad+6c) (a6+cd) 

' ' 'V ab+cd ac+bd ' 

f, ,1 /(a6+cd)(ad+6c) _ /(a6+cd)(ac+6d) 

^ ' V ac+ 6d V ad+be 

There are here only three different expressions, if these be x, y, z we have 
xyz= fj (ac + 6d) (ad+ 6c) (a6 + ed) , 


in I 


in 


xyz 
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112 In this case a+c = &+d=s, and A+C = 180», therefore from 
Art 256, 

8=jiJabed 

If r=radius of the insonbed oirole, 

i(ra+r6+rc+rd)=area of quadrilateral , 

2 

ijabed 

’■“1 > 
g(a+6+c+d) 


or 


ijabcd 
~ a+c ’ 

_ tjabed 
b+d * 


r9= 


abed 


(o+c)(6+d) 


113 Let the diagonals interseot in E , then 

SssBum of areas AEB, BEG, OED, X>EA 

^\{AE EB+BE.EO+EG ED+ED EA)BmO 
=^(AE+BO) {BE+BD) sin 0 
=^40 BBsinff 


114 Let those sides of the square ‘vrhioh pass through A, B meet in II, 
ABGD being the quadrilateral 

Let / GAE[=a, lDBH=zp, $ the angle between the diagonals whioh is 
opposite H 

Then a;8mtt=p, y8in/3=p . (i), 

and o+/3+d=270® 

cos (a + 13) =coB {2700 - 5) = - sm 5, 
arpcosacos/S-a^sinasinjSa: -xpsmff 

cos® a cos® /3= (p® - pcy sin 0)®, from (i) , 

from (i), a:®p® ^1 ^1 s=p< - 2p® ity sin 0 + r®j/® sm® 0 

p® (a:® - 2xij sm 0+y®) =:a%® cos® 0 

I 

115 If a, b, c, d be the sides and S the area, we ha\e 

Ss=(s-a)(s-5)(8-c)(»-d)-o6ed cos®i(A + C) 
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This is greatest when oos^(A+O)=:0, 

that is, when A + 0=180® 

The area is therefore greatest when the quadrilateral can be inscnbed in 
a circle 


116 Let 0 be the angle between the diagonals, 
area ABC .area ABD=:^ AC .AB em CAB. \bB.BA smBBA 

A! A 

1 -n-n /.I .„„emI!ABemBBA 
^^AC.BBsm0x-AB^ ^ 


= area ABCB x ^AB^. ~ sin BBA 
2 AB 

= area ABCB . area AEB 


117 Let E be the intersection of diagonals, 0 the angle AEB Then 
a^=AE--{-EB^-2AE . EB cos 0, 


c!^=ECP+EB^-2EC ELcosfl, 
J®=EJ5®+EO®+2EJ5.EOcos 0, 
d-s:EB^+EA^+2EB EAeoa0 

Subtract the sum of the first two from the sum of the other two, 
b®+dS-o=-cS=2(AE.RB+EO EB+EB.EC+EB EA)oob0 
=2 (EA +EC) (EB-hEB) cos 0 
=2/ffcoB0; 


cos 6= 


b^+d"-a?~c^ 

2/tf 


118. By Example 113, 

S=^fgsm0, 

£P=^f>g^ sin® d=i {f>g^ -/Vcos® 0) 

= J |/V- . (Ex. 117 ) 

-S = j W - (6=+ - a= - c®)=} 


119 Let AB, BC be produced to meet at P, let 0 be the angle at F, 
FA=a, FB=p, PO=y, FB=S 
Then 6==/32+73-2/37Cos d, d®=o2+5®-2a5cos^, 

/®=a®+ 72 - 2 a 7 COsff, p®=/3®+5®-2^5cos d, 

' — d®=2 cos d (j87+ 08 — 07-/3^ 

=2 cos (o -/3) (8- 7) =2ac cos 0 


T T K. H. 


12 
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i ^/{4aV - {P + - 6® - <?)*} =g ac Bm B 

=1 (o -p) (3 -7) sin ^ =i (05+/57 - /35 - av) am 0 

=:AFD+FBO- FED - FGA 
=AGD-BCD =AF1> - BEG 

120 Let BA, GB prodnoed meet in F, and let FA =x, FBsiy 
2iSf=2 (area fEO-area FAB) 

= {(a!+o)(y + c) - X7j} Bin F 

={ay +ex+ae) Bm{0+4>) 

x+a _ y+e _ b 

Bin^ ~ Bin 3 ~ Bin(3+ ’ 
a; sin (3 + ^} = b Bin ^ - a sin (0+4>), 
j/ sin (3+ =b Bin 3 - c sin (3 +0) ; 
(cx+<i2/)sm (3+^)=3cBin^+aZiBin 3-2acBm(3+0) 

S=^ {6c sin ab Bin 3 - ac Bin (3+0)} 

If/, g be the diagonals we have from Ex 119, 

P + <;® - 6® - d®= 2«c cos F=: - 2ac cos (3 + 0) 

Now /®=6 ®+c®-26ccob0, 

^2=a® + 6® - 2a6 cos 3 

Hence a®+6®+c®— <P— 26ccos0-2a6cos3s= — 2aeco8(3+0}, 

01 d®=a®+ 6®+c® - 26c cos 0 - 2a6 cos 3+2ac cos (3+0) 

121 LetjfC=:/, then by Art 217, 

4a6 sm® 5^= ( - 0+6+/) (0-6 +/) =/® - (a - 6)*, 

4cdooB®gI»=(c+d+/)(c+«f-/)=(c+d)S-/®, 

4o6 Bm®gB+4cd oos®gI>=(c+d)®- (o-b)» 

s=(c+d-a+6)(c+d+a-6)=4(s-o)(s-6) 
Again, 4a6 cos® | Esr (a + 6 +/) (a + 6 -/) = (a + 6)® -p, 

4cd sm® il)= ( - c + d+/) (c - d+/) =P-[c- d)®, 

4a6 cos® ~ B + 4cd sm® = (o + 6)® - (c - d)® 

s4(s-c)(s-d}. 


Then 


Nom 


Hence 
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122 Let JD, BG produced meet m G ; then 
AS^-GA^+GB^-ZGA GBcoaO, Cl>''-=:GCP+GBP-2Ga . GD cos0, 
AC‘=GA^+GC^~2GA GGcos6, Blfi^GB^+GIfi-2GB GDcostf, 
A(P+BD'^-{AB^^GD‘^=2{GA GB+GG GD-GA GG-GB GJ))<mbO 

=2{GA- GD) {GB - GG) cos 6 
=2AD BGcosO. 

AB®+ GJfi=AG^+B]y^ - 2AB . BG cos 0 

123 Prom Example 118 we have 

4f‘g"=(a-+e^-l^-d^)^+16SP 
Hence Irom Art 256, 

4Pg”-=: (a2+c= - 62 - d*)9 _ (a2+ ds - 6® - c®)^ 

+4a®d2+462c2- 8a6cd cos (A + G) 

=4 (a® — 6®) (c®— d2)+4a2d2+46®c®— 8a6cdoos (A + G), 
f^g-=a^^+lPdP — 2ttbed cos (A + G) 

124. Let X, y he the sides of any of the rectangles Let /, g be the 
diagonals of the qnadnlateral, 0 the angle between them , also, let f make 
with one side of the rectangle an angle a, then g makes with the same side 
an angle 0~a We hare therefore 


/sma=y, (;cos(fl-tt)=iB 



— — IS constant for all values of a, 
sin a 

1 e cos 5 cot a + sin 5 IS constant for all values of a , 

cos 0=0. 

Hence the diagonals of the quadrilateral are at right angles If B he 
their point of intersection 

a®+c®=EA®+EB®+EC®+ED®=62+<r> 

125 Let P, Q, B, S be the middle pomts of the sides Then PQBS is a 
parallelogram whose area is ^ 5 Let PQ=a, PS=p, then a and /3 are equal 

to half the diagonals of the qnadnlateral, therefore 

a+p=p, a-p=q 
Let QS=Xi, PB=X 2 

Expressmg the area of the triangle PQS in terms of the sides, we have 
\ J V(®'i+«»+/3) (a;i -0,+P) (Xi+a~P) (-Xi+a+fi) , 

a®= (a?! +p)(»i -q)(Xi+q)(-Xi +p) 

{®i®-P®)(®i®-2*)+S®=0 
Similarly, (a^*-p®) (iR,®-ff®)+5*=0 

Hence x^ and Xg are roots of the equation 

(*®-p®){a:2-g®)+5®=0 


12^2 
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1. tliontan5=i; therefore 

O 9 


tan2e=— =g=j. 

9 

3 3 1 

therefore Therefore ton“' r=2tan“^;r 

4 4 8 


2 Let 


therefore 


end cos~^^=^, 
sinds^, and ooBd=^, 

i3 2 

1 lO 

cos ^= 2 , and Bm^=5^ 


1 3 

Therefore Bm(d4-0)=8indoos^+ooBOBin^s:| 

3 8 

3 Let Bin“^g=o, and sm“^^=/5, 
then ria«=|, «‘>s«= y/(l - = 

and am/J=l, 0°=/?= - ^) =g; 

therefore ^{a+/3}=Bina cos^+oosa Bin/S 

3x16 4x8 45+32 77 


‘6x17^6x17“ 85 “85’ 


therefore 


.+^=Bin-g. 


4 Let a=tan”'9!, and /5=oot“^a:; 
sn tana=«, and oot/3=x; therefore tan/3=-. 


«+ - «+ - 


tan(a+fl)«i25^±*5^^= 2 2 

' l-tanatan/3 1-1 0 


Thus ton (a+/3} is infinite 
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o Let tanr^irsa, tan“^ 5 =/S, tan~'i= 7 , tan~^ 5=5 

O 9 I O 


Thus 

tano=i, andtan/3=|; 
o 0 

therefore 

1 1 

. , ... iana+tan^ 3 ”^6 8 4 

^ l-tanatan/3 _ 1 1 14 7 

S^5 


11 

And 

. - . „ tan 7 +tanS 7^8 15 3 

tan( 7 +«) i 1 55 ll* 

^ 7^8 

Tho. t«»<.+?+7+a)- “ 

^ • 1 — taii(B+/3) tan( 7 + 8 ) _ 4 d 

7^n 

therefore 

a+^+7+8=|. 

G Let 

tan“^as=5, and tan”* 6 =*^, 

then 

as=tan5, and 5=tan^, 

and 

tanW ton<?-tan^ ^ a-5 

^ l-t-tan 0 tan^ l+a5 

Thus 

tan”* ^ — ^=tan~* a - tan”* 5 

1 +ao 

Sunilarlj 

tan”* —— =:tan~* 5 - tan”* c. 

1 +OC 

Therefore 

1 tan”* 7 p— ^+tan”*.^^=tan”*a-tan”*c, 

1 + 00 1 +oc ’ 

and 

' 1 + 05 +^“ 


t=tan-ii, /3=tan-i|, 


tan3a= 


Stana-tan^a 

I-Starfa 


7 7» 146 73 

' 3“322~16l' 

7* 


7. Let 
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l+i 


tan/StanY ^ 

8x26 


29 

‘77* 


1 s tfln8a+tan(S+7) 161 

tan(3a+/5+7)-j_j^g^j^j-_^ 


73 .29 


tan 09+7) . 73 M 

161 ^ 77 


10290 _ 1029 
“ 10280 ~ 1028 


tan 


^3tt+^+7-|^ = 


1029 - 

tan {Sa+p+y) - 1 _ 1028 _ 1 

l+tan(8«+/S+7 ) 1029 “ 2067 
1028 


8 We see as in the aolution of Example 6 tbat 

tan”^ {(^2 + 1) ton o} - tan"^ {(V2 - 1) tan a} 

i (^2+ 1) tana— (V2-1) tana 
1+ (V2+1) (>/2 - 1) tan* a 

=tan~^- =tan~^ (am 2a). 

l+tan*tt ' ' 

9. tan(9~o)tan(9-^)=tan*9. 


iheiefore 

therefore 

therefore 

therefore 

therefore 


Bin(9>-g) Bin (9-/9) l-cos2g . 
oos (9 - «) oos {e~-p)~ l+oos2^ ' 

coa(tt-/3) -oo3(29-tt-/3) l-coa20 
OOB (tt - /5) + ooa (29 - tt - /3) “ 1 +008 29 ’ 

ooB (a- p) oos 29 scob (29 - a - p) 

=008 29 OOB (a+/S) +Em29 sin {a+p) , 

tan 29 Bin (a+^) =cos («- /9) - oos (a+/9}=2 sin a Bin /9, 

. 2sinaBm/9 

tan 29= ?— rsr t 

Bin(a+/9) 

. ,2sinasm/9 

29=tan-i 

sin (a+j8) 


therefore 
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10 Let a=cOB~^ nud p=coscQ“^^^~, 


tllGll 


9 , 1 

COB < 1 = . nnd 8ina=— — i 

<v/(82)’ V(82)’ 




cos/ 5 =- 


Tbcrcforo 


Therefore 


V(41)* “"•'''"^(41) 
cos (a + /3} a cos a COB /3 - Bm a Bin /} 

45- 1 41 1 

~ V(82) X V(41) 41 s/2 ~ y/2 * 

«+p=r 


11 

Let o = 8in~^^, /J= 

-1 6 

8 m»jg. y= 

-tic 

C5’ 

then 

4 

sma=7, 

0 

^ 6 

Bm/5=5g, 

1C 

and 

3 

cos as- , 
0 

a 12 
COBp=jg. 

G3 

C08y=^ 


Then 

tiros 


Bin (o+/S) =Bm tt cos/S+coB tt Bin/Sss^^i^ss^ 

uu 65 

sin (a +/3) a: cosy, bo that o+/ 9 + 7 =s?, 

iS 

i=ton~* i. 


12 IiCt o=ton~* and /Ss=ton“i^. 

3_ 1 

3taua-tan’a 4 4* 47 


ton Sa=- 


l-3tan»tt 


tan( 8 «+p)=i^!^±*^= 
' l-tan3atBnfi 


' 3 .~ 62 ' 

^“ 4 * 

47 


tan p j 47 


52 20 992 

“■ 993 ' 


52x20 


Again, lot 7 =tan“ij~ , 41 , 5 ^ 


,/ir\ 1985 1984 992 

tan =-—=^- 5 . 3 ^ = 

■*■1985 

3 tt+^=^-y. 




Therefore 
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13 Lot 0=tttn~^ 


26-tf 

av3 ’ 


2a— & 2 &— 0 

.. . ,a , b\/3 a\/i a {2a~i)+h{2b—a) 

then tan(^+0)- ^^a.-b){2b-a)~ Sab-{2a-‘h)(2b-a)^^ 

3a6 

2(a«+6-)-2a6 

~2(a*+6-')-2a6''^“'^® 

Thus 0+if>=s^. 

14 Let tan“*a=tf, and tan“^o*=:^ 

2a 

Then tand=a, and ion 2d =- j. 


tan(d+0) = 


lA) (UA(A bUOA *11/ - . • 

1 — 

tand+tan0 a+a^ a 


AXOV IICI.U IV T VI — r r" "/IX = 4 =s = ■ ■ ■■ a • 

l-tandtan 0 l-o* l-o® 
Therefore tan (2 tan~*a) =2 tan (tan“i a+ tan“* a®) 

16. Let tan”^ Q ton 24^=0, then tnnas:gtan2A , 

tan'i (cotA)=/5, then ton^=cotA, 
tan“^ (oot® A) = 7 , then tan 7 = cot* A 

Thns tan(p+ 7 )=j- ° 4 ^ - t*f r ^ coU 

^ '' l-tan/ 3 tan 7 l-cot*A l-oot-'j 


tan A 1 

= ti^ITI=-2ta“2A=-tan«. 


Therefore tan(a+/3+7)=j?^±^-|^j=0. 


Thns a+/5+7=0 

16 Let coBr^~=0, then cop 5=?. 

0 b 


tan(f-|)+tan(j + |) = 


l-tan| l+tan| 
l+tan| l-tang 



XVII INVERSE TRIGONOMETRICAL EUNCTIONS 185 


^l-tan0 +^l+tan|^ l+tan=| 




1 i 9 ^ 9 ^ 

l-tan®^ C0B®2-Bm®2 


2 26 

~ 00 Bfl~ a ‘ 

17 Let taii“ix=®> then tantf=?, 

0 o 

,0 1 2 2 

cosec 2 1 - cos ^ b 

®“2 


2v/(g«+6«) 

■V(a^+6^;-6 


^y/{a^+h=) v'(aa+B*)+6 2(o*+BS)+26v/(a=+6®) 

• - > 


V(a*+ 6S) -6 V(a®+6^) +6 

therefore 

Let tBn~i-=^, then tan 0r=- 


^coseo®^=a (tf+B®) +aB V{«®+6®) 


1 2 2 - 2V(a®+B®) 

2 . ,0 1+COS0 , . a V(®®+&®)+® 

2 ^■*'V(a®+60 

2V(«®+6®) ^,y/{a*+lry-a 2faS+6®)-2aV(a®+6®) 

“V(a®+6®) + o’' V(‘‘*+5-)-« 6'' ’ 

therefore 2 seo® 2 = b (o®+B') - oB V(«® + &®) 

Therefore ^z^osed®^ + % Bec®^=(a+B) (a*+B®) 

/l A A A 

-o ^ ,» JT 

18 Bin *a:+Bin 1^ = ^, 

therefore 8m“^s = v — sin”^ x 

2 4 

Take the Bines of both sides ; ihns 

|=Bin ^j-Bm“®a!^=Bin j .V(l-®^)“Cos^ x 

_V(l-*®)-a: 

V2 


therefore 
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therefore 


therefore 


therefore 

*9(6+2 V2)=2, 

therefore 

2 2 6-2V2 

“^"6+2V2 6+2 Vi*B- 2 V 2 


19. We sliall first shew that 8m~i 


2a 

T+tf* 


=2 taii“^ a 


2 tan B 2a 

Let tan“^a=5, thentan0=a, and am 2g= ^ e ~ i +>i.a » 


therefore 

Similarly 


sm~ 


am' 


-1 


2a 

1+a* 

25 


=2d=2tan“^a 

=2tan“^6 


l+fi® 

Hence the equation may he written 

2 tan“i a + 2 tan“^ 6 =s 2 tan~i ® ; 
therefore tan~^aj=tan“* a+ tan“* 6 

Take the tangents of both aides , thus 

a!=ton (tan“^a+tan“^&)=jp^^. 


20 Let tan~^ (9!-l)=o, tan“^!c=/5, tan~^ (*+l)=7. 

Thus tan~^ 8 *=o+/5+7 

Take the tangents of both sides, thus 

o i ^ tano+tan/S+tanY-tanatanjStany 

da-tan (tt+^ +7J - ^ _ ton/J tan7- tan7 tan o-tan a tan/3 

3a-g(g*-l) da-a? 


~1— «i(*+l) — (*+ 1) (as- ~ 2 -dr* * 
Therefore either x=0, or 3(2— 3a’}=4— the latter gives 8a^ 
therefore as*— i; therefore as=±|. 


21 sin~^2a:— Bm“ia5\/3=mn~^as. 

Take the smes of both aides , thus 

2a: V(1 - 3*=) -a: V3 >« V(l-4a:*)=as. 
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Thus either *=0, or 

Traospose, thus 2V(1 — 3»®)=l+V35<V(l“4a^ 

Square, 4 (l-3a?)=l+2 VS x V(1 - 4a?) +3 (1 - 4a:*) , 

therefore 2 V3x V(l— 4 a !®)=05 

therefore 1— 4a?=0, therefore a5=±g 

22 tan"*i+2taii~*i+tan”*i+tan“*-= 5 
4 o 6 a; 4 

Let tan“ii=o. tan.“ii=fi, tan“*^»y 

4 o b 


Thus the equation may be mitten 


therefore 


Now 


therefore 


Hence 



tan-ii = j-(a+ 2/3+7), 

1 _ 1-tan (tt+2j3+7) 
as ~ 1+tan (a+2|3+7) 


tan (a+^) 


1 1 

X , 6 ■*'6 11 

tan(p+7)=-^=^, 

tan(«+^+M=-^^=S5. 

^ 19’^29 


m 

1 452 

5- «0' 

^452 


IS 

922° 


23. Let tan~*as=0, then tan 0:=x, cot20= 


461 

1 1-a? 

tan2tf ” 2x 


Thus the equation may he written 


1-a? 
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1— a* 

Now since 2cos~*— ^ — has zero for its sine, the angle mnst he of tho 

form nir, where n is zero or some integer. ^ 

m, A ,1-ai^ ,, , l-jc® nir 

Thus 2 cos ^ =nir, therefore cos ‘ — ^ s= -g- , 


therefore 


1— «* nrr 

“IsT'Oos-g- 


Smcenis zero or an mteger we have cos^ =0, or 1, or —1 

40 

If thena=±l 

2a 

1— a® 

If — ^ 5 — =1, thena®+2a=l, and from this wo deduce a=-lJ: ^2 
1— a? 

If = - 1, thena®-2a=l, and from thia we deduce a=ldb^/2. 

24 tan~^— ^=tan~^-+tan~^ , ^ 

a-1 a o®-a4-l 

therefore tan~^ — - tan“^ - = tan“^ ^ _ . 

X a®-a+l 

TaLe the tangents of both sides ; thus 
1 1 

0-1 a 1 
, , 1 “o*-a+l’ 

(a-l)a 

therefore — — = ___1 — 

oa-a+l o®-a+l 

therefore (a-o+1) (o®— a+l)=oa-a+l; 


therefore 


therefore -a^+a(a®+a) — a®+o®— a+l=aa-a+l; 

therefore a®-a(o*+l)+aS-a®+a=0 

By solving this quadratic in the ordinary way we obtom »=o or 
o® — 0+1 


25 seo0-coseod=:g; 


therefore 


_1 ^^4 

cosff*"Bm0 3’ 


smd-oosd=^ smd cos0=^ sin 29 
o 3 


therefore 
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Square, tlins 


1 — sin 20=5 ran* 20 

7 


By Eolving this quadritio in the nsnal iray wo obtain Em20=^, or - 3, 

3 

Iho former vftlno is alone applicable Tbns Bin 20 =^ , 

3 13 

therefore 20=Bin“^j, therefore 0=gSin”^j. 

26 Em{jrco3fl)=cos(r sinO), 


therefore 


I - r cos 0^ = cos (r sm 0). 


Hence, by Art C7 the eolntions are comprised in 
5 — *• cos 0 =2n IT A w Bin 0 , 


therefore 


Sqaaro, thus 


cosO±BmO=^-2n 


l:l:6m20 


20=Q-2ny 


II wo giro to n any integral toIuo, positiTO or negatiTC, tho %nluo of Bin20 
is greater than nnity Thus wo mast have n zero Then l±Bm20=^, and 

3 3 13 

therefore Ein20= thus 20= ±6in~^5-, and 0= Bm“^7 

4 i z % 

27. Lot j!'=Ein”^(sinO+Bin^)+Bin“^(HmO-Bm^) 

Toko tho cosines of both sides; thus 

cos 'p—tjl — (am O+sm Jl - (sin 0 - sin <^)* - (sin 0 + am (sin 0 - sm 0) 

= 1 -i-2sm0sm^ /\J 1 - i+2 BinOBin^-(smSO-Bin*0) 

= I - 4 Bm* 0 Bin’ ^ - (Bin’ 0 - sin’ 

Kovr i=Bin’0+Bin’^, therefore j=(sm®0+Bin’^)®, 


therefore 


j - 4 sin® 0 sin® (sin® 0 - sin® ^)®, 
cos ^ = -t (sm® 0 - sm® <p) - (sm® 0 - sm® 


Taking tho tipper sign wo have cob^=0, and therefore ;l'=(2n+l)5 , 

A 

where n is any integer 
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Now let 


thentene=^. 


., , . a- 2 +n/3~(2+V3)8 3(2+V3)®-1 

therefore tan 33 ^ ~ (2+V3)*-3 (2+^3) 

(2+V3)’ 

therefore 33=tan-i 1. 

This xaight alee have been inferred from the fact that 

^^=tanl6«=tan^, bo that 3=^ 

The equation may now be written 

tan“' 1 - tan~' i = tan~^ i 
3 « 

Take the tangents of both sides , thus 

id ‘ 


therefore 


- = i, therefore ®=2 

SB JS 


29 Let Bin-i^(^)=3. then sm 3= , 

m cob 23=1-2 Bma3=l-^-^^ = °~-.~^^ 

o+c a+e 


23=cos“^ 


c— o— 26 


Thus the proposed erpression is 

26+0— c ,0-0—26 

sm 1 db cos * 


that IB 

when p IS put for 

^ 0+0 


“ s wo ■■ • 

0+0 o+c 

Bm~^P± 003“^ { -p) , 
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Now cos {sin“'picos“^ (-p)}=! -p VU -p®); 

thus zero is ono of tho values of tho cosino, and the corrcspouding an^o is 
an odd multiplo of ~ 


SO. 


tan~* X + cot"' y = tan"' 3, 


therefore 


tan"* X + ton"* i =5 tan"* 3 

y 


Tako tho tangents of both sides, thus 


thcitloro 

therefore 



y 


3(!/-x)=yx+l, 

.3y-l 3y+9-10 _g 10 

2/+3 “ y+8 ~y+3 


Thus if X and y nxo to ho positive integers y+3 must be n divisor of 10 
Try in succession tho various eases, namely y+3=l or 2 or 5 or 10 It 
will bo found that tho only admissible coses oro y+3=s5, and y+3s=10 
Theso give yr!2 or 7, and tho corxcspondmg values of x aro 1 and 2 


31 tan"* X + tan"* y = tan"* e 

Take tho tangents of both sides, thus ^ ■■ce, 

i 

^ ^9/ 

therefore x+y=c(l-ay), therefore x=£ ^~ ^ 

It IS obvious that if e and y arc positive integers z is cither a positive or 
negative jiroper fraction, and cannot bo a positive integer 


Next take cot"*a6+cot"*ys=cot"*e 


Tal.o tho cotangents of both sides; thus — — ^=c; 

z+y 

therefore a^-ls=c(z+y), 


therefore 


X=! 


cy-f 1 cy-c*+c^+l 


=c + 


y-C 

<“+l 


y-c 


y-c 


Thus if a denote any divisor of c®+l wo may put y-e=:a, so that 

y=5C+o, and then a;=e+ — — 

a 

Hence wo see that there are ns many solutions in positive integers as 
there are divisors of e*+l 
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_ , ‘'-a 


32 tan~^^^— =taii~^--tan~^— , 

Cjy+x y 

as in tho solnhon of Example C 


Sunilarly 


and so on 


tan"i-^^ — tan~^ — — tan"^ i , 


+ 1 


c. 


toii-i 3 ^8 .— tan“^ — - tan~^ — 


C,Co+ 1 


Cs’ 


Thus the sum of the terms on the nght-hand side of the proposed 
expression is 


33 

_ . , 2aJ j 1 2o'6' 

Let and 

then 

2ai , 2a'J' 

therefore 

, o*-5® , ^ o's-j's 

"“^=o-+6^’ 

therefore 

sm(^+0) = 2»6(«'=-n+2a'6'(a®-6®) 

' (o®+6»)(oa+6'=!) 


2a6(o'3-ys)+2o'6'(a*-ft®) 2 fa5'+o'6) (oo'-660 

~ (ay+o'6)®+(ao'-6J')5 (a6'+o'6)=+ (oa'-66')S’ 


therefore 


d+^=sm-i-^^ , 


where p and q are rational expressions 

2o"6'' 

Then if there he another angle we may denote it by rj/, 

€L "rO 
^T8 

then sin {(9+^)+^} will take the form ^ . ,, where r and t are rational 


And so on 


V+s® 


34 We may take for the simplest value of sm~^ ‘ ' the angle ( - l)"* 7 r 

as IS evident by supposing m first even and then odd This will be the a of 

Art 66 , and the general solution is jMr+ (- l)"o, that is njr+ (- 1)"*+"5 

6 


XVIII ailSGELIiAXEOUS EXAMPLES 


193 


For the sme of tins angle 

=Eininrcos |nT+(-l)’*^| + co3m5rBin |njr+(-l)"g| 


=sc03mrEUi |j«s- + (-l)*‘^|=cosTOTX^— • 

X T* 

C6. If m bo oven tbo valno is cob-* 5 , that is 2aT-±- 

If m be odd the valno os cos”* ^ 2ns-±^ir + ^ . 

Both forms may bo compnsed in {2p+tR)jrdb^, where p is any integer 

O 

For 2nr±|^ consists of an ctien mnltiplo of t angmented by ±~, and 

o o 

2na-sb^w+^^ consists of an odd mnltiplo of w angmented by 


3C If jn bo oven tho value is tan-*l, that is ti7r+^ 

a 


If m bo odd the valno is tan”* ( —1), that is nr- 
Both forms may bo comprised in nr+(— 1)” ^ 


xmi 


1 In tho ilgnrc of Art 266, let tho angle P/fBs=45® -A, then 


/.PBA=i5°+A ; z CPilf=90’- /.PCM=Q0^-2 /LPAB-2A, 


tan (46° A) - tan (43“ - A) = 


PAI PM 
2IB MA 


PJI/= 
PM MB 


PM^ 
PM MA 


_A2I.MB AM MB MA-MB 2CM 
PM MB~PM.MA~ PM “ pjjj 


2 Let PAG be an angle of 45°, draw BC at right angles to AG, produce 
GP to P, join AP and draw PiV at right angles to AP prodnccd. 

T T K.H 


13 
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Let AO=b=BG, GP=a Then BP = a -6, therefore 


PN=BN=:'^-^, also AB=s^, therefore 

^/5 ^/2 V2 


. « . „ PN a-b 

tanPAN=-77r-r= —rr> 
AN a+b 


and 


tanPAC=fg=f 


since /jBAC= I PAG - I PAN, 


V . .a . a — b 
7=tan-^ tan-i — 7 
4 b a+b 


3 From I and Ij the centres of the inscribed and escribed circles of 
tiiangle ABG draw IX, IiX^, and IF, I^Y-i perpendicular to AB and 
lespcotivoly By Chapter m , AX=t~a, AA\=«, GY].=s-b, CF=s-c 


Now 


AX tan 4 =IX=ir = OFtan ^ , 

A a 


^A'l tan |=IiA'i»IjFj=: CFi cot ^ 


multiplying, 




s(s-o)tan2-g-=(s-6) (s-c) 


4 Throu^ B draw BP cutting AG produced in P so that the oi 
GBP=0, then the angle ABP^B + 0, APB = G-6 Draw AF, CQ per] 
dioular to BP, and GN peipendicular to AF 

BG=:BF+FG=BF+HG 

Hence BG cos B~BA cos (B + d) + /I C sm FAP, 

or aoosd=:ccos(B + d) + bcos(C-d) 

6 Draw straight lines ON, OPi, OPj, OP„+i so that 

LPiPN= tPnOP-i= iP^OP^— =0 

Let NPjP« P„^j be a straight hue perpendicular to ON, cutting tl 

OP 

hnesinN,Pi,Pj, P„+j Then lP,ON=ra, and sec ra=-^j^. Hence 
sum of the given series 

= (OPi OP„+OP„ OPa+ 

OPssma+ioPs OP3Sina+ ) 
=^^(^iOP,+AP,OP,+ 
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~smtt ON- 

W- 

emna sec(n+l)a „ , . o 

= i — =2smflasec(n+l)acosec2a 

sin a . cos a 


6 In a circle whose centre is O place n eqnal straight lines AB, BG, 
3IN, each subtending an angle /3 at 0, and let AB make an angle a with a 
straight line AX The extenor angle between successive sides is j9, so that 
BG, CD, 2IN make angles a-*- /5, a+2j8, a+n— 1/3 with AX, therefore 

the snm of the projections of AB, BG, MN on AX is 

AB {coso-i-cos(a-‘-/5) + cos (a-i-2jS)+ j-cos (it+Ti-l/S)} 

This mnst be eqnal to the projection of AN on AX, namely AN cos NAX 
Now /.NOA=np, /N’OE=(re — 1)/3; 

therefore / NA B = ^ (n - 1) and l NAX=a + ^ (n - 1) j8 


From the tnangle ABN ( whose angles NAB, ANB, NBA, are 5 (n - 1) /3, 



we have 


AN=AB 


sin|n/3 



the given senes = 


1 „ 
em^np 

. 8 
Bin| 


cos NAX 


^a+|n- 1/5^ sin^n^ 


7 If a chord of a circle of radios Jt subtend an angle 0 at the circnm; 
ference, the length of the chord is 2Bsin 0 

Let ABGD be a quadrilateral inscnbed m a circle, let lABD=a, 
/.DBG=p, LBAG=y, then / (7AI)=/S and /A2)B=7--(«+/3+7), BD, 
AG subtend angles p+y, and a+p at the circumference 

Now by the proposition 

AC BD=AD BG+CD AB 

2Bsin(a+^) 2Bsin(^+7)=2EBino 2RBin7+2Jisin/3 2Esm(a+/3+7) 

13—2 
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Eext Bappose that BD is a diameter Then 

AB^BBooaa, CJ)=JSjDsm/5, AD—BDima, BC=BDcoap, 
and ^C=2Esm(a+/3)=BI)8m(a+/3) 

' Substituting these we obtain eq.nation (u) 

8 sina+sm/3+Bin7-Bin(a+/3+7) 
=2sin|(a+/3)oos|(a-|3)-2ooB| (o+j3+2y) sing(a+i3) 

= 2 sin + /3) |oos i (a - /3) - oos i (o + /5 + 27 )|. 

=4 Bin i (a+/3) sin^ { 0 + 7 ) sin g (/S+ 7 ). 

( I ) Put tt+/ 3 + 7 =ir, then 8 in.|(j 3 + 7 )=sm 
Hence we ohtam tlie result of Ex. 16, Oh. Tin 

( II ) In the last result put ir-a for o, 5 r -/3 for /3, ir -7 for 7 (this may 
be done since the sum of the three angles is still v) This ^ves Ex 17 

(in) For a, /3, 7 write 2A - g, 2B-g , 20- g, then a+^+ 7 S 5 g , 
smg (/ 3 + 7 )= 8 in ^J3+0 - g^= 8 in -il^=ooBil This gives Ex 18 
(it) For a, ft 7 wnte ^,^,2, then a +/3+7=| . and 
Bing(/ 3 + 7 )=sing^g-^^ This gives Ex 22 

9 (i) sm3^=3sin^-4sm3ii, 

3 

• sin®.<l+sm®B+ 8 in® 0 = j (smil+sinB+Bin 0 ) 

. - 1 (sinS^+sinSB + BinSO) 

=3oo84-oos5oos^+oos^oos^oob^. [Oh. VIII, Ex. 16 and 32] 
(ii) 4 sin* 4 = (1 - COB 24)® = 1 - 2 cob 2 A + cos® 24 
= 1 - 2 cos 24 +5 (1 + cos 44), 

sin* 4= 5 (3 - 4 cos 24 +cos 44), 

D 

and similar expressions for sm* J5, sin* C may bo written down. 
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From Ch. Yin , Ex. 18 and 19, 

cos2ji-J-cos2B— cos2Cf= — 1— 4cos.<lcosBcos(7, 
cos44-^cos4B->-cos4C7= — l'^lcos2.i cos2B cos2(7, 

. 8in^.4—sm*jB-*-Ein*<7 

:= 2 (9 — 4'»-16 cos -1 cos B cos C - 1 J-d eos 2il cos2jB cos 2C) 
8 ' 

3 1 

=i- ■J-2cosAcQBBcosC-i-^cos2Acos2BcQs2G 

10 Hnltipljing ont, the iigh£>hand side 

= 22 sin a 2B (sm /5 cos y 4- sin 7 cos^) 2S sin a cos a 
s=2SBma-*-2ZBm sm 2a 

=:22Eina— 22Ema-L2sm 2a 
s:2Em2a. 


11 See Ex. 12, Ch vm. • 

12 Since (/J-y)— (7-a)-i-(a— /5)s=0 we have, as in Art. 114, 

tan (P - y) + tan (y - a) + tan (a — /5) = tan (/? - y) tan (y - a) tan (o - /S). 
Snbsbinte this and transpose ; we have to prove that 
tan (p - y) (1 tan |S tan y) + tan (y — a) (1 + tan y tan a) + tan (a - /5) 

(1+tan tt tan /5)=:0, 


or, since tan (/5 - y) = 

’ ” 1— tan^tany’ 

that tan/l-tany-s-tany-tana~tantt-tan^=0. 

13 PutsmSasa-, 6m®^=lr, 6m®ys=c*; 
then cos4as:2 cos® 2a - 1=2 (1- 2aS)S- 1=1- 8a®+8a<, 


sm (/3 — y) sm (/I y) = sin® /5 — sin® y = 6® — c* 
the left-hand Eide= (1 — 8a® -t- 8a*) (ir — c®) two similar terms 
=8 {a* {i2-<r0 {c=-a=)-Hc' (a®-y^} 

= -8{6=-c®)(e®-aS) (tt=-6*) 

= -8sm(/S-y)Bm(jS-ry) Bm{y-a)8in(yf a) Bm(a-/S)sin(a-f/9) 


14 LetEin(^-ry-a)=a, sm[y+a-f(j=b, Em(tt-{-p-y)=c 
2 cos o . sin (/3 - y) = sm (a-t-y? - y) - sm (a - /S-}-y) = c - li 

C032 (fi+y-a) Ein(^-y}cosa-i- 

= 1 {l-2a®) (c-b) ■‘-i(l-2b®) (a-c) -i-|(l-2c®) (b-a> 


=a® (6 - c) b® (c - a) -r c® (o — b) 

= -(a-b)(b-c)(c-a) 

=8Ein{3-y)sm(y-a)Em{tt— p)coBaco3/3cosy, from (1) 


.( 1 ). 
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16 The left-hand side = S sin « (sm® a -h em- /3 + sm® y - sm® a) sin (^ - 7 ) 
= (sm® a + sin® /3 sm® 7 ) S sin o sm (jS - 7 ) - S sin® a sin (jS - 7 ). 

Noyt 2Bmosin(j3-7)=0 (Oh viii , Ex 8), 

and - S Bin® a sin (/3 - 7 )= j S (sin 3a - 3 sin a) sin (/3 - 7 ) 

1 3 

= jSBin3aBm((3-7) -^SBmttBin(/3-7) 

= issin3o sin(/S-7)=gS{cos(3a-/S+7) — cos(3tt-f/3-7)} 

Add up the various terms m this expression as follows 

COS {3a — p+y) — cos (3/3-J-7— o)=2 sin ( 0 +^+ 7 ) sm (2^ — 2a), 
cos (3/3 - 7 -^ a) - cos (37 o - /3) = 2 sm (a -l- j8 + 7 ) sin (27 - 2/9), 
cos (87 - o-t-/3) - cos (3a +/3 - 7 ) =2 sm (a-f/S-f 7 ) sm (2a - 27 ) 

Thus we ohtam, - S sm® a sm {/8 — 7) 

= j sm (a + /9 -f- 7 ) {sm (2/3 - 2a) ■+ sm (27 - 2/9) sm (2tt - 27 )} 
=sm(tt-)-/ 9 -l- 7 )sin(o-/ 3 ) sm(/ 9 - 7 )Bm( 7 -a) pSx 3, Oh viii] 

16 oos(a-9)cos (o-^)=i{cos(2tt-9-0)-l-cos(9-0)} 

= 5 COB 2a cos (9 +^) +5 sm 2a sm (9-{- cos (9 - 0) 

smce Z(8m2/3-sm27) = 0 and 2Bm2a(8m2/3-Bm27)=0, 
the left-hand side is 

= i cos (9 -^ 0) {cos 2a (sm 2/3 - sm 27) + cos 2/3 (sm 27 - sm 2a) 

A « 

-t- cos 27 (sm 2a - sm 2/9) ) 

= |oos (9-f0){sm2 (/3-a)-^sm2(a-7)-^-Bm2 (7-/9)} 

= 2cos(9-j-^)sm(a-/9)sm(/9-7)Bm(7-a) (Ex. 3, Oh vm) 

17 Multiply out the factors on the left-hand side and notice that 
wherever the product of two cosines occurs the corresponding product of 
two smes also occurs , combimng these, we get 

cos 3a - 1 - cos (a + 2/9) -h cos (a -t- 27 ) - cos (tt -f/3 - 1 - 7 ) - cos (7 -h 2a) - cos (2a + /9) 

-I- cos (2a+/3)-i-coB 3/3-)- cos (27-)-/3)-cos {2p+y)-aoa (tt-l-^- 1 - 7 ) -cos (a-)- 2/3) 
-)-oos ( 2 a-)- 7 )-fcos (2/3 -h 7 ) -f cos 37 -cos (/3 - 1 - 27 ) -cos (27 -fa) -cos (o-)-/ 3 -)- 7 ) 

s= cos 3a -f cos 3/9 -i- cos 37 - 3 cos (a -)- /3 -f 7). 
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18 By Ex. 8, smac+Bm j/+Bme-Bin (x+2/+") 

= lsmi(y+r)fimi(s+fl:)Bmi(a:+y) . (1) 

Also l+cos(i/-r) + co3 (c-a-)+cos(a!-i/) 

=2coB2^(y-r)+2coai(£-i/) cob^ (s-2T-»-y) 

= 4cosi(y-r)cosi(s-ic)cosi(*-i/) ' (2) 

Since 2Bmg(i/+r) coS 5 (y-£)=BUiy+smr, 

the prodnet of (1) and (2) is 

2 (sin y+Binr) (eins+sinx) (am x+Biny), 

Hence, putting sm f Ac , the nght-hand Bide of the given identity is 
3(fl + f»-*-c)-4{(a-‘-li+cP — 8(i+c) (c+fl){a+b)} 

= 3 (a + 1» + c) — 4 (a* + li* + c®) 

= 3a — 4n® + Sh — 4l>® + 3c — 4c® 

:= Bin 3x + Bin 3y + Bin 3i 

19 (sm A T COB A) (tun B + cos B) (sin C + cos 0) 

= Bin A an B Bin C+cos A cosB cos C+2 sm A cosB cos C+Ecos A sinB an C 
=: 2 Bin A Bin B sin C + 2 cos A cos B cos (7+Bin(A+B+(7)-cos(A+B+C), 
by Art. 113 

If A+B+C=(2Hi + l)ir, sin (A+B+C)=0, cos (A+B + (7)= - 1 
If A +B+ C— 2j7iT'+'g , Bin (A -i'B'}* C)=l, cos (A+B+C)5=0 
If A+B + C=2mT, 6in(A4 B + C)=:0, cos(A+B+(7)=l. 

If A+B+(7=2m7r-^ , Bin (A+B+C)=: -1, co8(A+B+C)=0. 

20 An equation holding bctucon the Bines and cosines of the angles 
A, B, C of any triangle depends on the condition that the Bum of A, B, C 
shall he equal to r, therefore tho equation 'vnll hold if \ic Buhstituto for 
A, B, C three angles nhoso sum is r 

Kow tho Bum of ir-2A, ir-2B, ir-2(7i8 ir, therefore wo may Bubstitnte 
IT - 2A for A , Ac Since cos (a- - 2A)= - cos 2A , and Bin (tt - 2A) = Bin 2A, o 
may sabstituto 2A for A, Ac., provided wo change tho sign of tho coancs 

Again, tho sum of tho angles 25r-6A, 2a--5B, 2ir-5C7 ib it; therefore 
tho equation mil hold if wo substitute 27r-6A for A, Ac , that is, Binco 
Bin(2ir-0A)=-6in6A and cos (2ir-5A) = cos0A, if wo substitute 6A for 
A, ao , and change tho Bigns of tho Bines. 
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Smca 8m2A+sm2E+sin2C=4BmAsmN8mC (Ch vin , Es S3), 
^rc have by the above argument, 

- sin lOA-smlOJB- Bin 10(7= -46m6Asui5JBsina(7 

_ , 5ir+A - 5r+JB Ssr+t? 

Lot a , p— gj , y — gj , 

then a +p+y= = -g , 

cot a+cot /3+oot y=cot a cot j3 cot y 

21 If in any identical relation \re snbstitnte for A, S, G 

2nir -pA -qB- rG=A\ 

2nn- -qA—rB —pG=B\ 

2mr — rA —pB — qG=^G’, 

the relation mil bold provided A'+B'+ G'=v , 

that IS, if 6mr-(p+q+r)v=v, 

or if p +5 +r+l IS a multiple of 6 

Smce Bm (2nff -pA -qB- r£7)= - sin (pA + gS +r(7) 

and coa{2nw-pA-qB-TG)=: co8(pA+gB+r(7), 

vre may sabstitute pA+qB+rG for A, &o , provided we change the signs 
of the smes 

Agam, for A, B, G sabstitiite 

{2n+l)5r-pA-gB-rC, (2n+l)sr-gA-rB-pC, (2»+l) ir-rA-pB-g(7, 

the given relation will hold if the snm of these angles is tt, 

that IS, if (6n+3) ir— (p+g+r) 7r=sr, 

or, if p+g+r— 2 IS a multiple of 6 

Since cos{(2n+l)ir-pA-gB-r(7}= -cos(pA+gB+rO), 

we may substitute pA+qB+rG for A, &o , provided we change the signs of 
the cosmes 

In the formula tan A +tan B+tan (7=tan A tan B tan G, wnte for A, 

2A+|b+|( 7. forB, |a+2B+|c, for C, |a+|b+2C 

Here p+g+r+l=6, so that wo must change the signs of all the smes 
Therefore the identity given is true 

22 4 cos (B - A) cos (S - B) cos (S-C) cos (S - D) 

= {cos (C+I))+cos (A - B)} {cos (A +B) -^cos (C - B), 

4 sm (B- A) sm (B-B) sm (5- G) sm (B -B) 

={co8 (C+B) - COB (A -B)} {cos (A+B) - cos {C - B)} 
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Add these , the right-hand side 

=2 COB (C +D) cos (A -t-B) +2 cos {A - B) cos (C - B) 

=2 (cos C7 cos B - sm (7 sin B) (cos A cosB-smA sinB) 

-t- 2 (cos (7 cos B -{- sin C smB) (cos A cos B-{- sm A sin B) 

= 4 cos A cos B cos C cos B -i-4 sm A sin B sin C7 sin B. 

23 In Es 22 pnt B=A+B + C, S=A+B + C, S-A=B-}-C, &c 

Then the identity of Ez 22 reduces to that regnired 

24 cos a cos /3 sin y sin 3 - cos 7 cos 3 sm a sin /3 

= i {cos (a-0 )+ cos (a-f /3)} {cos (7 - 5) - cos ( 7 -f 3) } 

- j {cos (a - /3) — cos (a -h/3)} {cos ( 7 — 5) + cos ( 7 + 5) } 

= i {cos (o -J- 0) cos (7 - 5) - cos {y+ 0 ) cos (a-0)} 
s^cos (a+0} {cos( 7 - 5 )-co 3 (nTr- a-0)} 

= cos(tt-J-/S)Bmi(nn— o+/ 3 - 7 + 6 )Bini (n 7 r-a+j 8 -i- 7 - 8 ) 

= cos(a+(3) sin 5 (2na-- 20 - 27 ) sin 5(2nir-2a-25) 

A A 

= cos ( 0 -J-/ 3 ) sm ( 0 - 1 - 7 ) sin (o-f S) 

25 cos (a+0)=eoB (2n-‘-lir - 7 — 5)= — cos {y+ 8), 

cos a cos) 3 +co 3 7 cos 5=:Bm o sin /S+sm 7 sm 5 

cos a cos 0 + cos 7 cos ^ g (cos o cos 0 + cos 7 cos 8 + sm o sm /3-i- sm 7 sm 5) 
= 5 {cos (a-0 )+ cos ( 7 - 5 )} 

=oos i (o - /3 + 7 - 5) cos g (a - /3 - 7 5) 

Similarly - 

cos /3 cos 7-f COSO cos 5=cosi (0-y+a-8)co3^(0-y-a+8) 
cos 7 cos o -J- cos /5 cos 5= cos i (7 - o -F /5 - 5) cos i (7 - o - /3 S) 
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The square root of the product of these is 

±cosi (tt-/3+7-5) oosi(o-j3 — 7+ 8)oob^ (tt+^-7-5) 

= ±sm (a+7)sm(/3+7) sm (ft+j8) 

= ±i{sin2a+6m2/3+Bin27-sm(2a+2)3+27)} [E\ 8] 

= ± ^ (sin 2a+sm 2/3+Em 27+Bm 28) 

26 2 cos ^ tt cos 1 7C0S ^ (|3 - 8) = -|cos | (a + 7) + cos i (o - 7)| cos ^ (jS - 8) 

= ||coai (a+/3+7-8) + oos^(tt+7-p+S)| +coa|(o-7) ooa^(P-6) 

= ^{oos(ir-S) + cos(ir-)S)} + oos^(a-7) cosg (|8-8) 

= 1 - cos® i 8 - cos® i /3 + cos i (a -7) cos g (j8 - 8) 

Similarly 

2 COB ^ /3 cos g 8 cos ^ (a - 7) = 1 - cos® g a - cos® g 7 + cos g (o - 7) cos g (/3 - 5) 
Subtractmg we obtain the required amount 


27 sin(o±/3±7 ±/i+»') + Bm {a±/3±/t ±n — v) 

=2oos>' sm {o±/ 3±7 ±/t), 
SBm(o±/3^7 ±n±j’)=2coBi'Ssin (tt^/5±7 ±/t) 

Similarly 2 sin (o±/ 3 ± 7 ±X±#i)=2coB^2Bin(o±/5±7 ±x) 

and so on, 

2Bin(a±/3)=2 cos/3 sin a 
Hence 2sm(a±/3±7 )=2’*~^Bmocos/5coB7 

Agam, cos(a^/3 ±/t+»’) + cos(a±/3 dz/x-p) 

=2cosjxcoB(a:!:|3 ±/a), 
therefore, proceeding as before, 

2oos(o±/ 3±7 )=2’‘~®cosacos/3coS7 


28 


5+0 - ^J'=Xjr+(- !)*• (o+j8), 
5-0+0=2Zjr± (7+a), 
-5+0+0=7?wr+(/3+7). 



XVIII. JIISCELLiVNEOUS EXA3IPLES 


203 


Adding these m pairs, wo obtain 

20— pu + ( - l)p (o+ /S) i (7 + tt^ 
2^=3ir+ ( - 1)P (tt+/3) +/3+7, 
2/'=r~+/3+7±(7+o), 

where jts:2l-^l, <lic , pis odd when h is odd 


29 8 in(d+^)r=Mn , co8(d-^)=cos 


d+f^=2nr + 5-a+/3 or (2n + l) r- ^+tt-/3, 
d-^=r2mir + ^-tt-/3 or 2mv -^+tt+/5 


Either set of values of maj he tahon with cither set of \olncs of 
0-tp Adding and subtracting wo get these corresponding ^aIucs of 2d 
and 2^ 


(2in + 2n+l) --2a 
(2n-2m)r+2p 
(2m + 2»+l)r-2;3] 
(2«-2m)r+2a 


(2n+2m) 7r+2tt 
{2»+l-2m)i — 2)3; 
(2ni+2n) 7r + 2)9 
(2ii-l-2ni)ir-2aj 


These sets of a allies will bo seen to agree with those giicn in the question 


3 

dO TI 1 C relation cos(y-r)+cos(r-a:)+coB(x-y)=: is equivalent to 

(cos * T cos y + cos r)- + (sin * + sin y + sm r)®= 0 
. cosa: + cosy+cosz:=0, 
and sinx+Biny + smssrO 

One factor of 

cos® (x + 0) + cos® (y + d) + cos® ( 2 + d) - 8 cos (x + d) cos (y + d) cos (« + d) 

IS coB(x+d)+cos(y+d)+cos(r+d), 

or cos d (cos X + cos y + cos 2) +Bin d (sin x + sm y + sin 2) 

This vanishes for all values of d 


31 tan j {Zf+C-yl)=:tan j (ISO’-P/llstan 

_ cos A l- smA 
~i+BmA~ cqsA 
Hence the given relation becomes 

COB A cos i? cos <7=(l+sin^) (1 >{-810 27) (1+ sin C), 
cos A cos JB cos C?= (1 — Bin A) (1 — sin H) (1 - sm C) 


or 
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Subtract, therefore 

sin^+BmP+Bin <7-f sin^ smN Bin (7=0 
A, S G 

Aoos ^008-^ C03^ +smA sinB sm 0=0 

22 ia A 

l+Ssm-^sm ^8m7r=0 

„ „ A/ B-C B+C\ ^ 

2+2sm^(cos — ^ cos —^)=^ 

1+1- 2 Bm® ^+2 co 8 oos'5-^=0 

1+cos A+cosB+cos 0=0 

32 We have from the given relation 

cosA cos (B + O) - BiUxl sm (B+ 0)=coSiI cosBcos O 
Bin ^ sm (B + = cos J {cos (B + 0) - cos B cos 0} 

_ i-n . ^ smBsinC . 

' ' emA 

oil ^ /r, . i\ BinOBinA ,, 

Similarly Bm(0+A)= — cosB, 

, / i . n, Bm A smB _ 

and sm (A +B)= ;= — cos 0, 

' ' sm 0 

sm (B + 0) Bm ( 0 + A) sm ( A +B} = — sm A sm B Bin O cos A cos B oos O 


= -sEin2Asm2BBm20 

O 


83 Prom the given equation 


-COSfi-COSY 

co®“~ 1 +cos/ 5 co 87 ' 

i-oos«Ji±S£iM±£ 2 ?ji, 

l+coB/Scosy 

, (1-OOSS) (I-COS 7 ) 

l+cos/ScosY 

Multiplymg these, ire have 

„ Bm®i5sm®Y 

Bin- a= ^ — . 

(1+ cos Boos 7)® 

Bm^ tt (1 + oosB cos 7 )®=Bin® a Bm® /3 Bin ®7 
Similarly sin^/S (l+c 0 S 7008 a)®=sm®aBin®Bsin® 7 , 
and sm^ 7 (1 + oos a cos B)®= sm® a sm® B Bm® 7 
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Multiply these nnd take the square root; therefore 
( 1 -^cos/ 5 cos 7 ) (l-rCosycoso) (l-»-costtCos/ 9 )=tS:Binttsm/ 5 sm 7 
1 j. cos /3 cos 7 + cos 7 cos a cos a COB jS cos a cos /5 cos 7 (cos a + cos /5 + cos 7 ) 
-}-co 3 ® tt cos’ p cos’ 7 = ± 6 m a sm /S sin 7 
Hence, &om the given equation 

l+cos/3co37+cos7COSoJ-cosaco3/3= isinasin j3sm7 (i) 
Now (cos a + cos /3 T cos 7)’= cos® a cos’ /9 cos® 7 

= (1 - sin® a) (1 - sin® /S) (1 - sm® 7) 

. cos’ It + cos® /5+ co6’7+ 2 cos a cos/5+2 cos a cos 7+ 2 cos /5 cos 7 
= 1 — Bin® o - sm® /S — sin’ 7 -r sin® a sin’/S -*• sin® /S Bin’ 7+ Bin® 7 sm® tt 

- Bin’ a Bm*/S sm® 7 

Transpose the first four terms of the last expression and use equation (1) 

. ± 2 Bin a Fin /5 Fin 7 = Fin® a sin® /5 •»- sm® /S sm’ 7 + sin’ 7 sin® a 

- sm’ a Ein’/S sm’ 7 

‘Dividmg by sm’afim’/S6m®7 wo obtain the required result 

34 Let each expression =« , therefore 

K cos (/S+7)=cos 2a Bin (/5 - 7)'| 

K COS ( 7 +a)=cos sin ( 7 - c) , ( 1 ) 

jccos (b+/S)=oos 27 Bm (a-/5)J 

Multiply these equations by 2 cos (S-7), 2 cos (7- a), 2cos(a-/5) rcspec- 
ti\cly ftndadd, therefore 

It ( cos 2/3 + cos 27 + cos 27+ cos 2a + cos 2tt + cos 2)3} 

= cos 2a sin (2/3 - 27) + cos 2/3 sin (27 - 2a) + cos 27 Bin (2b - 2/3). 

. 2ic(cos2a+cos2/3+co8 27) 

= i j^Bin (2a+2/3- 27) - sm {2a.-2p+2y)+em (2/3 J-27- 2a) 

- sin (2^ - 27 + 2a) + sm (27 + 2b - 2/5) - sm (27 - 2a + 2/3) J = 0 
cos 2a+cos 2/3+cos 27=0 

Again, multiply equations (1) by 2Em(/3+7), 2sin(7+a), 2sin(a+/3) 
respectively, and add 

K [sm 2 05+7) +sm 2 (7+B)+Bm 2 (a+/3)] 

=cos 2a (sm®/3 - sm’ 7) +cos 2 p (sm® 7 - sm® a) + cos 27 (sm® a - sm® /3) 

=(1— 2sin’a) (Bin®/3— 8m’7)+tTvo similar tenns=0, 

sm 2 (/3 +7) Bin 2 (7 + a) + sm 2 (a +^) =0 
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, sin(2a-/3-7) _ sm(2j3-Y-a) 

** COS(2o+/ 3+7) cos(2j3+7+a) 

2 sm (2tt - /3 - 7) cos (2^ + 7 + b) = 2 sin (2)3 - 7 - a) cos (2o + /5 + 7) , 

Bin (3B-*-)8)+sin (o- 3)3 -27)= sin (3)8 + a) + sin (18-27 -So), 
sm (3o +)3) - sin (3)8 +o)=sin (3 - 27 - 3a) - sin (a- 3)5 - 27), 
cos (2a + 2)3) sin (o - )5) =oos ( - 27 - o - )3) sin ( - 2a + 2)5) 

Now a - )3 IS not zero, and since a and )8 are less than ir, a - )8 is not 
a multiple of tt, wo may divide through by sm (a - )S) 

cos (2a+2)3)= -2 cos(o+) 3+27 ) cos (a-)8) 

= -cos (2a +27 ) -cos ( 2)8 +27) 

Thus the system of equations is eqmvalent to the smglc equation, 
cos {2o+2)3)+cos(2a+27)+cos (2)5+27)=0 

3C cos2/l+cos2^+cos2Cf-fcos2I> 

=2cos(^+J?) cos (xt-5)+2cos (C-»-D) cos (<7-D) 
=2cos(^+E) {cos(^-jB)+CQs(C-JD)} < 

=4 cos {A +5) cos i (wit + C-B -D) cos i (-4 -B - C+B) 
s=4 cos {A +B) cos (/f + C) cos {A + B) 

Similarly 

sm 2rt+sin 2B+sm 2(7+Em 2D= - i sm {A +B) sax {A+C) sm (J+B) 

Expand the cosmes m the given equation and use the above identity, 

(cos x-1) (cos 2A + cos 2B + cos 20+ cos 2B) 

sBinx (6m2i4 + sin2B-^Bin2C+Bin2B) 

Multiply both sides by sin*, write 1-cos®* for sm®* and divide both 
Bides by 1 — cos*, therefore 

— sin * (cos 2A + cos 2B + cos 2C-f cos 2B} 

= (1 + cos *) (sm 2 A + sin 2B + sin 2C + sm 2B) 

Transposmg, we obtain 

sm (*+2J) +sm (*+2B)+sm (*+20 +sm (*+2B) 

= - (sm 2 j 4 + sm 2B + sm 2 C7 + sm 2B) = 4 sm (^ + B) sm (A-i-C) sm [A + B) 

37 Put each fraction therefore 

cos a + cos )3 + cos 7= cos (a + )3 + 7), 
sm o+Bin )8+sm y=K sm (a+p+y) 

Multiply the first of these by cos a, the second by sma and add, 

* l+COS()3-a)-»-ooa(7-a)=^cos()3-l-7) (1) 
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Similarly 1 +cos (tt-/ 5 )+coa (y-/ 5 )=KCOs( 7 +a) (u), 

and 1+cob((3— 7 )+cos (a— 7 )=KCQs(o+p) (in) 

jc[cos (| 3 + 7 )+eos( 7 +tt)+co 3 (o+^)] 

= 3 + 2 cos (/5 - a) + 2 cos (7 - a) + 2 cos (/3 - 7 ) 

= (cos a + cos /3 + cos 7 )-+ (sm o + sin /3 + sin 7 )= 

= cos® (a + /3 + 7 ) - 1 - k" sm® (o +/3 + 7 ) = K® 

K=cos (/ 3 + 7 )+cos ( 7 +o)+cos (o+|S) 

Again, snbtractmg equations ( 11 ) and (m). 



sm a cos i (|3+7) +C 03 a Bin i (p+y) 


tano-tani(p+ 7 ) 
tana+tani iP+y) 

38 Multiply the first equation by sin 6a, the second by sm2a and 
subtract , 

X (sm Ga sm a - sm 2a sm 3a) =sm 3a sm 6a - sm 9a sm 2a 
X sm a (sm 6a - 2 cos a sm 3a) = sm 3a [sm 6a — (3 - 4 sm® 3a) sm 2a] 

2x Bin tt sm 3a (cos 3a - cos a) =6m 3o sm 2a (3 - 4 sm® 2a - 3 + 4 sm® 3a) 

- X sin® a sm 2tt sm 3a=Em 3a sm 2a (sm® 3a - sm® 2a) 

= sm 3a sm 2a sm a sm 5a 
X sm a= - sm 5a 

Substitute this in the first of the given equations , 

, 2^sm2a=Em5a+Bm3a, 

2ij sm a cos a=2 sm 4a cos a, 
j/sma=sm4a 


A* 
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39 For Bin 0 put ic, for sin ^ pnt p ; the given equations are 

ai^+y*=14ii?ij-, x+y=~. 

From the first equation, 

ar* + 

. a:®+p®=±4a!y, 

(a;+y)®=2aq/±4a:y, 

1 1 
xy^~- or ^ 

«-y=*s/{«+y)*-4a:y = =ty^| or ± 

2a:=J-±i- or i- 

^2 n/<> \/2 ;,/2 


fiarsscos^sfcsin^cots or co 8 T-Bin?tan^, 
4 4 3 4 4 3 


or 2 Bin 0 =:- 


/I . 1 \ 

fl 1 \ 


cos(g.+ 5 .) 

1 

or ^ 

sin 5 IT 

0 

cos -IT 

0 


. tan|0+tan|^ 

40 tan i ( 0 + 0 )= i- ^ 

l-tang0tan^0 

tan®i 0+tani 0 

='■■ " ^ , from tho first given equation, 

l-tan *50 

tani 0 

1 -tan® 50 

A 

= 5 tan 0 =tana. 

Therefore 0 + 0 = 2 a. 

41 The first equation gives 

- 0+0 0-0 „ 0+0 0-0 
2sm cos— +Bintt=2oos— ^cos-^-+coso 
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Hence 


Bnt 


cos 




2 “ 2 ’ 
e-A „ 2r 


3 • 


e 


ff=2na-±^-‘-B, 

2s- 

- 2mr=p—-ra. 

42 From Ex. G, Ch rni , -nre hare, 4 cos a cos b cos c = 

cos {a-*-6-i-c) +C 0 S (-a-^6-f c) — cos (a - 6-^c) — cos (a — 5 - c) 

Snbstitaie this expression in the given cgnation, and transpose 


Hence one solntion is given by sin f * — 1=0 


a4-I»4-c'' 

^ sin 


2 ^ 

r 2 ;• 

a■*-6-rC^ 

2 J 

(sm( 

^ . -3a-»-6-i-c' 
V 2 

a+b-^e' 
2 , 

^ sin 


2 . 

)Bin| 


a-*-6-i-c'\ 

=0 



h 


Therefore 


x=ns-+g(a+bJ-c) 


The other eolation is found from 

cin e -»• sm (ff - 2a) +Bm(0- 2b ) + sm (<? - 2c) =0, 

ahere 0 etands for (a+b+e). 


Hence sin 0 (1 -i-cos 2a 4-cos 2& — cos 2c) =cos 0 (sin 2a-i- sm 2li — «in 2c), 

0—to,n~^ ^ 2&-hein 2c 

~ 1 4- cos 2a 4- COB 2b 4- cos 2c* 

. 1 . \.* sin 2a 4- sin 26 4- sm 2c 

*= -s(a4-64-c)-»-tan > = ^ si s 

2 ^ 1 COS 2o 4- COS 26 -1-005 20 


T T. K H 


14 
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43 From Ex 23, onesolntion is seen to be a;=a+&+e The general 
solution may however be found as follows 

Let tana;r=t, tana=ra, tanb=/3, tan 0=7 

Expand the cosines and divide through by cos a cos h cos c cos’ x 

(1+at) ( 1 +pt) (l+ 7 t)=a/ 57 t 

1 + (a + /3 + 7 ) t + (a/3 + tty + pv) t® + o/Syt'* = ttPyt + 1 + a/Jy t* + 1 ® 
t=0, 


or 


(Art 113 ) 


44 Multiply out, therefore 

sin® X + sin® tt + cos® a sin® x + sm® a cos® a= sin® x -t- 2 sm a; sin a cos a 

+ sin® tt cos® tt + sm® a cos® x — 2 sm a cos a sm x cos x+ cos® a sm® x, 

sm® tt sm® a;=: 2 sm tt cos a sm a; (1 - cos x), 

sm a;=0, from which x=sicir , 

or smasma;=:2oosa(l-cosa;}, 

tV SC sc 

2 8m a sm ^ cos g s 4 cos a sm" ^ « 

X 1 

tan- = - tana, 


ff=2n»p+2tan“® 


Qtana) 


45 Since a and /3 are roots of the given eqnation, we have 
* acosa-)-beina=c, 
and acos/3+b8mj8=c 

Subtract, therefore 

-2a8m| {a+/3) sin | (a-p)+2l» sm g(tt - /3) cos - (a+/5)=0 


Hence 


oosi(a+/3) sini(B+^) 


Each of these ratios=< 


1 1 
cos ^ (tt +/3) cos tt+sm ^ (a+/3) sm tt 


acostt+bsma 


C 08 g(a-p) 


c 
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46 From tlie two given cqjiuitiona wo see that B and tp ate roots of the 
equation aco 5 x•^&Ema;'<-c =:0 

From this equation we can obtain an equation for cither cosx or sinz 
(i) (oco3x+c)®s=6^sin-z=J®(l-cos-z), 

, cos* i-*- 2 ac cos x—c®-l»®=0 

^ 2ac 

*. cos e-^CQS « 

(u) {b sin z+c)*=:a* cos* z=a* (1 - Bin*x), 

(a*+ 6*) Ein*xJ-26c mn z-**c*— tt*=0 

« . ^ 26c 

Emd+8m^= — s-TTs* 

Square and add the results of (i) and (u), 

4e* 

/ 2+2cos(d-sb)=^^. 

This result is also obiious from the ratios found in Es. 45 

47 As in the preceding example wo have, 

2oc ** 

cos 2 a J- cos 2 p=-c—- , 
a*+o* 

2 cos* a - 1 -‘•2 cos* S - 1 =-1^ . 


- cos*aJ-cos®/5=l+ 


- a’-^b' 
ae a*+ac-t-6* 
a*+ir a*+Zr 


48 The equation 

a*cosc.cosd4-a6in d'}*l-faEina=0 . (i) 

is Eatipfied by d=/?and 6 = 7 , which are therefore the roots We can, ns in 
Ex. 4C, cvprcsE this as an equation for cos d or sin d 

(o*cos a . cos d-i- 1-f asm o)®=a*sia® d=o* (1 - cos*d) 

*. a* (1 T a® cos* o) cos* 0 - 2a* cos a (1 4- a sin o) cos d + (1 a sin o)* — a* = 0 

The roots of this equation in cos d arc cos p, cosy. 


cos /5 cos 7 = 


(l+gBina)*- a* 
a- (1+ a® cos* a) 


Also, as in Ex. 46, wc obtain 


Ein/S+Einys: 


-2g(l-t-aEmtt) 

a®(l+o*cos*o) 


14—2 



212 


XVIII mSCELLANEOXJS EXAMPLES. 


a® cos |9 cos 7+a (sin /3+sin 7) 

__ (l+asma)®-<t®-2(l+gsma) 
l+a®coB®tt 

l+a®oos®a ~ 

Again, snbtraoting the two given egnations 

a cos a (cos p ~ cos 7) + sm /3 - sin 7= 0. 

a cos ft sin 1 0+7) -cos 1 0+ 7) =0 (11), 

provided Bmg(/3-7) is not zero. Since p and 7 are not equal and cannot 

differ by a multiple of 2ir, sm ^ (/3-7} cannot be zero 

In the same way we can find that 

ft cos /3 sin I (7+ft}=cos g (7+ a) 


Erom these two equations we have 

Bm|(7+a)cosi(/5+7) 
cos a- COB j3 

COBa + OOBfi~ /I \* 

P sm(^gft+5/J + 7j 

-2 8in|(o+p) j 

cosa+cosiS ^ /I 1 - \* 

Bin^gft+gi3+7j 

cos (a+/5+7) -cos 7 =cob a+cos p, 
CT oosa+cos/3+coS7=:ooB(a+/3+7), 


49 The equation is the same as that m Ex 45, where 

cos ^ , Bin 0 , 

0 = — b= — c=-l 

COS* Cl ^ RlTl4/f’ 


sm-^a ’ 


cos^ (9,+93)cos®a smi(^i+ftj)Bin®a - 

A /S ^ M « 

-=-C 0B^(fli-5a) 


OOS0 


sin ^ 
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.• cos® i + ffo) cos* a + sin® I (flj + 0 ^ sm* a = cos® g (^i - ^s) 

cos*a {1+cos (0i+tf,)}+sui*a {l-cos ((7i+ff2)}s=l+oo8 (tfj - 0 ^ 
cos cos (cos* a - sin* a - 1) +siii 6 ^ sm <?2 ( - cos* a + sm* a - 1) 

s=l-cos*a-sm*a W 

Now oos*a — Bm*a— l=(oos®a+sm®a) (cos®a — Bm®a) — 1 
=oos® a - sm® a - 1= - 2 sm® a, 
-cos*e+sm*a-l=: -cos®a+Bm®B-l= -2cos®a, 

1 — cos* a — sm* a=: (sm® a + cos® a)® — cos* a — sm* a =2 sm® a cos® a 

Snbshtnte these m eqnation (i) and divide by sm® a cos® a , 

cosgjcosga sm sm flg 
cos®a Bm®a "** 


Or tlim From the given eqnation form an equation for cos 0 , 

( , cosflcos^X® Bm®A„ 

cos® a } Bm*a ' 

The product of the roots is the last term of this equation divided by the 
coefficient of cos® 9 


1 - 


sm=^ 


„ . sm*a oos*a(8m*a-Bm®0) 

cos 01 cos g„= ^ — =s in; T : s -n -a. ■ 

•* ' cos*^ sm-^ cos*08m*a-{-sm®^coB*a 


Similarly 


cos* a Bm*a 
cos® 0 


. - - cos* a Bin* a (cos* a -cos® A) 

sm 0, Bin 0o= ■ , ^ i ' = — 1 , . — . ■ i ; ■ i - 

^ cos*^ sm®^ cos-0Bm*a+8m‘^co^a 

cos* a ^Bm*tt 


cosgiC03<? a j Bmgiemg3 _ 8in®ttCoa®a-Bin®0cos®a-coB®^Bm®a . . 
cos®a sm®a ~ cos®^Bm*a+Bm®^cos*a ' ' 


But 


cos® 0 sm* a + Bin® ^ cos* a= cos® 0 sm® a (1 - cos® a) + sm® ^ cos® a (1 - Bin® a) 

= cos® ^ sm® a + sm® ^ cos® a - sm® a cos® a (sm® 0+ cos® 0) 

the right'hand side of eqnation (u)= - 1, and we obtam the required 

result 
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50 Let be the fourth root. Erom the given equation form an 
equation for ema; 


/"!+— V=— =— ^ . 

\ '''Binary oosSar 1-Bin®ar* 


Similarly 

Hence 


(b+smar)® (1— sm®ar)=o®Bm®ar. 

Bin* a;+ A Bin® ar+E am® x+ Cemx — b®=0. 
' Binar^BmargBrnar^smar^r:— b® 

Bin Xi Bm x^ am x^ b 

b ~ ''Bina;4 

ooB Xi cos aTj cos Xg COB Xg= - a-. 

cos ar^ cos Xg cos Xg , sm Xj sm aro sm Xg 
b '*■ a " 


-(■ 


COB ar4 


b 

Bma;4 



Since a ;4 is a root of the equation 


_5_+_i_+i=o 

cosar ema; 


51 Let each &aotion=f(. It \nll be possible to find angles X, ft, v 
such that 

arsKCOsX, y=KCoa/i, z=:k dob v, 
if cos® /I + COB®!' — 2 cosacos;icos>'=Bm®a=l-cos®a, 

with two Bimilar equations. 

Erom the result of Art 115, by putting ir-a for 1, &c , we see that there 
must be some relation such as 

ir-a+zt+psir,"^ 

and similarly ir - 13 + X + v =ir, Y , (i) 

■7r-7+X+^=7r J 

X=j-o, ft=s-p, y=s-y, 

X y :z oob(«-o) oos( 8-/3} . oos(s- 7 ) 

Instead of the equations (i) we may (Art 115) take such a set as 
a+ir-ft+v=r, /3+ir-X+i»=Tr, ir~y+fL+\=v. 

These equations give one of the other sets of ratios 
If we take the equations (Art. 115} 

a-n+v=0, /3-v+X=0, y-\+fi=0, 
we should have in relation a+p+y—0, which is not given 
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52. (Z '+ 1 cos 6>)®= 1*2+ 2Zl' cos w + Pcos® a 

= 1 - Z- + Z® cos- M, from the first equation, 

(m'+ni cos w)®=m'“+2mm' cos u+irfi cos® w 

— l_fn®+Tn®cos®u, from the second equation, 

=rl— m®sm® w 

(Z'+Zcos w) (m'+mcoB u)=Vtti' +{Z'ta+Zm') cos w+Zm cos® w 

= - Zm-fZm cos® o, from the third equation, 
= -tm sin® u 

Hence (1 - Z® sin® la) (1 - m- sm® w) = ( - Zm sm® wj®. 

1 — (Z®+m®) sm® (i>=0, 

Z*+jn®s=coscc® u. 


63 Here r=s -4, q=6j therefore 


Sir tr 

Therefore 2ass—^ Hence a ^*7 Therefore the roots are 
4 4 


How 


64 


Eerer=:l, q=8; therefore cos 3a =4 



1 

2 ’ 


therefore 3a =60®, therefore a=20®. Therefore the roots are 2 cos 20®, and 
2 cos (120® Ik 20) 


Also 

And 


2cos (120® +20®) =2 cos 140®= -2oos40® 
2 cos (120®- 20®) =2 cos 100®= - 2 sm 10®. 
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55 Take the equation x^-px^+qx-rs^Q 
Puta:=7iy, thus n^y'^-pn^^+qny-r=0. 




therefore 

Now by Example vni 69, cos 6a= 16 cos® a— 20 cos® a+ 6 cos a 
Thus 


-5,5 cos 5a 

oos®o--7C08 ®a+— oosa=— . 
4 lb 16 


. 6 p 6 ff ,, r cos 5tt 

Assume 7 y=coaa, j= , ^5 = ^,. then = 

Here » and A = , so that we have , and 

V4/ ’ 16 2o ’ 6 

Thus the process will not be admissible unless pf>=5q, and this condition is 
satisfied by hypothesis 

Then a must be found from>cos5a = ^, pnt for n its value 

( 6\i r/5\T 

The process then will not be admissible 
if this expression is numerically greater than unity. Hence 


must not be greater than umty; that is must not be greater than 

Suppose this condition also to hold, then one root is n cos a, that is 
2 cos a 

Moreover we might also suppose y=cos or y=coB and 

we shall arrive at the same value for cos 5a, since 


cos 5 


(¥-)= 


cos 5a and cos 5 




cos 5a 


Hence we see that the other roots of the equation are 

2 (1 )^ (t"= “) 2 (1)^ cos (^ia) . 

56 Proceed as in Example 55 
Herer=8, ff=20, p=10 

cos 6a=4 > therefore 6ass45® 



XVirr MISCELL \NEOUS EXAMPLES 


217 


IIcuco ttio root'j nrc 

2^,/2co8^)^ 2,^/2 cos (72»i0“), 2^/2co'j(l41'>i9'»), 

that IS 

2^/20089", 2.^/2coeC3», 2^,72 cos 81®, 2^/2 cos 153®, 2 ,,72 cos 185®, 
the la^t IS equal to - 2 


„ r Gr 8jr Jr Gr 2r ,, 

57. Since cos ^ = -cos cos-y = -cos-— , cos-^ss-cos-^, the 

equation who«c roots aro cos^, cos^, cos — mil bo found bj putting -r 
for in the equation found in Art. 273 


The required equation mn} be found independently by tho method of 
Art 273 from considering the equation 

cos Id+cos 30=0 (i), 

or, cos 1 0 = cos (r - 30). 


Tins equation pnes 


< 10 = 2 «r«L(r— 80 ), 

70=(2rH l)r, or 0=(2n-l)T. 


If cos0=x, equation (i) is 

8i«-ex®+l+lx3-3r=0 
HiMdcb^ x+1; thcrctoro 


8x*- lx*- Jr- 1=0 

Ojj J.1 

15 an equation mIioeo roots arc the salucs of cos -y— v, namely 


r 3r 5t 
cos-, cosy, cosy. 


58 In the equation of Art 273 put 1 - 2y for x 
llins p=.J (l-x)=i (l-co8®’i’:^=Biu= 

The roots of tho equation in y will thereforo bo ein-^, sin'y , sin^y. 
This equation is 

8 (1 - 2i/)-«+4 (1 - 2v)®-4 (1 - 2y) - 1=0 
E'spanding this wo obtain 

Ciy'-112y5+6Cy-7=0 


( 1 ) 
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Similarly, m the equation of Ez 57, write 1 - for x, bo that 
1„ \ lA 2n+l "S „2n+l 

y =2 “2 ~T~ V 


14 


The roots of the correspondmg equation in y will therefore be 


« a fT 


,3ir 


Bt 


a OTT a UW 

8111 %, sinV- 


14 


This equation is 

8(l-2y)s-4(l-2y)3-4(l-2y)+l=0, 
or, 64r/® — 80)/®+24p-l=0, 




S9 (i) Thb sum of the roots of the equation found in Art 273 is ; 
thatis, oosa+cos2a+co83a= -g. 

Now (sina+sm2a+8m4a)^ 

=:sin’’a+8in^2a+sin^4a+2sinaBm2a+2 Bm4a8ma+2sm2aBin4a 
ss^(3-cos2a— cos4a-c088a) + oosa-coB8a4-co83a-cos5a+cos2a-cosGa 

A 

Now cosGascosa, cos5a=:GOB2a, cos4a=:coB3a, C 08 8as=coBa, 

(sin a + sin 2a + sin 4a)®=i (3 - cob a - cos 2a - cob 8a) 0 

. sma+Bm2tt+sin4tt=5Js/7 
0 


(ii) By Art 273 cos a, cos 2a, cos 8a are roots of the equation 
8*3 + 4a?® — 4® — 1 = 0 , 

sec a, seo 2a, secSa (or sec 4a) are roots of the equation 

or, ®3+4a?®-4*-8=0, 

Eeoa+Bec2a+8eo4a= -4, 
sec a sec 2a + sec a seo 4a + sec 2a seo 4a= -4 
Subiraot twice the second of these from the square of the first; 
sec® a + seo® 2a + sec® 4ti = 24 , 

1 — tan® a+1 — tan®2a+l — tan®4a=24, 
tan® a + tan® 2a + tan® 4a — 21. 
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1. 3 

(m) From Ex 68 the conation for sm®-o, em’a, Bin^^o is 

G4i;’-112y5+6Gy-7=0, 

1. 3 7 

■ 6in*^aan*asm3gtt=gj; 

I 3 1- 

.. Etn ^ aEmasm^asgA^/?. 


GO The side of a rcgnlar heptagon subtends at the circumference an 
angle ^ ; therefore if z represent the side, then z=2 sin ^ . 


From Art 273 ttc see that tlie equation 

!/*+p’~2y-l=0 


IB satisfied b; y=1icoB—. 


Eow 


2r 


2-z*=2~4Ein*^=2 coB-^=:jr. 


Substituting in equation (i), %ro see that z is a root of 

(2-zS)S+(2-z«)S-2(2-za)„i_o, 

or, 7-ltx‘+7z<-z«=0 

4ir G“ 

Now p=2 cos^ , or 2 cos are also roots of equation (i). 


0 ) 


(11). 


2Tr S** 

Hence, in the some imj as before, z=2 sin -y , or 2 sin ^ are also roots 

2jr Sr* 

of equation (li) , ond 2 sin -y , 2 sin-y represent the lengths of the short and 
long diagonals of the heptagon 

GL The giTcn equation moj bo imttcn 

(2x+l)^4z3-3z+|)=0 ( 1 ) 

Now ^=BinJ=8EinJ-4Bin’^; 

4sin»J-8BinJ + ^=0. 

Therefore equation (i) is satisfied by z=:ein<^. 
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. IT 7ir 1 / 6ir 8ir\ 1 Sir 

’ ““l6®“l6=2V®°®i6-‘’“l6j=2““T' 

Sir Sir 1 / 2ir 8ir\ 1 ir 

““lfa®“i6=2(““i6-®°®l6j=2®°®8* 

IT Sir Sir 7ir 1 ir Sir 1 A 2ir 4ir\ 1 
sxn j^Bin smj^^jcosg cos^=g (^cos-^- cos-^j =5- 


63 The equation cos S0=^ is satisfied by 39=^, ^ 

22 o o o 

Hence putting cos d=x \7e see that the roots of 

4a:S-Sx=i . . . (i) 



V 

Sjt 

7ir 

are 

COBg., 

COSY* 

COSY 


-TT 

4ir 

2ir 

or 

cos^. 

-COSY, 

-COSY 


If these be called z^, Xq, x^, then from the equation (i) 

0 

®j+a;a+®3=0, ZiXa+XjX^+XgTuss -- (u) 

Smoe4a:i*-3a;i=i, therefore 4a:j<=3*j|’+ia:, with similar relations for «« 
and X 3 , 

4Sii*=3Sa:i5+i S®j=3Sij2 

~3 {(iCj4-fl^+ir3)"“2 (•r2«r34*3^3^3*h^nir3}^ 



from the equations (u). 


Therefore 2a:,*s=| 

o 

Since cos*^=oos^^= obtain 

_ 4 Sir 9.1 

2x,*+co^-=- + -, 

COS<| + COB« Y + cos* Y+ ®°® y = ^ • 
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From equation (i) 


8-0.*-i=0, 


tbe roots ol the equation 


8=0 


are -eco-^. 

CallinR these j/i, y., i/s 

yi+yi+yt=-^, yiys+yiya-^-ysVa^f^* yiyaya=^> 
yi‘+ya-+y3^={yi+ya+ya)--^(yiya+yiya+yay^ 

=3G, 

.. yi*-i-ya*+ya*+^ (yi®ya"+yi*y3*+ya®ys“)=3B*=12DC; 

and t/,=ya*+yi®i/j*+ya®ys®= (yiVa+yiya+yil/s)® - 2yiysy3(yi +2/2+y3) 

=9G; 

yi*+ya*+y,*= 129G - 2 x 9G= 1104 , 
and scc*^=2<=lG; 

see* ^ + see* — + sec* ^ + see* ^=1101 + IG = 1120 

G-l. The equation cos G(?=cos 50 is satisfied by 

G(7=2nar±Gl?, 


le. by 


d=2n7r or 


Hence, as m Art. 273, if iro put x=cos 0 and expand cos Gd, cos 50 vre get 

Zip 

an equation rrbosc roots arc x = cos , dc , and x= 1 

cos Cd=2 cos= 3d - 1=2 (4x’ - 3x)=- 1 
=82a«-48a:*+18i*-l, 

cos3d=lCx®-20x®+Gx. (Oh vni. Ex 69) 

The required equation is therefore 

32x« - ICx® - 48x* + 20i5 + 18x3 - 6x - 1 = 0 
Divide by x-1, 

32xS+lCx‘-32x3-12x3+Gx+l=0 (i) 

Put 2x=y , 

y*+y*-42/3-3y»+Sy+l=0. 



222 


XVin MISCELLANEOUS EXAMPLES. 


Thia IS therefore an equation vrhose roots are 

« 2ir - 4*r . 

Scosyi, 2cos^, &o 

If in equation (i) we put ^ for x the resulting equation in e has for roots 

2jr lOir lOr w , , tt 

seo'jj, . seo-jj-i or since seo = > *“ 0 roots are-sec 

2ir 

sec ^ , iSrc The equation in z is 

zH+Gz*- 122* - 322®+ 162 +32=0 
8eo®gseo®^seo®^eec9^ Beo®|^={-32)®=1024, 

seo®^ + 8eo®^+ s^seo— +sec^+ ^ 

_ / 2*- 4ir \ 

-2(^secjjsec^+ ) 

= (-6)®-2(-12)=60, 

or sec® ^ + sec® ^+ =60. 


65 From Art. 271 (compare also Art 284) we have 

n ton tan® ff+ 

1 is O 


tannff= 




Put tann0=O; then n6=mir, or 0=0 
Hence ^_ n(« j:. l) (n _ -2) 


12 3 


tan®0+ =0 


IS an equation satisfied by 0= — ; put !E=tan®9 and n=ll. The required 
equation is therefore 

1 - 15a:+42it®- 30a!® + 5a;4 - iir»=0. 

From this equation we see that 

tan® J +tDn®^ +tans^ +tan2^+tan®§=66; 
from this we can derive the result (i) of Es. 64. 
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66 If sin 3 js=~ , then 

33:=C0® or 120® or -240®, Ac 
Hence the diCcrcnt \ nines of sinx irhich satisfy 

~=8 sin X— 1 sin® x 

nro Bin 20®, 6m40®, -sin 80® 

/3 

The product of the roots of equation (i) is - 
Hence 


sin 20® . Bin 40® .sm 80®=^ . 

O 


q 

* Bin 20® sm 40*’ sm GO® sin 80®=^. 

If cos 3r=i , 

«s 

3xsC0», 3C0®-60«, 720’-60®, &c 
Hence the different 'vnlucs of co’tx ivluch satisfy 

iss4cos®x-3co3x 


are 

or 


cos 20®, cos 100®, cos 220®, 
cos 20®, -cos 80®, -cos 40® 


The product of the roots of equation (u) is | 

9 


cos 20® cos 40® cos 60® cos 80® = 


16 


Olheneue • 


sm 20® sin 40®=sin {30»- 10®) sin (30®+ 10®) 


= sin® 30® - sm® 10® = i - sm® 10® 
4 

= j (4 cos® 10® -3) 

sm 20’ sin 40® sm 80®=i cos 10® (4 cos® 10® - 3) 


= ^ (4 cos® 10® - 3 cos 10®) = j cos (3 . 10*) 


which gives the first result. 
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Also 16 Bin 20** cos 20** cos 40** cos 60** cos 80** 

= 8 sin 40** cos 40** cos 60** cos 80**= 4 sin 80** cos 80** cos 60** 
=2 sin 160** cos 60**=sin 160**=:sin 20**, 
which gives the second result 


67 The equation is 

y«-6y^+8y**+l=y fe^-6y*>+8), 
or y®(y®-2)(2/®-4)+l=y(y®-2)(yS-4) 

Put jB+2 for y'*t and square, therefore 

{«(®+2)(a:-2)+l}2=(*+2) a:» (®-2)*, 
(a:®-4a:+l)®=a!®(®2-4) (a — 2), 

le SB*— 8a;*+2a;®+16ar* — 8a:+l=®®-2®^— 4a:®+8a^, 

le 'B®-sB®-6**+6a?+8a:®-8®+l=0 

This is the same equation as that given, which is therefore satisfied by x, 
where 


c=(2cosgy-2=2 (2cos*g_l) 


= 2 cos 


4ir 

2i 


In the same way 2 cos ^ , 2 cos ^ , 2 cos ^ , 2 cos ^ are roots. 


Since 


and 

the other roots are 


- 32ir „ (42 — 10) tt _ lOir 

2COS ^ = 2 COB gi =2 COB , 

_ 64jr _ (84 — 20)7r _ 207r 

2 cos -^=2 COB i — gp-i-=2oos , 


„ iir - 8ir _ IOtt _ IOtt . 20ir 
2oob^, 2oos^. 200 S 2 J. 2oos-^, 2oos-gj . 

The equation given may be found as in Art 273 by means of the equation 
cos 110 = cos 10^ The resulting equation for 2oos0 will include roots 

2 cos ^ , 2 cos ^ , 2 cos ^ and 2 cos ^ , and 2 cos 0 It will therefore 

contain factors a;-2, sc+1, a?+x--2x-l, the last factor corresponding to 

roots 2 cos -y , &o (Art 273 ) 

The equation may also be more simply derived from considering the 
equation 

cos70=s 
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68 It IB required to prove that the two given equations are satisfied by 
X y a . IT 

= — - — = . where a= = 

sin 2a Einfia sin a 7 


Erom these, xsfiacosa, 

sin a + sin 3a 


ay+a?=a- 


sina 


, - „ Bin 2a cos a , „ , „ 

s=2a“ =4o®oos*tt=a^*, 


sma 


y^-a-=a‘ 


sin*3a-sin^a .sin4a8m2a 


-=a?- 


Bin^a Bina.Bino 

Hence both equations are satisfied 
Put 2cos0=p, xssap, 

ay=x~— a^=a? (p® — 1). 
Hence from the equation yp=ia?-\-xy, 

{pa_l)2=i+^(p3_l), 

or p^— p®-2p®+p=0, 

p=0, which gives xsO, yss-a; 
or pS-p®-2p+l=0 

The values of p satis^ng this equation (Ex 57) are 
2oos^, 2ooa^, 2 oob^ 

The first solution corresponds with that given 

n 


=xy, since sin 4a=sin 3a 


®=2 oob^, 


then 


Hence 


y=a ^4 cos^y - =o ^3 - 4 sin3 y) 

2?r 

Bin — Bin — 

7 7 

37r~ “• 3^* 

sinY Biny 

a? . y a 

„,_w 27r~ Sir’ 

sin-= _Bin-=- sin — 


If 


«=2 cosy» 


T T K H 


16 
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then 2^=a^4cos®y-l^=a^3-4Bm®Y^ 


15ir 


=a, 



Hence 


If a regular heptagon ABODE whoae side is a bo ineonbed in a circle 
of radius B, and AC=x, AD=y, ■wo obtain (by Eno vi, D) from the quad- 
rilateral ABCD 

x"=:a?+ay, 

and firom the quadrilateral ABDE 

y^=;a-+xy 

9r So* 

Hence smoe a subtends at the oiroumferoncc an angle ^ , a; an angle , 

y an angle ^ we see that 

a;s2H8in^, ysSEsmy, asSEsin^ 

G9 The geometrical solution of the three given equations may be 
obtained as in Ex. 68 by considering a regular polygon of nine sides eaoh 
equal to a inscribed in a circle, the diagonals bemg x, y, z 

To solve the equations analytically, put xs:2acoB 6 
from the first equation 

y =a (4 cos’ d - 1) = o (3 - 4 sin’ d) =? 


firom the second equation 


2a cos d 2 =a® 


or 


sin’3d-8m ’d 
sm’ d 
asmdd 
smd 




Sind 

Bm4d Bin! 
sm’d 


2 = - 


Smce the third equation must be satisfied we must have 
Bin 4d Bin 3d _ sin’ 4d - sin’ d sm 5d sin 3d 
sin’d ~ Bin’d ~ sin’d 

either sm 3d=0, which gives 

a;=dba, y=0, z=:^a, 
or 6m6d=sin4d 

._*r Sir fir 7ir 
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70 Since (sec Ex 65} 


tennis:* 


vre have, putting tan ^=- , 


cot n0= 


1 

‘x* 


Hence the given equation becomes 

cotn^=cotnd, 

• n^=rjr+n0, 

^=0+-. 

^ » 


The values of x vrhich satisfy the given equation arc the valncs of cot 0, 
1 0 of cot 

The sum of the roots of the given equation mans clearly n cot nO, and 
since the roots arc given by 


a:=cot(0+^), 

vre have 

COtO + COt ^0 + — J +COt ^0+— ^ + +00t ^0 + -— ^ JT^srnCOtTlO, 


71 Let «=2" COB 0 cos 20 cos 2-0 .co8 2"-^0, 
then u Bin 0 = 2" Bin 0 cos 0 cos 20 cos 2-0 co82'i-i0 

=2"~i sin 20 cos 20 COB 2=0 . cos2»‘-i0 

=:2"-=Bm220oos2=0 . co82"-i0 

=&c 
=6in2"0 




=Bm0, 

u=l 


15—2 
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72 tan{tan“^o+tan~^/3+tan~^‘y) 

^ a+P+y-apy _ -p+p _ - 
“1-0/5— ov-/Sy 1-g ’ 

unless g=l 

^ ^ . .X tanfl+tan^+tan^-tanfltan^tan^fi 

73 (»+P+ W-i _ tan tan gi - tan tan ^ - tan 0 tan 0 

a +1 — c « . JT 

=s:i — -=l=tan -r 

1-c+a 4 

0+0— W7r+ j • 

74 sm^oos/3+coa0sin/5=2asm0oos&+&, 

i 0 B ( B 0\ ^ / B 0 \ 

■j2 sm |coagCos/3+f cos®^-sui®^j sm/SM oos®2+sm®^j 

0 B f 6 / B 

s=4a Bing cos - ^ oos®^- Bm®| j + 6 f cos3|+sin®| j 

B B 

Divide by cos*^ and put tan^st 

2t (1+t*) oos/3+(l - ««) Bin/S=:4ot (1 - 1=) +b (l+t®)® 

This equation gives four values of f , it may be \mtten 

(6 + sin /3) + + 26t® +Dt + 6 - sin /5=0 (i) 

From Art 270 wo may deduce (of Art. 285) that if Sf denote the products 
of tan tan ^ , tan ^ , tan ^ taken r at a tune, 

tan g (fli + ^2+ 03 + ^4) = jil— ^ 


From equation (1) we have 


So — 


25 


b+BinjS’ 


_ 5-em/5 

*^“6+Bin/3’ 


^ * b+Binp 6+smj5 

tang » 


i(0i+0a+<?8+»4)={2n+l)|, 


01 + 02 + ^3+ 04={2n + 1) V 
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75 Let tan 0=:t, tan a=a; tho given ciiuation is 

t+a _ —21,1 

t®+ at2 - 1 - a = - 2At + 2lats 
Therefore mth the notation of tho last example 

Sjss— a+ 2 Aa, 83 = "^+ 2 ^, * 8 — ®> 


tan (ffi+fl2+<>3)=T^“ = 

Jl — *2 


-o+2Ia — a 
2-2K 


=z-a— -tana=tan(nir-a), 


+ ^3 4“ ^3 + tt “ nir 


76 From tho first cgnation vre find 

a;+ 2i/ cos d +s (4 cos- 0 - 1) =4 cos d (2 cos® d - 1) , 
Bumlatly for tho other conations 

Hence cos 0, cos cos ^ ore the valncs of { given by the equation 
®+2y|+3(4f2-l)=4e(2|S-l), 

or, 8{3-4rJ*~(4+2y)f+z-®=0, 

P,=|, 8Pa=-4-2y, 8p8=a:-z, 

xssSPj-i-SPi, y=-4P3-2, z=2Pi. 


77 Suppose cos a to be one value of x, tan |3 one value of y, then 
C08~^x=:2njr±o, ttai~^y=:mir+p, 

sm (co8~^x+tan~*y)=Bin (2»+ott + /3±o). 

2n +m may have any value , therefore the given expression may have any of 
tho four values 

Bin{/S+o), Bm(p-a.), -Bm(p+a), -sm(/5-o). 


78. Let 


If 


Bin I 


tan-i jem (cob-^ ^ |^j- =d, 
^coB-iy/^|^=tan<? 

cos^=^|. 
6in0=±y^i. 
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Hence 


tan^ 




ff=n 7 r±^ 


79 Wehave afsmd — ^^ + 6(oosfl — ^)=0> 
\ smej \ coaOj 


j.e. 


Each of these 


acQs^O 

sin cos 0 ~ 
a COB? 0= - b BIO? 0, 
sin 6 _ cos 0 

_ (sin^ g+co8^ ^ 


a c^—b,b^ 


aBm0+bcos0=- 


(o* + &V 

=(a§- 6 ^)(a*+ 6 *)^ 

80 Bin (n+ 1 ) sin (n - 1 ) ff =2 cos 0 sin n0 

Ein(n+1)^ „ Bin(n-1)<> ^ . 1 

5 2 ooB 0 5 — ;r^= 2 oos 0-< ■ ■ „ 

sinn9 sinn9 Binn0 


Bin (n- 1)9 


= 2 COB 0 - 


2 cos 9 - 


=Zoos 9 -j 


sin(»-l )9 
Bin (n- 2 ) 9 

1 


2cos9-2oos9- 

which IB the required result 

1 1 sec 9 , 


1 

- Bin 29 * 
sin 9 


81 . 


cob 29 2 oob® 9-1 2 coa 9 - 


COB 9 
sec 9 


2 oos 9 - 


9 

seo^ 


O 0 1 

2 cos^- — 


cos 5 
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BcaO 


Becg 


e 

BCO^, 


0 0 
2cos<?-2co8^-2co3^- 


82 


cosg 

C08=5 


2 008*5-1 


=2 — 


C08' 


2 

_ 1 . 1 COBg 

— ::g‘‘'2 — ^ 

cos-^ COB-- 


^ 1 cosg / ^ 

C08*| ^ 008*1 \C08* I ^COB*j ^ 


cosg 


1 1 

,g‘*‘2 „g 
C03*g COS*gCOS-g5 


1 

g ■*‘2*' 


cos g COB ^ 

Tg TF 

C0S*gC0S-g5 


2 . 


aud 80 on, continnalljr putting instead of the final 2 an expression of the 
form 

g 

1 1 °°°2i=^ 

COB*^ ^ COB*|: 

83 See MiBcclloneouB Examples 87, m vrhioh put instead of g. 


8-1. tanSg= 


2 »- 

Bm*g 1+sina Bm*g Bm*g+cos*g+Bina 


1+Bina ‘ 
sm*g 
'i+sma 
sin*g 




cos’g I+Bina ' 
Bin*g+Bintt> 


cos-g 


cos-g 


0 


/. Bin*g+Bina Bin*g+coB*g+Bm/3 \ 
V, l+Bin/S cos-g / 


'1+sina 

Bin*g 

‘l+sma^ l+sina * l-fsin/S 


Bin*g Bin*g+8m 


-( 


- , Bin*g+Bm^\ 
oos*g ) 


Bm*g 


8in*g Bin* g + Bin a 


l+sma ^ l+sino * l-fsinjS 
Bm*g sin* g+ Bing /8m*g + Bin/3 sin* g + cos* g + Bin 
l+Bing ‘ l+Bin/S \ l+smy * cos*g 




and so on. 



232 


XYHL jnSCELLAJIEOUS EXA3IPLES 


tan 2x=: 


2 tan a; 2 

1 - tan^® ~ cot ®— tan ® ’ 


tan®=:> 


.® . ® 

cot;r-tan- 

2 X 


tan2x=- 


SB Si 

cotx-cotg-tan^ 


cot ® - cot I - cot^ - ton 

and BO on 

Hence since tan is nltunatdy zero, the valnc of the continued fraction 
IS tan 2® 

It IS asBotned that the continned fraction is convergent; this may be 
easily proved 


Similarly 


2 sin® 


4 Bin®5 

2 , ® 
.__=tan5 
4 sing cos g 


(2sinfy 

(^“i) 

RT' 




i=r=(‘“»|y 


Multiplying we obtain the reqnired result 


l-c-2* „ 1+C-* 1-C-* 

2 • 2 ' ~T~ 

g J, 

1+C-* „ 1+e 2 l-c “2 

2 ^*“2 T~ 


87 . 
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1+C-* 1+e s „ 1+e 1-e ?- 

— • — 2 — * * 2 ’ 2 


=2'‘+i . 


1+C-* l+c“a 


2 


2 


Now2»(l-rs“)=:2"^|;-i2t+-- ) 


“®“2 2"*^ 


1 + C 2" 

n ^ ft ' 


vrhon n is indefinitely increased. 

Hence dividing both sides by x vre obtain tho required result 

88 cos“'x+coa“'2/=ir-cosr'i!, 

• C03(COS"^a: + COS-ly)=COB(ff-COB“^s)= -00S(C0S“*2), 
xy-em {cos~^ as) mn-i (cos"* y)=~z, 
if coa~^x=a, 

a;=co8a, 

(y/r^psrsin assin (cob~^«); 

a:y+r=V(l-a:=)(l-y*); 

. aPy^+2xyz+:?=:l-afl-y^+aPy^f 
z^+y^+z^+2xyz=l. 

89 Bin(±^)=Bin(nir±H±C}, 

dbsrs ±Bin J3 COB C±cos2? Bin (7 
=; ±yoos U^jrcosH, 

[Jkx±y COB C)2=i2 cos* H, 

or a*+j/*(l-2*)±2sy cos C=2*(l-y*), 

{afl+if - 2 *)*= (2xy cos C)*=4x*y* (1 - 2 *), 
a* + !/^ + 2^ + 2x*i/* - 2y*2* - 2*=2* = 4®Sy* - 4x^2® , 
**+2/^+2* - 2x*i/*- 2y*2*- 22 =x*+4xV2*=0 
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90. Patn=landiniiltiply np, therefore 

Bin® a cos* 0 + cos® a Bin* = Bin® a cos® o , 
sin® o (1 - 2 Bin® 0 + sin* tf) + cos® a Bin* 0 = sin® a - sin* a , 
Bin* 0-2 Bin® 0 Bin® a + Bin* 0=0; 

sin®0=sin®a, 

* also COB®0=COB®a. 

B»0. + 

V,Bin®»ay \oos®»a/ 

=Bin®0+coB®0=l 


91. From Art. 230 we have 

c COB i (A -S)= (a+ 6) sm i C, 

c am g (A -B)=(a - b) cos 1 0, 


A-B=iir, cofli{A-JB)=Bini(A-E)=^; 


or 


2(a+i)®^2(a-6)®~““ 2 
(a+h)-2+(a_h)-8=2c-® 


= Bm® ic + C0B®g C=l, 


If A+E=|»-, then (7=|a-, 


a®+J®=c®, 

or (a+ J)®+(o — 6)®=2c®, 

V(26®c® + 2c®a®+2a®6® - o* - h* - c*), 

sm J5 V(2&®c®+ 2c®a3+ 2a®6® - a* - 6* - c*) 

-OOB (7=coa(A+£)=:COBA coaF-smA smJO 

= j^{(6®+c®-a®)(c®+a®-6®)-2{i®c®-2c®a®-2o®fi®+o*+I-*+c*} 

or 2o6 cos (7=o® + J® - c® 


93 Multiply the equations by a, h, e respectively and subtract the third 
from the sum of the first two, therefore 

o®+6®-c®=2ab cos G, 
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01 Each fractions: 


S milarlj 
and 


ftcoaB+fecos vt 
Bin ^ coa B + Pin B cos ^ 
e=a cos B+b cos A 
6=c cos jItccos 
a=beosC+ccosB 


gC0SB + t»C08.<l 

smC 


Hcncc the result follows from Ex 93 



_ 1 f y(v+g) s(y-i-:) 
“rt«| c- ~ 

- i i _ £1'^ _ ££ _ "*'/£ I 

~ a’ ( I" C* Ir'c’ I 



fy IL VL 

~ a-e^ ~ b-c* ’ 


A i^Tnnietncnt expression 

9G Take stmiglit lines 

0/1=0, OBssb, OCsze, OI)s:d, 
so Hint iAOD=:e, lBOO=<t>, C01}=:\1> 

The gnen equations nro therefore cquualcnt to 

/(fB=BCS=CB2=iMS=2BI)* 
ncnco ABCD is n square. 

|/1C*=/<B* 

But {a*+c*-2acco8(<?+^)} 


97 Tlic continued product 

2A 2A* 2A 2A 

n+fc+c a-t-h+e' a-b+c ' a-b+e'" 
dashed letters referring to the triangle ABC', 

(a + b+c)(a-b+e)=sa’+e^-b-+2ac=2ae (l+cosB), 
(a+6+e')(a-li+c')=2ac'(l+co8 B"), 
and J5's=ir-B, cobB'=: - cosB, 

product of the dcnominatore in (i) is 

ltt®cc' (1 - C0BSB)=4aW pm® B 

=10 ^ ac Bin B . I ac' sin B' 

=16AA'; 

the expression (i) =AA'. 


• t* . •§. . (i), 

(Art 231) 
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93 Puta:=cosfl, thenai=:^/ 


1+cosff 0 
2 -“®2‘ 


JT^ 


^ ^3 


smO 

cos I cos ^ 


=0 


(Art 129) 


=C03~^X 

99 Adding snccessire pairs of terms in the numerator the &action 
becomes 

2 6ma;(sma+sm5j;+sm9g-Bml5a;) 

4 (1 - cos 2x) — {1 — cos 4x) 

Asmz Bin3x(cos2g — cos12j) 

~ Ssm-SE— 26in-2® 

_8Emx&m3£8m5a;Bin7:B_6in3x smSx smTx 
~ 8sin-a:(l-coS®a:) sma: sms * smx 

The hmit of thisss— — . — ss3 5 . 7. 

XXX 


100 smi (o +/5) sini (tt-/5)=Bm®|-sin=|= -^{coso-cos/3} 

Pat cos a=a, cos p^h, &o , hence the proposition to be proved is that 


(o — 6}(tt— c) 


— 0 , 


^rherc7nls ■< n— 1 

By the method of partial fracbons tve have 

« 1 


■=S, 


* 1-as 


(l-ax){l-bx) “(o-6)(o-c) 

Expand both sides in powers of x by the bmonual theorem, the coefficient 
of s'" on the nght-hand side is 

V o”* 

^(a-b)(a-c) ' 

On the left-hand side the coefficient of s’" is zero when m is 
hence for such values of m 

S Qtn 

—0 

(a-b){a~c) 
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101 ^otA,B, ^v—4>, gT--^f'respectiTdy, then 


vrhere 


cos A cos B cos G=:sm 0sm<j>Bmrp, 
e+^+i>~-A-B-C^'^. 


By Alt 272 (2) the greatest toIuc of sm ^ sm ^sln ^ is given by 


»=^=lf'=3. 2- 


and IB therefore 


Hence the least ralne of 1-8 sin Asm ^sin ^ is l-8.g or zero 
Hence 1-8 cos A cos BcoaG cannot be negative 

102 By Art. 252, 

S=^^—2Br sin A sin B sin <7, 

where A+B-i-G=v 

Tho nuiTiniTini valne of this is given by 

A=B=G=% {Art 


(Art 272, 2 ) 


the area of the greatest triangle which can be inscnbed in the circle 

=21P ^Bin jy =2jR2 (^y = IP 

103 By the exponential theorem (Art 144) 

(l+r)»=l+nlog*(l+aO+^{loge(l+a;)}=+^{loge(l+a;)}» 

By the Binomial theorem 

. n(n-l)(n-2)(7t-3) ^ . 

1.2 3.4 ^ 

The coefficient of rP in this expansion is 

®2 2+2 _^,1 2+1. 3+2 3_4 1 2 3+2 3 4+ aP 

12 1 2.3 12.34 ^ 1 2 3 4 ' 

this senes most therefore be cqnal to 

|pog«(l+a;)P 
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The ooefScient of in (i) is 

1 1+2+3 . 1 2+1 3+1 4+2.4+ .a? 

1 2.3 4"^ , 1 2 3 4 6“ 

J. 4. 

“O * 3 ~ VI 2‘*'l.3‘^2 3/ 4 Vl.2‘*'3.4‘^ )5~ 

this senes must theiefote be 

i{loge(l+®)}» 


104 Put u= tan 3^ oot A r= 


3tanil-tan3.4 


3 -tan® if 


tan®il= 


l-3tan®4i ‘ tan.4“l-3tans^* 
3 -m 1 3-« 


1-3m“3 1 ’ 

8 “ 


if A IS real tan® A must be positive , hence 3 - u and ^ - u must have the same 

sign, this \7ill not be the case \7hen u lies between 3 and therefore 

o 

tan 8^ oot oannot he between 3 and g . 


106 Let a;=tan a and 

1 tan 3a 


3-ar® 


« tan® a aH (1 - 3*-) ’ 
Then 3a:*-(tt+l)a:®+3u=0 

Solvmg this equation we find 

«+l , ^/(M®-34w+l) 
*-“6“ 36 

Since a; IS to be real u®-34u+l must be positive 


Now 


and 


and 


m®-34w+1=(u-17)»-288 

= {«- (17+12^2)} {m - (17 - 12,^2)}, 
M must not he between 17 + 12 ^2. and 17 - 12 ./2 , 

17 + 12 ^J2 IS a minimum value of u, 

17 - 12 a/2 is a maximum value of u 

or 17 - 12 JZ IS a maximum value of i , 
17+12 a/2 ^ M 

17-i27/2 minimum value of ^ 
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lOG Let the given value of 0+^ he u, then 

(a COB 6+h cos ^)®+(a Bin - b sin 0)® 

= a- (cos® 0 + Bin® 6) + b® (cos® ^ + sin® (/>) + 2db (cos 0 cos ^ - sin 0 sin 


=a®+b®+2ab cos w=a constant. 

(a cos 0+ b cos 4>f IS greatest when asin 0 -> b sin ^=0 
the maximum valne of a cos d+b cos <f> is 
n/(a®+b®+2oboos w) 


107. (o®+6®+c®)(Bin® ff+sm®0+sm®^^)=(asmtf +bBm 0+c sm ^)® 
+ (b Bin - c sm ^)®+ (c sm 9 - a sm \f/)^+(a sm ^ - b sm 0)\ 
The nght-hand side is least when 


bsm^-CBm^= 0 , 


csm0-asm ^=0, 
asm^-b sm 0=0, 
for a sm 0+b sm ^+c sm ^ is a given qnantit; 

the minimnm value of Bm®0+sm®^+Bm® f is 
asmd+bsin^+csm^ 
V(a®+b®+c®) 


108. COB (a+0)+incos 0=(cos a+m) cos0+sma sm 0 
Bj Art 272 (3) the greatest possible value of this is 
V{(cosa+jn)®+sm® a}; 
n® IS not greater than (cos a+m)®+Bm® a, 
or 1+2771003 o+m® 


109. w=| a (1 +C0S 20) + b sm 20+i c (1 - 2 cos 20) 

= i (tt + c) + g (a - c) cos 20 + b Bin 20 
= g(a+c) +771 cos 20+bBm20 

AM Mjt ^ 

Smce ■tand=-r-, Bmd=— — cosd=— ===•, 
^ Vni®+b® ^ 

and therefore 

M=i (o+c) +«y (771®+ b®)(8m Ip cos 20+cos <f> sm 20) 
=5 (a+c)+^/(77l®+b®)Bm(20+^). 


t 
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The greatest and least values of u are ^von by sm (20+0)= +l, if these 
be Ui and uji 

(ffl+c) +^/(mS+6S), 

«a=i(a+c)-^/(7»!>+Z»s), 

Uj+Ua=a+c, 

Wj«j= j (ft+c)®- m® - l>®=ac - 6®, 


«g are roots of the equation 

a;® - (o + c) ®+flc - I)®5i:0, 
or (x-a)(x-c)=b^ 


a-boosO (“-l»)c°s®|+(a+6)Bin®| 


110 

Multiply up and divide by oob®|, 
hence 


n 0 e 

2 Bin g cos g 


0 0 

(a + b) tan® g - 2y tan g + a - b = 0. 


B 


If the roots of this equation for tan ^ are real we must have p® greater 
than (a-b)(a+b) 

the numencally least value of y is tj{a? - b®) 


111 By Art 272 (2) the greatest value of 

ABC 

sm^ sin -Bing. 

la given by 

and is therefore (sm 30°)®t or ^ • If all the angles be positive the least valne 

»0. “ 


112 Let 0 have any value between 0 and ~ ; let h be a small positive 
quantity. We have then to shew that 
<?+;* 0 
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The BigQ of this expression is the same as the sign of 
{B+h) sin 6-Bsm (0+h), 

1 e. of sin ^ (1 - cos li^+humO-B cos B sm 7i, 

leof flBmfl{l-cosR)+8in<7sm7t(^^-j5^) 

ll $ 

Now 1 - cos ft IS positive: and ris greater than nnity while t — 5 is 

sin A tan 0 

less than nnity, by Art 118, thus the expression is positive 

0 IT 

Hence since \ increases as B increases from 0 to 77 its meatest value 

Bin d 2 " 

IS when 0=^ > namely j . Thus 

I IS greater than 
1 e TT sin ff >(?• 

A 


113 Let B have any value between 0 and ^ tt, let ft be a small positive 

A 


quantity We have then to shew that 
B fl+ft 


IS positive. 


tanfl tan(0+7») 

The sign of this egression is the same as the sign of 
B cos 0 sin (5 + 7t) - (^ + ft) cos {B + ft) sm ^ , 
i.e of 0Binft-ftcos(&+ft) Bin0, 

B ft 


1 e of 


5 rC08(»+7j) 

sm 0 sin ft ' ' 


But as we may suppose ft lees than B, we hnow by Ex 112 that 
IS greater than and therefore greater than (®+ft) 


wclB 


114 Let APz=x=BQ=CR 33ie sum of the areas APR, BPQ, GQR is 
1 

= 2^!iHb-x)BinA-i-x {c—x) sm i7+a;(a-a;) sine] 

= ^[ax{b- x)-i-bx {e- x)-\-cx {a~ x)} 

A+J+c paft+ftc + ca _ „~i 

" 4B L a+b+c 

(g+6+c) Ar(gft+ftc+cA)- 1 aft+ftc+cA^'n 
abc L4(a+1>+c)- A+ft+c ) J 


T T K H 


16 
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The greatest value of tins expression occurs vrben 

1 ab-^he+ca 


2 

, , (a6+6c+ca)= A 

and IS therefore «6r(S+6Vc) ' 4 * 

the least value of the area of the triangle PQE is 


il ^ (ab+bc+ca^ 
I ~4 «6c(a + 6+c)j 


I 4 «6c(a + 6+c)j 

11,1 sin<<>cosd-coswsm^=sinwcosa, 

' tanueosd-sm9=tanMCosa 

If 0 IS so small that -we may neglect powers of 0 above the second, we 
obtain from this equation (Arts 120, 121) 

tan u ^1— — tf=tan wcos a, 

0 = tan u - ton to cos a- ^tan u . 6- 

=5 2 tan 6J Bin® ? - ^tanu. 0® 

In the term involving 0" substitute for 0 

2tmta eiaP g - i tan « . 0®, ' 

0=:2tauwsin®g-|tanu |2tanciiein®g~gtan(i; 0®j- 

= 2 tan w am® g - 2 tan® » sm^ g + other terns 

Since 0 IS small it follows from the given equation that a is small, 
therefore the other terms are small compared with those given Hence 
approMmately 

0=2 tan « Bin® g w 

IIG Since y=zx - e sin x, 

1 /I 1 \ tmlx-ianllesinx) 

tan^p=tan esin .) = i 

' l+taugistan I gCBinc; I 

Since higher powers of e than the second are not required we may wntc 


gcsinie for tan 


Qc Bin®^, 


* 1 1 

- tan5ir--csina: 

. J. A A 

*““2^=— i J 

1+gC sin® tang 
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tan^x^l-ccos-^^ 


=tan^x 

^ 1 
=tangx 

. 1 
^tan^x 

, 1 
— tan^x 

a 


^l-ccos®|^ ^l-csm2|+e=sm*|- ^ 

- c cos=| - e sin2|+c= Bm=| cos® |+ c= Bm<|+ 
(l-c+e®sms0, 


neglecting higher powers of e. 


) 


117 Let J> denote the point of contact of the circle with HC. Let AC 
intersect the circumference of the circle at E, and let AE intersect the 
circumference at E. Then the four straight hues AE, EE, DF, FA can he 
measured. Then, b; Art 255, the diagonal AD can be determmed 

Then all the angles of the tnan^cs ADE and ADF can be found , and 
thus the angles of the tnnngles ADC and ADD are Imown Thus DC and BD 
can be found Sec Euclid m 32 


116 Let D be the point on AG produced throu^ C such that the angle 
ADB IB half the angle ACB, then CD^CB. Thus CB is hnown Again, 
let E be the pomt on BC produced through C such tliat the angle AEB is 
half the angle ACB, then CE=CA Thus CA is known Then m the 
tnangle ACB we know AC, and CB, and the angle ACB, thus AB can be 
found by Art 215 


119 Let X denote the height of the balloon, and a, h, e the sides of the 
tnangle ABC Let 0 be the pomt m the piano of ABC which is rcrticallj 
under the balloon Then 


AO=xcot4o®=x, jBO=xcot45®=x, CO=xootCO ®=-;5 Therefore 

b®+^-x- 3j,a_2j.2 a-+--x- 3 ^s_ 2 a;® 

COSACO^:— • = cos JCO=: -^ ' = To^' 

-^3 V3 

But ACB is a right angle, and therefore coBBGO=EmACO; thus 


/’35S-2x®V . f'8a®-2x=V , 

V 26x^3 7 '*'\2axV3 J ’ 

a® (86®- 2x®)®+ 6= (8a®- 2x2)®=12a®5Sx= ; 
4x< (a=+ 1®) - 30a=65x®+ 9a®6* (a®+ 1>=)=0, 
’ 4c®x« - 3Ga®b*x®+ 9aS5®c== 0. 


therefore 

therefore 

therefore 


16—2 
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120 Hera the angle J3A (7- the angle the Bum of the angles APO 
and AGO 

Now therefore BmACO=^*-— i and emoe AGO is very 

smAOU A6' c ^ 

Email the circular measure of it is nearly equal to the eino, so that it is 

nearly equal to 

Again T-^ = -77: , therefore sm A^O= r — therefore the oir- 

BinAO^ AB 0 

cular measure of AUO is nearly equol to ” 

Thus the circular measure of BAG— BOG is nearly » '*'“^1 


121 If the distance is 60 feet and the elevation is the height m feet 
IS 60 tan ^ , that is 50 

But suppose the distance to be 60+7(, and the elevation to ho 7+a 

4 

Then the height is (50 + h) tan + If « is very small this is very 

nearly equal to (50+A) ^tan^+asoo®^^, hy Art 188, that is (60-{-A)(l-f2a} 

If A IS also very small this is very nearly 6O+A+IOO0 Now suppose 
and «= ^Q^go ’ obtam 60+^ + ~. Thus the difference 

between this and the former value is ^ + 7^1 that is about 

12s lUo Xa ou 

that IS, 1^ incdies 


122 Suppose that the tower and the spire each subtend the angle a 
Then 


tantt=-, and tan2a=^i^ 
o’ a 


Therefore 


5+c 

a 


% 

o 

"Tri: 

a- 


2aib 


, , , 2a®6 , 2o®5 , (o^+bsiS 

therefore therefore 0 =^ — ^ - 6 = > 


o*-6s 


o»-6-> 


If however the height of the tower is 5+|3, and the height of the spire 
is c+7, we have 

o^(6+j3)+(6+/3)* 


c+7=- 
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Hence, l>y Bnbtiaction, 

o»(6+/5)+(6+/3)» {a^+l-)h 

a'-lb+Pi^ ~ o*-y 

Now (6+/3)*=6*+2J;5+/S*, 

and if ^ is \erj small this is Tety nearly h'+2h^ 

And (B+/3)3=ff>+36»j9+35;S*+/S», 

and if /5 is very small this is reiy nearly Ifl+SVp 

a-b+b* + (a* +3Ifi)p a-b+b* 
a^-b‘-2b^ ~ a‘-b* 

_(o*+36*) (a*- J*)+2 fa=+J=)i* 
(aS-i*-2V)(o*-6®) 
a*+4arb^-l* 


Thns 




Therefore 


(o-‘-4=J{o*-6»-2i.^) 
7 _ (a*+4a-b^-b*)fi 




{tt-+l‘)b 
(a*-i*){o»-6»-2&p) a*-i* 

a*+4a?lfl-b^ 


~b •{o*+J*)(o»-iS-26i9) 

But when p is vciy small we may put o* - 6 * for ar-b-- 2bpt and thns 
7 p a*-i-4a'P-b* 
c~b • o*- 6 « • 

123 We hare «*=i*+e'-25ecosA; 

suppose that b is changed to b+p, and c to c+ 7 , thus 

a®=( 6 +^)*+ (c+ 7 )*— 2 (b+p) (c+ 7 ) cos A. 

Therefore, hy suhtraction, 

2ip+p^+2cy+'r-2 i^+ep+py) cos A=0 
If p and 7 are very small this becomes very nearly 
2 bp+ 2 cy ~2 (by+ip) cos A= 0 ; 
ihereforo P(b-ccosA)+y(e-b cosA)=0, 

therefore /5a cos O+ya cosM=0, hy Art. 21G 


Therefore 

therefore 


cosJ} cos <7 


p sec B +7 sec (7=0 

124 Suppose h the height of the tower, r the radius, x the distance of 
the first place of observation from the centre Then 


as— a p 

=coscc^, 

r 2 


X p 

p=coEec|, 

h=xtana, A = (a; -a) tan c^. 
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Hence 
Tins finds r 


therefore 


a B B' 

= coseo s — coseo^ 
r 2 2 


T ± ! X , A tan a' , , 

Ti—x tan a'— a tan a ——i a tan a , 

tana 

^ a t an a tan a' 

“tana'— tana* 


This finds A 

Again, from the first and second equation^ 

/3' 

coseo^ 
x-a 2 

tc B * 

coseo^ 

A 

And from the third and fourth equations, 

as— a_ cot o' 
as “ cot a " 


Thereforo 


coseo*^ . , 
2 cot g' 

B ~cottt * 

Mneon L_ 


126 "We have 


a B B’ 

- = coseos - coseo*^ 
r 2 2 


If ure suppose an error S of the same sign to he made in B and j3' these 
errors \ti 11 tend to compensate each other, the greatest possible error m r 
will be determined by supposing that errors of opposite signs are made in 
B and /S' Suppose then that instead of /3 wo ought to have ^-6, and instead 
of B' ire ought to have /3'+ 5 Then wo have 

a /3-5 B'+S 

= 008001 -- coseot-— 

r-p 2 2 

Hence, by subtraction, — — that is ■ 

r-p t r{r~p) 

B-S /S ( /S'+5 B’\ 

= coseoC-^ cosec^ - jcosec'-^ coseo^| 

Therefore, if d and p be very small, we obtain 
[ COB- 008^1 

^ = |]— 1 + — iJ.eeeArt 194 


“Hi 
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ap _S 
r* “2 


.Kl-CQaal^ + cosKl-cos^^g) 


5111*1 Bin* I 


(cos| + coa|^(l-co3|cos|) 




(l-coaf co«f) 


«;in*^ain*^ 
2 2 


Now (1) mny bo put in tbo fomi 


/J 0 ^ jS'-fl fl'+fl 

Bin ^ —Bin s 2 sm — cos 
a 2 2 4 4 


P' P 

sin ^ BUI I 


/y e 

sin I Bin I 


Eivido (2) by (3) , tbon 


1 P P’ 

1 -cos- cos ^ 


P s ,1.^ 2 ! 

? = gCOtj(^-P) 

sin I Bin| 


~§ cot j ^'-P) jcoBoo^ coscc|-cot| cot|j 

If ^=60" and /S'=120®, wo obtain for ^ tbo lalno 

cot 15" {cosco 30® coscc 60® — cot 30® cot 60®} S, 
that is (2+ V3) {— - l) S, that is S. 

Put for 5 tbo circular mcasuro of 6', that is — ^ 

’ 1800 

Hence tboroforo £ = x 

r s/S ^1800’ r ’^8600 


V3 3600 


126 Lot p denote tbo angle PSQ, and tbo oqnol angle QSR, and let A 
denote tbo angle SQR 

PQ ^ sin P SQ, _ Bmp 
SQ emSPQ~ Bm{^-p)* 


Then 
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and 

therefore 


QR emQSR sm/S 
SQ ” sinjS/2Q ~ Bin (^+/3) ' 

PQ a n{^+p ) 


Let PQ=<^ and QR=h, thus 

a sin (0 -/3) =& Bin (^+/S), 

therefore a(sm 0 cos/3— cos^em/3}=& (sin^ cos/3+cos^ siajS); 


therefore 

Also 

therefore 


. j {a+b)smB a+b . „ 

tanA =; — = r tonfi 

^ (a— 6 ) cos /3 0—6 


_1 sinjg 

SQ ~OBin{^-/3)’ 

1 _ sin»/3 


iSQ“6Bin(^+/S)’ 
sin®/S 


iSQ* «5Bin(0— /3)Bin{^+/3) o6(sin®^ — Bin®/S) 

ton^^ 


But Bin ®0 = 
thus 


(o+ 6 )»tan®/S 


a 6 {sm® 0 (1 + tan® /3) - tan^ P} 


(o-6)*+(a+6)®tans/5’ 

1 (o— 6 )®+(a+ 6 )®tan®^ (o-6)*+(a+6)®tan®/3 

SQP~ 06 {( 0 + 6 )® -( 0 - 6 )®} “ 40=6-' 


Suppose that instead of /3 we ought to have /3+a, and instead of SQ we 
oug^t to hare SQ+c, where o and c are veijr smi^ Then 


(5Q+C)® 

Hence, hy subtraction, 




1 1 _(o+6)g 


(•SQ+c)® -SQ® 4a®6 


{tan® (/3 + a) - tan® /S} , 


%^SQ+cy ~ ='S§-’«tan^+aseoS^®-tan®/3}, 


4o=6® 

approzimately, by Art 188 

2 c {a+iy 


Thus 


/SQ® 4o-6® 


2 tan/3 sec® /3 a, nearly; 


c 

iSQ® 


(o+5)® Bin/S . 

= ” - i ' OM r 3 “> nearly. 

4a-6* cos®/3 


therefore 
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127 Let P bo tbo top of the tower, PN the pcriHjndicnlar to the ground , 
F the starting point, IIFN the pctiicndiculnr to the course of the river, F 
nnd L being on opposite banks, JD the point tlint ho reaches, near E Let 
lkV=2x, then since tanPJ7*r=2, A7>’=x; hence NE=a+x Since PN is 
perpendicular to ND and the auglc 

PLA'=cot-»|. 


we haio 
Now 


XD=PycotPI)A*=3r 

ND-=NIF+ED\ 

£lx'’={x+«)*+c* 

=»"(‘-is=+ ) 


c* /rt 

="+ 0(2 




=«+g“ , approximately 


12 s Let N lie the foot of the tower, h the height. Then 
PN=:hcolp, ANsiJtcota, 

e=:VN-AN=h[cotB-cota)=h 

' ' Bin a 6111/3 

, csin nsin^ 

Mil (a-, 3) 

If PA is not in the same straight line ns A', produce PA to X ; let 
tNAX-0, NPX==t}, 

Then h cot p=PN = r cos J N cos (tf - 

7icota=^y; 

h (cot /3 - cot a) =c cos - AN {1 - cos ((? - ^)} 

=c-Ic^-IaN{0-^)^ . . . ( 1 ), 

approximately 
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Now from the tnangle BAN, 


AN c 

Bia<p~^sm0, Bin erne. 


or since the angles are small, 

AN 




Equation (i) becomes therefore 

sin a sin /3 2 BN^ 2 BN* 


= 0 - 


AN e MN+c) 

-2“ ^ twf 


AN 


=‘-hm '* 


, _ sin tt BUi/3 L 1 cottt -jl 
*~^Bm(tt-/5)| 2 cot/3* I 


the quantity to be subtracted is 

cot a 0* Bin a Sind c cos a sin- d 

C - — X - -C Qj» — r _ 

cot^ 2 8in(a-/3)’ cos /3 sin (a - j9) 


129 Let P be the foot of the mountain ; h the height Then 
h=PA tan a=PB tan a=PC ton a 
P IS the centre of the citcumcircle of the triangle ABG 

Pil=P=goooseo jf , 

Ji=h a coseo A tan a 

A 

If there be an error then P is near the centre of the ciroumcircle, let this 
be 0 Then smce there is no error m the altitude from A and B, PA is still 
=PB PO IS perpendicular to AB, let PO=zx 

7t=P4 tano=PPtBntt=P(7tan(a+n") (0 

Draw Pn perpendicular to CO. Then 

GP=CO-On=It~x cos POn=B - x cos {B - A) (u) 

And AP=AO +a; cos APOssP+n; cos (7, approximately (“i)« 
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Hence to dcteimme x we have from (i), (ii) and (iii) 

(lt-^xcosC)tana=(lt-xcos B~A) tan (a+n") 

It {tan(tt+n") -tan 0}=® {cos C tan a+cos (B-A) tan (a+n")}, 
6111 nf' 

■H 7 ;A=®tana{coBC+cos{B-il)}, nearly; 

costtCOB{o+n") ‘ \ 


=2® tan a sm A Bin B 


Z=:R 

=B. 


Binn' 




2 Bin a COB (a +n'^ Bin A sin B 
Bin 11 " 


Gin A sin Bsm 2a 
from (1) and (m) the tme hci^t 

sin n" COS C ) 


=i2tana {1 + 


BinABmBsm2af 


130 Let the tme valne of A beA+x; of a, a+a, of B, li+p 
The area of the circlesrr (jR-»-p)®=rB®+2irBp 

• the error in the Brea=25rBp, 

(a+a)-=:lr+c^-2l>c COB (A+x) 

• approximately 

a-+2aa=b-+c- — 2bccos A COB x+21m! sm A Bin® 
=lr~c^-2liccoBA+2bcxBinA 
=a-+2bcxBinA 
2aa=2bcxBinA 

Tit a+a 1 a+a 

^~2 ' sm (A +®) ~ 2 Bin A-*-® cos A 

=B ^l+^j(l-®cotA) 

-®cotA^ 
p=B^2_xcotA 
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XVm MISCELLANEOUS EXAMPLES. 


the error in the areas: 2)r72/> 

* oot .4^ 


ss2iri2® ^ <7t oos^) « 


=:2jr i. 




4 eiuJBamU sm^ 


. 003 B COB G , a 


ss^ttIicx oot Beat CcoseoA 


131 Let A be the point of observation, C the cloud, C' its image, B the 
point ivhere CC cuts the surface of the lake, AN the perpendicular from A on 
CC het CN=x, NB=h, tiiea BC^x+h Now 

JL 

tan a tan /9 ’ 

2/i tan a 2h sm a cos B 

Xss ■■ ■ " := -U 

iaii/9-iana 8in(/?-~a) 

If ic+X be the real value of CN, a+3 the real value of GAN, then 

_ , ^ 27t cos /3 sm {«+ 8) 

8m(/3-o-6) 

2/ioos p (siatt+8co8 a) 

“sin (/3 - o) - 8 cos ip - a) 

~ " an (j3 - a ) ~ ^ a) (1 - g cot /3 - o)"^ , 

_ 2kco8SBina ^ 

smOS-a) noot«+cot03-a)} 

_2hcos^Bm<i Samp 
~ sm (/S-o) smaBm(/3-o.) 

=: liS Bin 2p ooseo® (/3 - a) 

132 Let a, b, c, A be the real values of the sides, i&c. of the triangle, and 
let a+u, Z>+n, c+w be the measured lengths, A+8 &e area calculated there- 
from Then 

16A*=26V-h2c*a2-J-2cS63 - a* - 6* - c*, 
and l6(A+S)®=2(b-H;)®(c+w)®-j- .-{a+w)<- 
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Multiply out omitting all terms containing «, v, w of degree higher than 
the frst 

. 16(A3+2A6)=2(62+2l»u)(c=+2ao)+ -{a*+ia?u)- 

=2li®c®+46c-o+l6®cw-*- -a*-4:a?u- 

=16A2+4au(62+c2-a2)+4Zw{fl=-62+c=)+4cic(aS+6=-c2) 

. 32AS=8a6c{ttcosA+rcoaEJ-ttcosC), 

5=E (m cos A J-o cos E +10 cos C) 

If the triangle is acute-angled cos A, cosE, cos G are positive, and the 
greatest positive value of 6 is found by taking the greatest positive values of 
u, V, to, namely x In this case therefore 

5=Ex (cos A +C08 E+cos C) 

=[E+r)x [Ch. XVI Ex 27] 

If the triangle is obtuse-angled, A being the obtuse angle, then cos A is 
negative The greatest positive value of S will therefore be given by 

«= -X, v=x, w=x 

In this case 2=Eo;(-cos A+cosE+cos (7) 

^ f. A S 0 .\ 

=Ex ( 4Bm^cos-^cos-^-lj 

(e “ tCh. XVI Ex. 21 ] 

=x(ri-E). 


XIX 

1. {cos4A+V(-l)Bm4il}i=±{cos2A+V(-l)Bin2A} byArt 267. 

2 -l=:C0Br=00B'T+V{-l)sinir, 
therefore one value of (-l)^=cos|+v'(-l) 

so we may put -l=cos8v, or cos Sir, and thus we obtain two other values 
for (-ip, namely, 

coB-|-+^{-l)Bin^, that is -1, 

cos^+V(-l)sin^. 


and 
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8 Wemay put-l = cosir, or cosSb-, or oos Sir, or cos7r, or cos9ir, 
or cos Hit, andthos 

- 1 = cos d + \/( - 1) Bin d 

whore d=ir, or Sr, or Sir, or 7ir, or 9ir, or llir 

1 

Henco the six values of ( - 1)* are contained in 

0 0 
cos g+V(-l) sing, 

where 0 has any of the six values just specified 

= 1 J 2 {cos d+>/( - 1) Bin 0), 

where for 0 we may put ^+2nir, where n is any integer 

Therefore {1 + V(-1)}^=2^ |oos|+V(-l)sing| , 

ond the three values will be obtamod by putting for 0 in Buooession 
2 ir+ 7 , ond 47r+^, 

6 Since is given nearly equal to umty, we may infer that d is a 
0 

small angle. Hence we have approximately, by Art 286, 



Bind=d--5 , 
0 

thus 

2165 

^“6 “2166’ 

therefore 

1 

6 ~2166’ 

therefore 

d» = — , 
361' 

therefore 



. This IS the circular measure of the angle , therefore the number of 
degrees of — of 67®.29 . s=S® approximately. 

X«/ Xt7 
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f) sm^^+0^=*51 

As *51 IS veiy nearly equal to sin^ ■ue tnoy infer that 0 is \ety small 


VTelmio 


Fin 


^cosO+cosf sm5= 51, 
b 6 


therefore 


i -i- «1 npproTimntcly. 

/3 1 1 

Hence, neglecting <P, \ro liaio thereforo 


Then if wo retain the term in fl" wo Imie 


0s=— 1. — ; 

50^/3 ^2,^/8’ 

nnd putting for (P its approximate value, wo lin\o for a closer npprovunation 

S^/S (56^) 

- I . 1 

50^/3 15000^/3* 

The same result will ho obtained if wc eoho the quadratic equation 
proximato ^nlue See Alnebra, Art 52C, Exainplo (3) 


7 a”=:l=:C0B 2o'db( Bln 2»fir, 

*=(cOS2KirilBin2Kir)A=COH~i|,BintE . 

b b 

The roots of x<+a:-+l=0 arc tlio roots of a:C-l=0, except «= il 
That IB thejr are gixcn 1)3 


( 0 * 


.2mir 

0 


. 2m7r 
C ’ 


where m has the values 1 and 2 
«=2 or“ expression (i) when 
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8 As lu Art 279, ad inf 

s= ^cos j + 1 Bin ^oos j + 1 sin ^cos ^ + 1 sin 

= oos (| + 2 + g + ) "■+*““(1 + 5 + 5 + )"• 

1 1 
gTT • 

s=cos— -+«Bin— - \ 

1_1 i-i 
2 2 

r= cosirrf- » sin ir= - 1 

9 Pat v=a® Prom tho given e<iuation 

(y + 1)®= (“ix cos (9)s=4y cos® ; 

y® - 2y (1 - 2 cos® 0) + 1 =0, 

or y®-2y cos25+l=0 

The valnes of y given by this equation are the squares of tho values of x 
found from the gnen equation 

10 (i) a+&=oos2tt+cos2/S+t(sm2tt+Bin2/3) 

=2 cos (a+P) cos (o-j8)+2t sin [a+p) cos(tt-/3) 
s=2cos (a-/9){oos(o+iS) + tsin (a+/9)} 

(u) a-&=cos2a-cos2/3+((sin2a-Bin2j3} 

= -2Bin(a+/3)sm{«-p)+2t cos (tt+^) sin (o-^) 

=2tBin (a-j3)8m (cos {tt+/3)+tsm («+i3)} 

(ill) a&+cd=(co8 2a+iEia2a)(oos2j3+(Bm 2j3) 

+ (cos2y+t sm 27) (cos 25+ (Sin 25) 
s= cos (2a + 2jS) + 1 Bin {2a + 2j3) + cos {2y + 25) + 1 sin (27+ 25) 
=2cos(tt+)3-7-5){cos(a+)5+7+5)+(Bia (a+/3+7+5)}, 
as in (1) 

(iv) from(i), 

a+l>=2cos(a-)3){coB(a+p)+(Bm(a+)3)}, ^ 

c+d=2 cos (7- 5) {cos (7+ 5) +( sm (y+S)} , 

(a+&)(c+<I) 

~i cos (tt - p) cos (7-5) {cos (a+/3)+( sm (a+/9)} {cos (7+ 5) +t sin (7+ 5) } 
=4 cos (o - /3) cos (7 - 6) {cos (o + /5 +7 + 6) + 1 sm (o + jS + 7 + 6)} 
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11 (i) As in Art 279, 

abcd=:cos (2a+2p+2y+2d)-i-t sin (2o+2)3+ 27+25) , 

(abedji^ + {abcd)i~^ 

=cos(a+^+7+o)+tsin (a+fi+y^S) 

+coa(a+p+y^S)-i-iein(-a~p-y-S) 

=2cos{o+/S+7+5) 

(ii) {ab)i (cd)-i+ (ab)-i (cd)i 

={cos(a+^)+£Sm(a+/3)}{cos(-7-S)+,sm(-7-5)} 

-oos(a+^-7-a)+tsin(a+/3— y-sj 

+eos(-a-p+y+s)+tBm{-a-p^y+S) (Art 279) 
=2cos(a+/S-7-5) 

a+5=cos2a+cos2^+,^(_l){sin 2«+Bin 2)9} 

=2 cos (a+^) cos (a-^)+2,y(_l) sm («+)3) cos (a-p) 

=2 cos (o -^) {cos (a+p) +^( _ i) j 

thus we get ggi(^-g)+^/f-l)sin()^-,| '' 


12 


Thus 


zcos(a-)9)" 


Similarly ::4-=®-2!i21Zf!)±^(-l)smtv-al 


Therefore . ®os (S+.y_o_} , 

Bin(j9+v~ 2«) 


13 


T T K H. 


- co3?^+2V(-l)sm ?+lcos^)" 

~^’‘(“®-2-^) f‘>s£+^+V(-l)sin£+^l" 

2 (oos-gi) f®®l(^+^)+V(-l)sm|( 04 .^,| 


17 
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Similarly 


{oostfH-cos0— ,/(-l) (sin 5+sin0)}“ 


= 2» |cos2(^+^)-^(-l)sin|(ff+0)|- 

cos— COSg(0 + ^) 


14 Since 


1 - c ® = (mc - l)®=n*c® — 2nc + 1, 
c(l+n®)=2n 

=^+ 1 (^+ 5 ) 

=l+coose 


a: - &s= cos 25 + ii/{ - 1) sin 20 - cos 1) sin 2p 

=2 sin 03—5) {sin (/3+5) -»/(- 1) cos (|3+5)} 

= {“8 (/3+ fi) +^/( - 1) sin (p+d)} 


In like maimer 


a _ ia^^^^{cos (/S+o) +^( - 1) sin (/S+ a)} 

Therefore £:i^= 5^5^ c o ig± 5 ^ ^^^s i n _ gj- _ 5) 1 

a-6 sm(j3-o) cos(/S+o)+^(-l)sin(/3+o) ^ ^ 

numerator and denommator liy cos (/3+o) -J(-l) sm (P+a), 


tlius we get 


{cos (5 - «)+ V( - 1) sin (5 - a)} 


tC ^ c 

Similarly we transform , and thus we obtam * 

a-c 

(x~b)(x~c) sm(5-fl)sm(5-'y), , „ ,, 

7 Tw 7 — ^ ) ^{oos 2 ( 5 -a)+» 7 (-l) 6 in 2 ( 5 -a)} 

{a-b){a-c) sin(a-y3)sm{a-7) ' \ 1 ivv / \ /j 

In like manner we transform and Then by 

(b-e)(b-a) (c-a)(c-b) 

equating to zero the coefficient of the imaginary part we obtain 

sm (5-^) sin (5-7) „ _ .x . Bm(5-7)sm(5-a) . 

sm(a-/3)sm(a-7) ' ^'^sm(j8-7)sm03-o)® ^ 

. sin(5-o)sin (5-fl) « 

^sin( 7 -o)sm( 7 -/S) " 
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t 


And then by equating the real parts •we have 


sin(g-/3)sin(g-7) 

Em{tt-/S)6m(tt-7) 


cos2(^-tt)+ 


6m(^-7)tui09-«) 


C03 2(ff-/S) 


sin(fl-tt)an{g-^) 
'*'sm(7-a) 6in(7-i3) 


cos2(ff-7)=l 


_ 1 1 1 

16. Wohave 

Now ar-a=2( sm {<?- a) {cos [$+a}+t sin (d+o)^, 

®- 6=2i sm (S- 13) {cos (6+0) +t sm (6+0)} ; 

1 

(x-a)(x~b) 

1 

~ —4 Bin (6~a) sin (0—0) {co8(2tf+tt+/3)+i sm {2ff+o+^)} 

_ co3(2g+a-K3)-tBm(20+tt+ffl 
“ -4Bm(ff-o)6m(fl-/3) 

lu the same way 

1 _ co3(g+2tt-f/8)-tsm{g-f2tt4-/3) 

(a-t))(a:-a)~' -48in{tt-/3)sin(<?-a) ’ 

1 cos(0+<t-{-2/3)-tsin(g-ftt+29 ) 

(a-l)(x-h)~ ~Aeva{a-0)Bin(O-0) 

Bubstitutmg these expressions m equation (i) and equating the real parts 
we have 

coB(20+tt+^) _ cos{<?+2a+/S} cos((?+fl+2P) 

sm (0 - a) sm (6 -0)~ sm (ff - a) sm (« - /I) “ sm (0 - sm (a - /3) 

17 Forarwntecosa+tsmo, fory wntecos|3+(sm/3. Then 
=: (cos a + ( sm o)*’ (cos 0+i sm /3)* 

= (cos ra 4 - 1 sm ra) (cos 8)3 + ( sm s/3) 

=cos (ra+s/5 ) +1 sm (ra+s/3) , 
x^+x'^-hj+ +y'»=S cos (ra+s0 ) + tS sm (ra+s/S), 

where r and s are positive mtegcrs, such that r+ 8 = 7 )i 

S cos (ra+sj3)=tho real part of 

x-y 


17—2 
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Now 


a:'n+l_ym+lrr00S(j»+l) a+tBm(m+l) O-OOS (l»+l) p-KBia (m+1) jS 
= 2. sin |oos 

®-2/=2tsm^^ |oos^^+tBin^^|- 


sini(m+l)(a-^) 

X-y ' 


Bin 


ji+l)(o-/3) . 

— — JooB j(o+|S) + .»U>2(o+fll. 


Hence the sum required is 


sin5(m+l)(tt-/5) 

■— '■ cosgCa+jS) 


18 

1 o ■ 
a — =;2t Bin a 
a 

, 1 

a=cosa+(Sinat -=oosa-{Bina, 

a 

and ai’=oos 2 >a+*Bini»a, ^=cosjpa-tBin 2 >a, 

1 ( 

abc — =(ooso+»sino) (cos^+tsin/S) 

+ {cob a - ( Bin o) (cob ^ - 1 Bin j3) 

=003 (a+^+‘y+ )+c Bin (o+/5+'y+ ) 

+C0B(a+i3+7+ )-cHm(B+^+7+ ) 

s=2co3(o+/3+7+ ) 

aPlfle'^ {003jpa+i6in2»o) (cosqjS+isinq^) 

+ (ooBjjtt - 1 Bin 2>a) (cos gjS - 1 Bin g/S) 
=oos(jpa+g/3+ )+iBm{pa+qp+ ) 

+oos(2?o+g^+ )-(Sin(2ia+g/3+ ) 
s=2ooB(pa+gj3+ ) 
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19 Bm20=g(l-cos2e) 

_i {Ve^ yg 

- 2|{2 14 

< 503 * 0 =^( 1+003 20 ) 


2|{2 14 + |6 


(Art 286) 


‘_lf 2*0* 2i0< 1 / 

“n T^i" / 

. 20 4 Bm*0 cos 0=2 Bin 0 Bin 20=cos 6- cos Bff 


=i-^+£!- 

|2 If 




200 * ( S*®— 1 

sm...o,.= ,P-W+ , 

21 4 Bin* 0=3 Bin 0 - Bin 30 

-|(3'-S)+|(8'-3)- 

- g-*^=|-|(3*+l)+|(3*+3*+l,. 

22 I'romEi;.3,Ch.7ni weoWain 
^(^~7)sm(y-a)sm(a~fi) 

= -4 {sin 2 (^-T,)+sin 2 ( 7 -«)+sui 2 (a-/ 3 )}, 

and from Art 286, Bin 2 03- V) 

=2(^-T,)_2!(^^ .+{-!)« 2^2^(£:^7)='*« 

^ ' }2n+l 
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Hence the tenn of the (2n+l)‘'‘ degree is 

- - { (ff - 7 )""+^ + (y - (tt - 

/ 

23 Solving the equation as a quadratic we have 


Now 


±^/5-lV__ =fc25^/5 - 5 25=fcl0 SJB~10 6=fe5^/6-l 


(^)'= 


2B 


±80^5-176 ±6J6-11. 

2x16 2 ’ 

sfc6-l 

X g — . w, 

where u is any one of the dfth roots of unity, that is 

2rir 2> ir 

w=cos-^+tsin 

o o 

2rir , 2nr 

or w=cos-=-±tsm-^ , 

o o 

these expressions induding the same set of values 

24 xi6-2iB8+l=46a:8; 

x8±3^/6 x*=l 

;..=Z±|i2x(iI) 

^T-„/'l=^=^/5V_l±4^/6+30±20^6+25 7J=3^5 

\ 2 ; 85c2 2 ’ 

(cos rjr±t smnr)i 


' 2 


rir , rff\ 

cos-j-itsm-^j 
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25 Multiply the second equation hj J -1 and add ; therefore 

<,(a:2_j,2j.2,ry)+ia(a;=-3/=+2ixy)+(5+^0(*+y*)+c+'yi=O, 
or (a+ia){x+iy)-+{b+ip){x+tij)-i-e+iy=(i 

From this quadratic equation vre can find x-i-ty, and in tho samo nay ■we 
can obtain a quadratic equation for x—ty 

2G Suppose tana:=aiX+-^ + -^T , 


then 


sin a;=cos x 




Substitute for sin 2 and cosx by Art. 28G, thus 

Then, according to tho known principles of Algebm, ne may equate the 
coefficient of any power of x on the left-hand side to tho cocfiicicnt of the 
same power obtained by working out the product on the right-hand side 
Take, for instance, the coefficient of thus wo obtain 

irj)" qsnri . «!!n-3 

|2w+l |2n-i-l 2 |2n-l |t |2n-3 \2n 

Multiply by |2n+l and transpose, thus we get 

- _{2n-*-l)2n_ (2n.H)2n {2 b-1)(2ii-2) 

«2«1.1 Y — Oa.-! g 'a^_y 

+ +(2n-{-l)(-l)«+’ai-b(-l)» 

27 Let ^cotOrsflp-j-ajO^-ffl^^-f- • 


then 


0fiQse=:Bme[af,-raJP+a^6^+ } 


Substitute for cos aud sm <? by Art 286 , thus 
\ |2+ll jO-^ j 

Equate the coefficients of thus 

|£i li 1£ |2n^-l 



264 


XIX DE MOrVBE’S THEOREM 


Transpose, thus we get 

a . ("I)** ^ O'o . (~1 )" 

15 15 ^ ^ |2n+i ^ 1^ * 

To find the first four terms of 0 cot 0 we have the following equations 
1 = 00 , 

_i-a _lo 
[2~ = |3’ 

--a -^4.^ 

15^15’ 

15" * l!'^i5 IZ* 


Hence we obtain 


111 


«o-li ‘'a- j3 -2 -o~2~“3* 

1 1 ■ 1 ^ 1_ 2 
" 45 3 |5 {7“ “ 945* 


_1 11 1 
|3“ 16“"46’ 


V 28 Let Beod=ao+®a®®+®4^+ > 

then l=cosd(ao+asd*+a45*+ ) 

( d® gs \ 

^~l2+'2“j£+ j (Oo + “2®“ + ®4^+ ) 

Then equating to zero the coefficient of 0an jq fjjg expression on the 
right-hand side we get 

(\ — it _ ®2iI- 3 . ®ai-4 ®5ll-0, 

0-aa„--|2-+-l^— -|g-+ +-^-«o 

Transpose, then we obtain Ojn=^~ “ 


29 Let r denote the radius, and 0 the mrcnlor measure of the angle, 
then the length of the arc is rB 

B B 

The chord of the arc is 2r sm | , and the chord of half the aro is 2r sm ^ 

Now let it be required to determine two numbers I and m, such that 
approximately 

B B 

I X 2r sm g-t-ro X 2r Bin |=rd 
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Expand sm ^ and sin^ by Art 286 Thus 

Neglect all po^sers of 6 above (Pi Ibcn to mabe this formula hold vro 
must put 

*+ 2~^‘ (2? ‘ 

Therefore m= -81; therefore — if=l. 


Thus 

This establishes the rale. 


, 1 8 

7=-5aDdm=5. 
o o 


30 Proceed as in Example 29 

The chord of one-fourth of the arc is 2r sin 5 . 

Let it be required to determine the nnmbcrs I, tn, n such that opprom- 
mately 

I X 2r em |Tmx2r sm 7-fn X 2r sin 5 =srl? 

* » o 

In this case we can mabc the approximation closer than in Example 29; 
for we shall retam and neglect only the higher powers Thus 




Hence wo mnst put 

2 ‘4 ’ (2)5 {4)5 •*•{ 8 )’-*'’ 

The values of I, m, n given hy these eqnations arc 


l-L 40 230 

^-45’ ’"=’-i5« «=15 


mabo nmilat substitutions for 


r,==ai=+hi2, tanOjrS. 

(?i 
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Now (ij + t6i =ri (cos <?!+ 1 sin fli), 

(aj+t6J(a2+t6„) 

r„(cos6j+tsin^i)(cos0g+tBm<?«) , 

»'n{oos(tfi+tf2+ +tf„)+iBin(tf2+^a+ +®n)}i 
r„ <008(52+^3+ +S„), 

B=:riU r„ sin (52+^8+ +^n); 

^2+P-"r=r2V r„==(aiS+&i»)(fls®+6a2) KHV), 
and 5s=tan(d2+d»+ +^n)i - 

tan“^^=di+fla+ +fl_=tBn"^-^+tttn~^^+ . 

-a * «! cu 


XX. 


-cos{4n-2) 0- 


Proceed as ui Art 294 Thus we obtain 

-2*»+i (Bin d)<"-«=:oos (4n+2}d- (4»+2}coB4n0 
, (4n+2)(4n+l) 

e 

(4n+2)(4» + l) (2n+2) 
2 |2»+1 * ■ 

Proceed as in Art 295 Thus we obtain 

2^>» (sin d)*’*'*'^=Bin {4n+l) 6 - (4re+l) sm (4re - 1) ^ 

I (4n+l)4n . 

+ |2 


-sin(4n-3)d- 


(4n+l)4n(dn—l) (2n+2} 

+ tE 

3 Proceed as in Art 292 Thus we obtain 

2®»~^ cos^ d = cos 2nd + 2n cos (2n - 2) d ^ cos (2n » 4} d 

E 


+ . • 


2n(2«-l) . . (n+1) 
2jn 


4 By Art 292, 

2^cos®d=oos8d+8cosGd+j-|cos4d+?-^-^cos2d+|-g-|-| . 
. 128 COB^ d=cos 8d-f- 8 cos 6d4- 28 cos 40+BG cos 2d+35. 
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2G7 


5 AsinArt 292, woha^e 760 

2®cos''^ 0=00516+1 cobSAH — ^ cos3(?+— g — j- cost? 

=cos7fl+7 cos 60+21 cos 30+3t> cos 0 

•t 

1\= 


6. AsinArt 302, 
2715 Bin® 0 cos® 


6 13 


=®7- 3i®+ir'+6*-- - ^ + - p 

=2i (sin 70-3Bin60+8m30+66in0), 

64 sin® 0 cos® 0=Bin 70-3 sm 60+6in 30-*- 5 sin 0 

7 2®i®Hin®0cos®0=^x-i^ 

=2 (cos G0 - 2 cos 40- cos 20+2) , 

32 sin® 0 cos® 0srco3 60-2 cos 10- cos 20+2 

8 2®i7Bin®0cos®0= HK 

= 3 ? - 5i7+8xs - 14x+— -1 + 4-4 

. X afi X' aP 

=2((Ein 90-5 Bin 70+8 sm 60 - 14 sm 0). 

- 236 Bm® 0 cos® 0=sm 90 - 6 sin 70+8 sin 50 - 14 sin 0 

9 l+cos 100=2 (cos 50)® 

By Art 298, 

2 cos 60= (2 cos 0)5 - 5 (2 cos 0)®+5 (2 cos 0) , 

.. cos50=lGcos®0— 2Ocos®0+5cos 0 , 

' l+cos 100= 2 (16 cos® 0-20 cos® 0+ 5 cos 0)®. 


10 


290 

1+COB90 2 


1 + COS0 


C0S®| 


cosy 2co3ysin| . 

— 2 2 Ein60— 6m40 


cos I 2 cos g Bin ^ 


Bm0 

_ Bin 40 cos 0+ cos 40 sm 0 — am 40 
8m0 ~ 
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= (cos 0 - 1) . 4 cos 0 cos 20 +COS 40 
=4 (cos 0-1) 008 0 (2cos®0-1)+2(2co 8*0-1)*-1 
=4 (2 cos* 0 - 2 cos® 0 - COS® 0+ cos 0) + 8 cos^ 0 - 8 cos®0+ 1 
=16 coa* 0-8 oos® 0-12 oos®0+4 cos 0+1 , 

1 + COS 90 = (1 + COS 0) (16 cos^ 0 - 8 cos® 0-12 cos® 0+4 cos 0+1)-’ 


11 It IS repaired to prove that 

l-«®=(l-2aoos0+iB®) (1+2® 0030+2®® cos 20+ 2a:® cos 30+ ) 
The coeiScient of ®’' on the nght-hand side, (n > 2) 

=2cosn0-4cos0co3 (n-1) 0+2cos(n-2) 0 
= 4 cos 0 cos (ji - 1) 0 - 4 cos 0 cos (re - 1) 0= 0 
The coefficient of a?=l - 4 cos® 0 +2 cos 20= -1 
The coefficient of ®= -2coa0+2cos0=O 
Hence the result follows. 


12 From the preceding example we have 

1— ®s 

2®coa0+2®®coB20+2a:?eoB30+ =j — 2®oo3 0+® ®‘ 

_ 2®co3 0-2a^ 
~ 1-2® cos 0+®® 

Divide by 2®; therefore 


1 


CO3 0-® 

1— 2»oos0+®® 


= cos 0+® cos 20 +®® 003 30 + 


13. (l-2®oos0+®®) (®sm0+®®8m20+®*Bm30+ ) 

=® sm 0 + ®® (sin 20 - 2 sin 0 cos 0) + 

+®»{smn0-2cos0sin(re-l) 0+sm(re-2)0} + 

=® sm0+2®’*{2 sm (re- 1)0 cos 0 -2 cos 0 sm (n-1) 0} 

=®Em0, 

® sm 0 

i-^Toa 0+®® =^ 0+a^Bm 20+®® Bm30+ . 

rr2FiSTP=(l-**>{l-®(2oos0-®)}-® 

= (l-®®){l+®(2cos0-®)+ +®>‘(2cos0-®)’’+ } 

=(l-®®){l+®(c-®)+ +®*‘(c-®)’‘+ }, 


where c=2 cos 0 
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The coefficient of a:" in this expresaon is equal to the coefficient of 
a:»-eoefficient of in the ei^resaon \nthin the brackets. 

The coefficient of x" in x'{c-xYiB the coefficient of s"-^in the expansion 
of (c-x)*", namdy 




Hence 2cosn9 


.n-4^ 


|n In-l ^ jn-2 

!»* jl|»-2 [2 |n-4 

t In-2 |n-3 |»-4 

l«-2 ° |lJn-4 ^|2|n-6‘^ J 

The coefficient of c""®' 

■ l!izl ^ liLUzl I 

' ' |r |n-2r ^ )r-l |n— 2r J 

|n-r-l /n-r \ |n-r-l 

=(-ir ,-^T- o (— 

r J Ir |n-2r 

Hence 2cosnff=c’‘-7w"~®+. -h(-l)’‘rt.-rT^‘=“.c"“®'+ 

' ' |r |n-2r 

Again from Ex 13, 

. sin n<> a; 




smfl 1— 2xco3tf+x® 

=x{l+a:(c-x)+ . +a:>’(c-x)’-+ } 


sinnd 


"SET" coefficient of x"-^ in the expansion of the expression 
'vnthin the brackets 

As before the coefficient of x”-i 

In — r — 1 

1 12® 
lo Pnt 20 for 0 m Art 292 ; therefore 

2»{co320)»=co32n0+„co3{2»-4)0+!L^cos(2n-8)0-5- . 
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16« ftssBin ) 

=BMi^cos'fB/i+CA®+ )+cosj 1 Bin(BA+(7/i®+ ) 

=8m^|l-i(P/t+C&=+ )»+ |-+cosi[{B7i+Cfta+ } 

~Bm A + B cos A higher powers of h, 

x—smA andBcosjl=l, 

1 1 


B= 


cos^ 




17 Bm~^x—AjX+Ag!i?+ , 

Bm-i(«+7i)=AIi(®+7i)+/is(a:+Zi)®+ 

—AiX-i-A^c^+ +h {Aj+3Aja!®+6ii5iB®+ }+ • 

But from Ex 16, 

Bm~i (x+h)=Bm~^z+ — - + 

j+3AjiC“+6A5a7*-|* — — y- - = ag ^1 — ^ 

^l-a? 


’^2 4 


**+ 


j _i 1 ^ 13 lx 

Ai~l, Aj_g g, Ae-^ g, &o, 

• Bin”ia:=Aj®+A3®s+Al5®®+ 

, 1 8 a:® , 

“*■*■2 ¥ + 21 6 + 


IS Put -« for a; in Example 11, therefore 

1-n* 


l-2noosP+2n®cos2S- =i 


1-ng 

1 + 71® 


l+2»cosff+7i® , 2« 

1 l+n® 

l4l5i6 = n®^^-^"'"’®''+27t®cos2ff- } 


Since 


2b - . 471® 

^=r+¥®’ 1 -«■=!- 
1 1 


i®)® \i+7i®; 


l+ccos6“,yi_e8 


(1 + 71®)® 
{l-27icos6+2n®coB26- } 
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19 Ifsbo cj, weliOTe 

(1 + tan= 1)-= = 1 - 2 tan? » -f 3 tan* ® - 
Hence the given senes 

=2 tan=ar x (1+tan- a:)- 5=2 tan^a: x (sec-*)-* 
=2 tan- X cos* 21=5 sm- 2 x 


20 If a: be T , 

log (l+tan=ir)=tan3*-itan*a:+-tan6x- ; 

stan-x-itan*x+?tan6«- ' srilog scc-i=logscox. 

2 4 0 

21 cos"^ cosjjfl+t cos^O am nff={l- 1 tan e)-" 

sl-i-m tan r tan-fl •*•- . ) ,3 

X « A jo 

=1 - “*'*^*' liui‘ll- . . 

Equating the real and imaginaiy parts wo obtain tho two required result^ 

22 By Art 295 we have, when n is odd, 

n*l 

2"-i(-l) - Bin"5=EUin®-nBm(n-2)<? 

■.,?(« -1) 


( 1 ) 

( 2 ) 


Y-~Bin(n-4)(» to terms 
Expand the sines in powers of 0 , 

( tii \n 

j =d»-dc 

If p be <n the coefficient of 0 ^ is zero in tins series 
Since Bmrff=r<»-^~+ 

the coefficient of 0 ^ in tho expansion of the nght-hand side of equation (1) is 
This senes is therefore zero 
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Bat if p=:n the coeiScient of 0^, that is 0”, m equation (2) is unity 
Hence 

1 

2i»-i(_l)“ = ^ {«" - w (w - 2)" + } 


Hence the sum required is 2”~i [n 
23 For 003 d+( sin d irrite a, so that 


2coad=a:+i, 2 cos r^=a;’'+ 4 


Then we have 

cos 0 , cos 20 , cos 30 

1*^ n 1.* • A #_ « . rti 


{re-1 [n+1 |«-2 |m+ 2 |n-3 [w+3 


1 j £ 

“2 


cos 110 

| 2 » 

a:"-i 


x<' • 


|w+l |»-2 jw+2 ; 
1 1 . 1 


li l^”~^ 1^ 


i-. 


jn-l j»+l X [«-2 |a+2 




- 4 

|2re (c«J 


12n { 


2(^ 


x"+2» x"-®+ 

X 4B 


|2n 


*" jn j« 


= 2|re^*+®"'+^^”-2]^ 

2n-l 1 

= -nj— (l+oos^)"-^T — i— 

|2a ^ ' 2 |n |re 

24 Let x= cos 0+1 sm 0 Hence the given senes 

+ ism»‘^+n ^ sm"-i0sm(<?-0)+ ]. 

=i{xBin^+Bin (^-0)}"+g |isin ^+em{0-<l!^'' 
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s ^ {cos 0 sin ^ - 1 - ( sm <? sin ^-fsin 0 cos ^ - cos 0 sm 0}" 

+ ^ {cos 0 sin 0 - ( sin 0 sm ^ + sin 0 cos ^ - cos 0 sin 0} 

= 5 sin"0 (cos ^ + 1 sm ^)"+“ sin" 0 (cos ^ - 1 sm ^)" 
=8in"0COS7(0 

25 For all lalues of n ■we Laie (Arts 801, 299) 


Now- 


cos n0=rl-!L^+ 


Hence we haie bj equating the coefficients of n®, 

0 ® 1 , 2 ® 02 41 
2=0 j 4 Sin'<'-^=^Bin« 0 + 

= 8in®0 + -l 5i?t£+A£_ ■ 

2b For all values of « wo ha\e (Arts 301, 290) 

sin n0 =« sin 0 - Bin® 0 + ”(h--1)(«®-3®) ^ _ 

8in«0=H5_^! 

12 . 

Hence we La\e by equating the coefficients of n», 

27 For all values of « we have (Arts SOI, 299) 

Bin 7.0 sec 0=71 { Bin 0 -2!!|2: _ 


Now 


sin 7.0 =7.0 

(3 + 


Hence we have by equating the coefficients of «, 
Bee 0=8in 0 + 1 81030 + ?!^%, ' 

=®in<'+|8in»0+|-|Ein30+ 


T T. K H 


274 


XX mSCELLA^•EOUS EXAMPLES 


28 Since for all values of n, 

„ „ . »®-l _ , {«S-l)(nS-3S) 

cosnO sec 5=1 - - j— sm-tf j£ 


and 


co3na=l-—^+ 


we have, by equating the terms \nthout ft, 

1 1® 3® 

sec5=l+5Sin®5+— 7— 8m*5+ 

^ 11 

= 1 + i sm® 5 +i^ sm< 5 + 


29 I n the result of Example 27, mate sm5=a: Then 5=sin-®* and 
eos6~tJl--a? Hence 


Let 

Then 


sin"®* 2 , 2 4, 

tan~ip=sm“®x=5. 

. . sm 5 X 

*'=‘“‘'=co.-.=7ra' 


Hence equation (i) becomes 

teu-hj=xjl-ar |l+| 

=-J:_ h+- y"' .g.4/t/-v 

l+y® f^3*l+y= 3 




} 


30 From Example 2S, 


5®_,,=,2*4= {2«)® 

2 “ ^"='’ |2n+2 


2®" In In 


|2 /i -^2 


.bui®»+S 5 


*r 1 

Put 5=g , so that Bin 5=^ 


r-®_^,=„2®'»|n|n 1 

72“ *=» |2n-*-2 2®"+® 


a-®=182” 


|2n-»2 


W 
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l+t) 08 ( 2 m+l)^ ^ 


, B 2m+l»> 

2Bin^cos — 2 — o 

“ ' e T 

2 sin ^ cos ^ 


~\ 5nfl Binej 

SwkjArt 800,ifmbemeB.«iobtembypo»tM8«=»+l. 

<-I) ‘ 12 11 

' ' and 11 


I 11? ( Bin (lit +1)0 _ sinm O) 

[ BinO sinO f 

=n.„.„„-!ite+ii co>»»+ 


1 2 


1 tcos ( 2 ih + i )0 _ p . n . l 9 _» i ! i !! i + i > cOB ° 0 - y 

l-t-COsO \ 12 / 


32 Let cos 0 + 1 Bin 0=a;, then 2 cos 20= a:- +^ 

(l+n)* cos® 0+ (1 - n)^ Bin® 0 

(l+4®cos®0+{l-7i)®sin®'0 

(1 j. 6n®+ w«) (cos® 0 + Bin® 0) +^t (1+n®) (cos® 0 - sin® 0) 
~ (1+n®) (cos® 0 +sin® 0) +2n (cos-* 0 - sin® 0) 

_ (l+n®)®+4n®+4n (1+n®) cos 20 

~ l+n®+2iicos20 

(l+n®)®+2n (l+n®) fa:®+-„'\ + 4tt® 

2 =w ,.^ 2 :/ 


l+n®+7i 


Fi) 

{(l+n®)-‘-2niE®} k+7i2)+-l 
= 10 K . L . / . 


(1 + 71X‘ 


=2l0g(l + 7l®) + l0g 


(l+nit®) 


, -where c= 


2n 


lJ-«®‘ 


18—2 
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=2 log(l+7i®)+Iog(l+cs5®)+log ^1+p^ -log(l+»i«')-log 
=2 log (1 +«“) + (c - 7i) a?® - ^ {C‘ - «®) (c® - nS) a:® - 

=21og(l+n=) + 2 |(c - n) C03 2fl- 1 (cS-n®) cos 4tf+ I 


33 From Art 298 we have 

cos ntf =s 2"~i cos" 0 — 2"—* jj cos"“® $ + 
Hence the given equation is equivalent to 

cosnd=cosna 
This IS satisfied n9—2icir^na, 

2k 

or, 0= — ir±a 

n 


The roots of the given equation are therefore the different \alues of 
cosf — ir±o j 

/ 

JO { 2{n~r) ) /„ 2»jr\ /2nr \ 

i/ Since cos <-a+-i ' srcosi 2sr-a )=cob — +o), 

( « J \ K / \ « / 

the different values of cos 0 may be written 

cosa, cos(a+0}, cos(a+2^), cos {a 7(71-1)0}! 

where n<p=z2ir 

When « IS odd ue have 

> 1-1 

COS7ltf=:2"~^COS“^-2'‘~®nCOS"~®<?+ +(-l) ■ 71 cos 5 

The corresponding equation is therefore 

w-l 

2"-icos"^-2’‘-®noos"~®tf+ +(-l) • «coB^=scosiia 


34 From Example 33, cosa, cos (a-)- 0 ), cos {a + (»- 1 ) 0 } are the 
roots of 

- u- - 

2"-i®n-2"-® nx’'--+ -(-!)* ^a:®+(-l)-’- cos 710=0 

or of 

n»l 

2n-ia:’‘-2"~s 7iir"~®+ +(-l) ' «a!-ctfB7itt=0, 

according as 7t is even or odd 
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(1) cos a cos(a+^) = the product of the roots 

n 

— 2i-» { ( - 1)5 - cos mo} or 2*“" cos mo, 
according as m is even or odd. 

(2) coso+cos(o+^)+ 


=:the sum of the roots 
=coefl5cient of a:"“^=0. 


(3) Beco+seo{a+^)+ = 


product of roots n- 1 at a time 
product of all the roots 
coefficient of x 


absolute term 


fl-1 


=0 or 


(- 1 ) 


n 


COSMO 


i[4) secosec (o+^)+cecasec (o-f 2^) +sec (a+^) sec (o+2^)+ 
coefficient of a? 


"m® 


absolute term 

sec®a+8ec®(a+^) + 

= {sec o+sec (o-f + 
n- 


,or0, 


= 0 +- 


or 


l-(-l)= COSMO 

(5) tan®o+tan®(o+^) + 

=Bec^ a-l+Bec®(o+^) -le- 
ssee® fl+ sec® (o+^)+ -n 

n» „2 


{-!)■* -cos MO 
}®-2secaBec(a+^)- 

n® 

+0, from (3) 


COS' Mo 


l-{-l)® COSMO 


-M, or 


COS' Mo 


-M, from (4) 


(6) In (1) put 2+0 for o, therefore 

(-l)«sinosm(«+^) =2i-»|{-l)Lcos(!f +Mo)} or 2i-»cos (^f+no) 
according as n is even or odd 

If n IS even, cos =( - 1)1cosm« 

If « IS odd, cos (f +Ma) = (-l)=r „„„„ 

- smo.s.n(o+^) = 2 -n (- 1)" (1 - cos „«) or 21 - 
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35 Since i:a:cos5+«sm5, £“^=:cos5-tsin5, 

£’‘+£“"=2 cosn5, £'*-2-’‘=2ism7i5 

2t Bin fl X _ 1 1 

1— 2®cos5+£-~1-«j: 1 — s“*a: 

=l+£a;+a®j^+ -(l+£"^a:+£~=it--r ) 

= (a - a-i) x+ (a* - a-2) «= + (a® - a"®) + 

= 2ta; sin 5 + 2tx- sm 29 + 2ia:® sin 39 , 

— g — 5 = 2a: sin 9 +2i:5 sm 29 + 2a? sm 39 + 

1 - 2a; cos 9 + a- 


36 = . 

l-aa:"*^ l-a~^a; l-{s+a~*)®J-a;® 


2cos9-2a; 
l-2a:cos B-^x- 


2 cos 9 - 2a; a_ a~^ 

l-2xcos 9+a?~l-ax^l-a~ia: 


saa(l+aT+a5a?+ )+a-l(l+a-ia:+8~Sx®+ 

= (a +a~^) + (824-2-2) * + (23 + 2-3) *2+ 


= 2 cos 9 + 2x cos 2 9 + 2x- cos 39 + 


) 


37 Let a= cos 9-^ ism 9 
log (1 - 2a: cos 9 + a?) = log { 1 - X (a + 2 - 1 ) + a?} 

=log (1 -ax) (1 -a”ix) 

=log (1-ax) -i-log (1 -a~ix) 

= -^rx+|a!x® + |s®a?-*- ^ 

-^a-ix+ia-3x2+|a-3a?+ ) 

= - (a+a-i)x-g (a3+r-3) x^-g (sSj.a-3)x’- 
= -2xcos9-i 2x3oo829-i 2x®cos89- 
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38 Let 2 =coBtf+isinff, then 1 ( 2 - 2 "*)= -2 sin ^ 

2x cos 0 _ X ( 2 + 2 "*) _ x(z+i~^) 

l-2a;sintf+P ~ 1 + 1 (2 - 2 "*) x - i-x^ (1 ax) (1 - 12 "* x) 

i i 

~l+tzx~ 1-ar^x 
= t{l — lZX + ^3fi-lh^3?+ ) 

— t(l+t2~*x+t-2"*a?+^2"®a:®+ ) 

= ( 2 + 2 "*) X-l(z-- 2"®) sfi— (2® J-2"®) *® -*■ 1 ( 2 ^ - 2'"*) X* 

=2x cos 0+2x- sin 20 - 2x® cos 30 - 22* sm 40+ 

This senes maj be deduced at once iioin Example 13 


39 Let2=cos0-}'iBm0, a=:cos^*fisin0 
Then fl2=cos(0+^)+tsin (0+^), a-*2-*=:cos(0+^)-£sm(0+^), 
a2+o“*2-*=2 cos (0+^) 

Also a~i£»’=:(oo3 r0+( sm r0) {cos (- 0} -ft sin ( - ^)} 

=cos (r0 - ^) +1 sm (r0 - 0 ), 

and a2-^=:oos(r0-^)-tBm(r0-^), 

a-^z^+az-'=2cos [r0-tp) 

Now j. ” _ g+q~*-gfgg+a~*2~*) 

1-2® l-2-»® l-{z+z-i)x+x- 

_ 2c03^— 2®CO3(0+ ^) 

l-2®COS0 + ®2 


2 cos ^ - 2® cos (0 +^1 
i-2®oos0+®= 


=a"* (1 + 2® + 2®®2 + 


) 


+0 (l + 2"*®+C-S®2a. 

=tt+o-i+® (a-i2+as-i)+®s (0-122+02-*)+ 
=2 cos^+2® cos (0-^)+2®*cos (20- ^)+ 

40 The general term is 
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=(-!)’■ i 


n («-r-l) (w-r-2) (r+1) 


n-2r 


2»-4'-(cos6)”-='‘ 


, {2n-2r-2){2ji-2r-4) {2r+2) , ^ 

= (-!)>• n ' • . \n-ir ^ ^'(cobS)"-®- 


Put 

the general term ib 


n-2r=k 


« ( »-H-2)(«+g-4) (n~s+i)(n-s+2) ^^^,^ 

li 


=(-lp „ {«»-(<■- 2n {n^-(B-4n 


COB* 0 


The last term in the numerator is n-- 1- if n be odd, and n if n bo even 
If n he even, a must he even , therefore 

cos Hg= ( - 1)» |l - ^ COS^ g ^ COB* g+ j- 

If n be odd, a must be odd, therefore 

co8nds=(-l) * |n cos 0 - cos* d4- | 

These are the two series for eos n0 given in Art 300 

41 Letzsrcosd+tsmd Then 

1 1 2xlz-z-^)~x~{z--g~") 

(l-zx)i“ {l-(z+z-i)®+xS}» 

2t {2x sm g - r- sin 2P} 

~ {l-2xcoBd+x®)® 

„ 2c{2xsind-x®Bm2d} 

{l-2a:cosd+*®)® 

= (l-zx)-2-(l-z-i*)-® 

=l+2z®+32®x®+4s?a:®+ - (1+2 z'"^®+3z“®t®+4*“'*«^+ ) 

= 2® (z - z“i) + 3x® (z® — z~®) + 4xS (z® - z“®) + 
=2i{2xsind+3»®sin2d+4x®Bin3d+ } 

Therefore 

-71 — 5— i — 3- — 5^ s=2x sin 0 + 3x® sin 2d + 4®® sin 3d + 

(1- 2X008 d + «®)s 
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mn23 

1-C052"' 












«(«^— e“^7 /*-e“*_cosf 

^_g-ei ~ 2 * 2t ~nnfl 


2. Lei tie angle opposite to the ssaaller ddo be ~t>, 


opnosite to the lairer side S Thus 
4 


therefore 


therefore 


mi(S-8)-d„(S->) 
nn j- J-sin^^ - £>^ 


61_-49_J_ 

51-r49~50’ 


2 5X0^0057 , 

4 1 

2 COS f fin •^' 


therefore 

Bat It- Art 253 ve hare 




thns 


ff=tanff— - tan*Sj-. ^ 
«=02-|(02)’+|(-02)S- . 


o- ' -§' 

If Te stop at the first term •Brehave ffcr'02 
and"^ S Qegrecsinthe an^e=-02x57'29577951 


end the en^o 


=1-14591559; 
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3 We have, as in Art 


^ A-B a-l 

o — = — TT cot's 
2 a+5 2 


Hence by Art 293 the circular measure of 

vrhere k stands for cot^ 
a+b 2 

Therefore the nnmher of degrees in 


A-B 


A-B 


2 

180 {, A-* i 

=irr-r+F- i 

Also ^ ^- =90°-^ Thus A is fonnd by taking the upper sign, and 

Z ji 

B by taking the lower sign in 


4 

therefore 

therefore 

therefore 


sin A « sin J? 5 

sinO“c* BinC'**c’ 

BmA-BinB a-b 
Bin 0 ~ e ’ 

A-B A+B 
sin— s— cos -s — , 

2 2 a-b 

C 0 ~ ~7~’ 

sin .g COB g 

A-S a-b C 

Bin— -cos^ 

a-b A+B 


a-b (A-B 


Hence by Ait 298 the circular measure of 


2 

A-B 


=nBva.B+-^ B\-a.iB+ sinSN-r 
« o 


where n stands for 


a-b 


Therefore the circular measure of A-B 


=2n sin^+m- Bin2N nearly 



XXI EXPONENTIAL VALUES OF THE COSINE AND SINE 283 

I 

® O Bin A cAt^l_g-2Aij 

Take the loganthms thus 

log 6 - log a=Bi - Ai+log (1 - e"*^*) - log (1 - c“2^‘) 

=(N-A).-je-*^‘ + 5e“^‘+^e“®^‘+ .| 

+,-2A*+1,-4A* + 1,-0A.+ 

Now «”®^‘=co8 2J5-t 6in2B, c“^‘=cos2A-i sm2A, 

and so on. Then, as the real and imaginary parts of the expression mast 
he separately eqnal, we have 


log i- log a: 

= oos 2 A - cos 2B ■{■ g (cos 4A - cos 4B) 


+ 1 (cos 6A - cos 6jS) + 

O 

6 By Art 294. 

*• . 1 1 1 
4-^“3'^6”7+9"U+ 

2 2 2 

1 3’^5 7'’’9 ll'’’ ’ 

therefore 

x_ 1 1 1 

8 1 d'*'5 7'^9 11 

7 Let 

A+Bt=log(m+m), 

therefore 


therefore «+ni=e^c®‘=e'^(cosB + c sinjS), 

therefore 

TO=e^ cosB, 

and 

n=e^ smB 

By division 

> — s=tanB 

Wt 

By squaring and adding 

therefore 

2A=:log(m5+n®) 
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cos (tf+0()=coB9 cos^t-sm^ Rin^i 


e e *~e^ 

sscoaff — ^ Bin ff — s — 

2 2 ( 


= COB$ ;; + tBm0 


this IS of the form a+/3t where 
.e"^+e* 


a—coB0- 


ond /3=sin 0 


I 

e“^_c^ 


9 


2 ^ 2^ 

sm (0 + ifii ) = sm 0 COB ^t+coB 0 sm tfit 

=Bind +eoB0 — 

!a Ji 

=6ind — s 1 COB0 


this IS of the form a+/3i where 


c~^+e^ 

a=Bind — s 1 nnd/S=-cos^ 


2 ’ 
c-^-c« 


10 


where 


2 ' ■ 2 

lOgu SI (p + gt) log (a + St) 

= (i» + jt) log V(«® + S*) I 

= (P + S‘) logV(®* + i''){cos7 + tsm'y}, 
a , _ S 


(t , St 

V(«* + &®)‘*’V(o»+S*) 


=(p + gt) logc^‘V(«®+S-) 

’=(P + 50 {logc^‘ + logV(a*+S®)} 

= ( p + gt) {yt + log VC** + 2>*)) 

s=p log VC®® + 6*) - 57 + { Py + 2 loB V(b* + 1»®>} « 

This IS of the form a + fit, where 

o=plogv'(«®+J®)-27i /5=pr+2 logV(®® + S') 

11 By Example 10 \te can express log(a+6t)P'*'<^* in the form a+/9t, 
therefore 

(o +6i)P'*'®‘=<“'*'^‘=e“e^‘!=e“ (cos |8 + 1 sin^) , 
and this is of the form X + ip, where \=e'^coBfi, and /xsc* smfi 

12 {sin(a-d) + e“‘smd}"={8m{o— tf)+(coso+tBino) smS}" 

ss(sina cosd+tsina sm0)'*asm®a(cosd+t sind)» 
s6m''a(coBflS+( smnS) 
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Again sin’'“^o{sm(o-TiO)+c‘“ siniiff} 

= sm"-^ a {sin (a - ttO) + (cos o + 1 sm a) sm } 
=Bin'*~^a{sinaoosn0-*-t sraosm-nff} c 
=Bin’‘o {cosn^-«-t sinnO) 
thus the two expressions agree 

In a Eumlar way we may proceed when we tahe the lower sign in the 
expressions 


13 


tan (a +1)3)=: 


s m (c+i ^) 
cos{o+«^) 


sing (e^+c~^)+tco3g(<!^-e~^) 
cosa(e^ +e”^)-iBma(e^ — e~^) 


{sma(e^ +e~^)+icosa(c^ -e~^}}{co3a(e^ +e~^)+isina(e^ 
cos^tt (e^ + e“^)2+ smSg (c^ 

smaco3g{(e^ +e~^)--(e^ -c~^)-}+t(e^^-c~^) (sm°g-rCOS°a) 
c^+c““^+2 {cos®a- sm-g) 

2sm2g+c(e^^-<!~^^ ) 
e*^+2cos 2g+e“*^ 


14 Pot a=rcos0, li=rEm0, so that 

r=(a2+6*)3 and tanff=:^. 


w m 

Then (a+Ii()n=r" (cos0 + ( 

m 

sm5)“i 

II 

f me 
cos — 

, me\ 

+isin — ), 

^ » 


1 n 

«/ 

m m 

and {a-6t)"=:r”(co5^-t 

tn 

Bin(?)^= 

II 

'■ me 
cos 

me\ 

-tsm — ), 

•“ 


< » 


2 m 

’ (a+ln)"+(a-i(i)"s: 

m 

:2r’‘ cos 

mO 




n 


= 2 (a3+ cos tan-i ^ 
2m=logea.lo6.£-log,f, 


15 


Since 
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■O 

Now -|^=g(A/^+/s/|)V*y=§ («”*+«-“) 

logtt ^^=10ga ^/5y + l0ga I (c»« + C-»») 

» 

16 Bin(tt4-/3<) sm(a-/3t) _ Bin^(tt+/30 + Bm*(tt-/3t) 

sin (a - jSt) sm (a+^0 ~ (“+/80 (« - i^O 

_ 2Bin^ttC08^‘/3t+2coB^ttBm*j8t 
“ Bin*o— sin®^£ 

_ 2ain8tt(e^+e~^)g-2cosgft(e^-c~^)a 

4Bmaa+(«^-c"^)S 

_ 4 (sin*«+oos-a) - 2 (oos^a - sm^^g) 

4Bui®o+(e^-e"^)® 

4~2(e^^+e ^)cos2tt 
4smS<x+(B^-e“^)® 

17 Taking loganthms 

(a + ^i) log. a = ( 1) + gt) log. (a: + y t) = ( ;? + gt) (/+ 

■where /+ff‘=log.(«+yt), 

</=tan-i|, /=|log,(a:S+yS), (Ex 7) 

1 t/ 

Hence a log, a=i>/- qg=^p log, (**+ y®) - g tan-^ ^ . 

X 7 / 

a-^ploga (x-+7f») - q tan-1 ^ loga e 


AIbo 


f+ffi= 


a+pt 

p+qi 


log, a 


{a+pt)(p~qt) 

j)S+gJ 


log.fl, 


/= 


ap+Pq 

P'+q^ 


log,a. 


log«(a:S+y*)= 


2(ap+Pq) 

p-+q- 


ft 
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18 Bin (O+ipt) ss 

- c (cos 1 sin d) - ^ (cos (? - 1 sm tf) = 2ic“ (cos /S+ » sm^) , 

. {e"^-Acosfl=:-2c“Bjn^ 

and (c ^+<!^)fiind= 2; cobj9 . > >« • 

Sqnare and add, 

c"^T A-2 cos2d=4e““, 
or 2cos2d=A+e“*^-4e^. 

From (i) and (u) \re Lave b; division 
(l-A)cosg _ 

(1+ A) Bind" “0®^ ’ 

cos g cos /3+ Bin g sin /3 = A (cos g cos /5 - sin g Bm /9) ; 
cos(g-^)5=Acos(g+/3) 

19 Letloglog(a4’^()=:A*t>H(. Prom Ex. 7, 


1 e 


or 


'Also 


or 


log (a-^/5i)=Iog.y(tt2+/5*)+c tan-> ^ ; 

A+Hl , a 

c =log(a+/S()=IogV(a5+/y>) + ttan->C, 

a 

(cos JJ-i-i sin J?)=log.,/(a«+/3®)-**» tnn“» ^ 

d 

c^cosH=logV(a=+/?9, 

c"^ sin Jj=:tan~i- 

K 

Square and add, therefore 

= {log V(a*+/3*)}5+^tsn--J 

4 =i log [{log V(«*+p’)}s+ ^tan-i . 

tanil=r 




tan" 


■xB 


■rogV(a“+/Sf-;’ 

ton“i^ 

B SZ i""-! T- ” 

‘0gV(a-*+^-<)* 
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20 


cos 




cos 


and 


and 


1 


(»). 


Multiply up and equate real and imaginary parts, therefore 
(e^ + e" *) (1 +tt) +i3 (e^ - e"*) =2^2 (1 - 
(fl^+e~*) /S- {1 + tt)(/ - c~*) =- 2^2/3 
a (e’^+e"*+2,y2)+/9 (e*^ - c"*)=2^2 - e*^ - 
- « (e*^ - e"*) +/3 (e* + e"'^+2,y2) =c* - e“* 
tt{(e'>+e“'^ +2;^2)a+(c* - e-^)^} =8 - (e*^ +e"*)* - {e'>‘ - 
a{2c®*+2e"^*+4^/2 (e*+e-^) + 8} =8 - 2e®'^ - 2e“®* , 

a {(e*+V2)‘'+ (e“'^+N/2)*} =4 - -e~^, 

-which gives the first result 

Again, eliminating a from equations (i) we obtain similarly 
2p {(e*+ V2)®+ (e"*+ V2)*} =4 V2 (e^ - e-\ 
which gives the second result. 

21 -l=oosir+tsin7r 

=e- 

log, ( - 1) =2iMri+ TTi 
={2ra+l)7r( 

22 Let Bvar^ ^ -i=S ' 

Sm d=: /y/ - 1, 

and cosd=V2, 

C*‘srCOS ^+« Bin ff=s */2 - 1 , 

dt=2njr<+log(,^-l), (Art 310) 

0 =:2iMr-tlog(iy/2-l) 

Different forms of the value of 9 may be found m consequence of the 
double sign which must be given to the square root 
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23. Let 




24 Let 


. Ein0s=a, * 

CO8 0=:i^(a-~l), 

e‘^=eo3 ff+i sin ff=t {j^(a--l) +o}, 
»ff=2nfft+log(/«yo®— l+a)+log*y— 1 
=‘Y+log{Va 2 ri+a). (Es. 21.) 

• 0=Y-»log(^/^ri+a). 

C 

t=ar, 

ilogeV^sloa,*; 

logea=,2(2n+l)|= -(2rt+l) (Es. 21 ) 


2S. Let 


sin-1 (ia)=:^, 
smtfsca, 

cos<?=V(l-sm3<?)=V(l+oS}, 
®*‘=V(l+aS)-aj 
ft=2njr» +Iog ( Vl+o5- o), 

=2na-+,log(7l+^^.fl). 

26 From the ^ven equation we must have 


Now 

Hence 


ir r — 
‘=cosg+ism-=cS . 

«A v£ trS rA 

- *t • — — f 


J+£i=eS s i=c 
rB 


. e s 


=e"2 (cos^+t8m2^), 


irB . 

A=e-Teos^, 

B=fTBin^, 


289 


T T K.H 


19 
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Squaro and add; thorcforo 


-irU 


Also, by division, 


A2+J?!=c 

2J . wA 
j=tan^. 


27 Put 


and 


Then 


a;-a=riOOBdi, y=zr^an6i 

x+asrgcosdg, y=r»sind» 

1 x+ty-a ., ri (ooBd| + tBind ,) 
°x + ty + a~ 


w. 

(u). 


, TjC 




r<iC 


.tOm 


s=iog^+t(di-d..)« 


From (i). 
From (ii), 


ri*=:(a!-a)"+2/=, tandj= 


_ V 


x~a 


ra<‘=:(x+a)3+i/<‘, tand3=^, 

, «+«/-«_!. (a;-a)®+j/® 

®T+«y ha~2^°^lx+a)o+i/ 


+t |tan“>-^ — tan"^ • 

( <B-o x+aj 


28 Making tho samo substitutious as in tho last exampio, ive have 
log {x-hiy- a) {x+iy+ a ) =log (r^c*®* rjc'®*) 

=log(rir5)+t{dj+d„) 

=log[(a:- a)Hp=ji[(*+a)5+y»3i 


+ l 


Jtan-i -^+ tan-^ “-^1 • 
I x-a ®+«J 


» T 

29. Put a=r cos 0, bs=r sin 0, so that tan 0= - . Then 

Of 

=tan |iIog^j-j. =tan {i(-2t0)} 


= tan 20= 


re 

2 tan 0 2ab 


l-tanS0~a»-6= 
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30 The expression in brackets 

Ji 


s:C^ COB + ie“^ Bin 0. 

Put cos 0=:e^ cos 

c~^8inff=c’'6inf ; 
c“'’s=(c“^ cos*^+c“"^ sin-tf), 

or i7=^log(c^cos2fl+c“"'^8in®«), 

and tan f =1—^^ =c~®^tnn 0 

c'*'^ cosd 


Therefore {cos { 0 + ^t) + « sin {0 - 

= {<•’’ cosf+r* 8in{}*'*‘^‘ 

- (e’l . c‘f j«+^‘_g(’i+‘f)(«+/J0 


This is the form required. 


{cos (Jo +vp)+i. sin i^a+ifP ) } . 



19—2 
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cos®^+sin®5=l. 


32 c” = tan j 

, . l+tan| 

' •' 1 - tan g 

Put 

eecx=oo8 

Then 

tanx=(sm0 and Bina;=(tan^; 

iff 

. e'‘=seoir+tans=cosd+(sm9=e , 


' u=tO 

Hence 

c‘*=eos «+ 1 sin«=seo 5 - tan d 


sseotu+tamusstan + ■g'J * 
«salogtan^^+*|^ 

=m+as(OT)®+a6(‘“)®+ •» 

a;=w-«3MS+aj«®- . 


2 

83 2 tan”^ |+tan~^ 5 =tan~^'^— + tan~i |=tan~^ |+ tan'i 5 

0 7 -_1 747 

9 

! + l 

' =tan-* " J =tan~Jl = ^ , 

1 -— ^ 

28 



i i + i i_ 

S' 3*^ 6 30 



1 1 
3 7''‘*‘ 


_17 

“21 

-IZ 

“21 


+ 

+ 


+-^(s 

+^(5 


^ (Art 315) 
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34. Since ff=tnn<>-“tan*<?+itan®<?- 

o D 


fl2={tan5-3tan3<?+ 




tan<?-5tan®^?+ 

o 


ft 

jVInltipljing ont, the cocfllcicnt of {-!)*+’ tan**<? 


'I 2K-l'*'2n-S*3^2ji-6*6 


^4- ^ 

• 5 + .r! — 


1. 11 
B'*' ■’’1*211-1 




OO cos2a=ST— 

tan(tf+^) 

w.-j-££!gg- tap(0+^)-tan< ^ - 

l+cos2a tan((7<{-^).i.tan^ U-*^ 

_ fiin(g4-^-^ ) 

“8m{ff+^+4* 

sin <?=tnn-tt sin (g-{-2i^ ) 

Hence (sec Art 321), 

ff=tan»a sin255+gtau*a sm4^+i taa'a Bin 0(4+... , 

30 Eetas=roosa, &=rBino, sothat 

tnna=|, r=^(a5+fc-) 

Tiicn log (a cos <?+ 6 sin 0 ] =Iog {r eos (<? - a)} 

=logr+logi 

=logr+log (<? - a) t+log {1 + 

=logr+log |+(o_ «) 1^-2 le-a ) . ^ 1 ^ ^ 1 

the real parts ^assummg S log (a fl+feS 0 ) JSJ f 

Iog(acos.+.sintO=log^V(«Hi.^)+coB2(t,-.,Jleo,l(t,.„) . 
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37 Let fl=coBH+« smU, so that -3=008 H-tsmJ? 

P 

2 li“" ooB'^.i = (Jb 008 A-ih sin vl)“"-h (b 00a -4 -f i& sin 

= (c - a 00 s H - K* Bin J3)~”’+ (c — a 00 s JB -{• ta sin !?)““ 

= (c-al3)-^+{e 

.. 1 f, ... a^,n(a+l) a« 


sinco 


p- +^=2. COB rB. 


2l»~" ( sinflil = {b COB A -lb sin A)~^— {b 00 s A-ib Fin jd)"** 

—{e- a|3)““ “ ~ » *'‘® l>cforo, 

2t ( a _ «(n-fl) 0 “ 1 

-jn . - sinU-f-^' » ^ sin2H.». j- . 

38 2oo8(^P-^^^=c*(®■^^)-^c■■‘(®+I) 

^Mo+D -[l.t.s‘(2®+f)| f 

log2-^logco8^^•^ |l-f-c‘{^‘’'*'2)|- 

For the exponentials put 

oos ^2(7 +t sin i^O &e j 

thcreforOi assnining that oos positive^ we havo' by equating the 

real parts, 

log cos ^<7 

= -log 2-^ cos ^2<7 - i cos {i9+v) + i cos - 

t= -log 2 - sin 2(7 cos iO -hi sin C(7 - jcos 8(7-i sin . 


+ •• 
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39 Since imaginary roots occur in pairs, if be a root, then kc 
also a root, therefore 

‘+r=0 {i)i 


IS 


and 


^^+3g'Arc ®‘+rs=0 


(u). 


Subtract; thus 

• 3g= -ics{e^®‘+l+e“^®‘)= -/.-“(l+ScosSfl) 

Multiply (i) and (ii) by c“®‘, c®‘ respectively and subtract; therefore 
ir'ie -e )—r[e -e )=0; 
r=K® (c®‘+c”®*)=2i(® cos 0 , 

40 Let tan"^(cosd+tBmfl)=a+/5i, 

c‘® =tan (tt+/St) , 

coad=i(c‘®+c"‘®) s=i {tan (tt+/Si)+cot(o+j8t)} 

1 

2 Bin (a + ^i) cos (o + jJi) sin 2 (a + pt) ’ 

2 sec d=sin 2a (e®^+c“®^) +t cos 2tt - c“^) 

Noil cos d 18 real and p cannot be zero, therefore cos2a=:0, 

1 e 2o=i^+2n7r, and Bin2a=±l. 

e‘^+c~^=±2B0Cd, 
e^^±2 sec 0 . e®^+sec=d=Bec2d- 1. 

— :i;Becd±tan 0 = ±taa » 

^=glog|±taa(ji0|, 

tan-Mcosd+tBme)=Br±J + Jclog {=*=tan^J±0j. (,) 

Now tan-i (cos 0+t sin d)=(cos d+t sin 0} -|(oob d+t smd)3+ 


=cosd-icos3d+ioos6d-. . 
+t^sind-isui3d+iBm6d-. ^ 
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Hence &om (i), 


cosfl— g00s35-ricoa65— =nTr±^ 
Bin^-jsm3^+ism55- =| log |±tan ± 0|- 


( 1 ) 


In (1) if 0=0 the senes is eq[ual to it is therefore always ei^ual to ^ 
when cos 0 is positive. If cos 0 be negative put ir - ^ for 0 and we get 


-^oos^ -icos3^+ ^ = -j 


-fli 


41 We have — j =t(*+tana) , 

c^'+c" ‘ 


29t l+ue+ttang COB tt+t sin tt+ tacos g 
~ 1 — IX — i tan a ~ cos a - 1 sin a - tx cos a 

C^ + IXCOSg 2at l + t®ooBa c"”” 

= sze . 

c~“‘-txooaa 


I — tXCOStt.C®* 

20t s= 2ai + log (1 + tx COS ac"") - log (1 - tx cos ae") 
=s2at+txco8ae““‘-'i (txcoBoe“'“)®+ 

+ IX 008 g . e“ + i (ix cos ae’*'“‘)®+ . 


|ixoosg(e“ + e““*)-^-^5L?(e2“_g 


=2ot+ |ixoosg(e“ + e““*)- 


= 2ai + 2t ^x COB g 008 g - i x® oos^g . Bin 2g 

-gxSoo8Saoos3a+ix*cos*gsin 4o+ 

0=g+xoos®g-5X®cos®aBin2a-ia?oos®a cos 3a+ 

« o 


42 Let sin~i 0 + 1 gin tf) 

Then cos0+tsin0=:sin(a+/3i) 

=s g sm g (c^ + e ”^) + 1 1 cos g (fiP - c " , 

2 cos 0=sin g («^ + e~^), 

2sin0=cosa(e^-c“^) (i) 
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cos-g Em-g _^ 
an.*tt cos'a 

cos" geos® a— sin* g Em® o=Bm*a cos*a; 

(1 - sn* g) cos*a - sm* 6 Em*a=cos* a - cos* a ; 

.. Bin®g=cos*o. 

Therefoie one value of a is cos“*/^(sm g). 

Substituting m equation p), 

^ - e~^=2 tJsmO, 

Vsmg+sin g=lT6in g; 
e^= ,ysing+ is/l+smg, 

or /3=log {nj sm g + A/l+Brng) 

Hence one value of sin“* (cos g+t sm g) is 

co3“* i^(sin g) -ft log (A/ang+ is/l+smg). 

43 If log (1+t tan a)=A+B(, 

1 + 1 tan a= (cos B + 1 sm H) , 
l=c'*cosJ?, 
tano=e"‘BmBj 

6ec*o=c®^, or A=log sec o, 
and tana=:tanB, 

. I?=na-+o. 

log (1 4 - 1 tan a) =log sec a -f ( (nn-+ a). 

Hence, expandmg log (1+t tan a), we have 

t^tana-gtan*a+ ^ +^tan*o-itan*a+itan®a- 

=log sec o+t (jiT+o). 

Therefore, equatmg real and imagmaiy parts, 

nr+tt=tano — 5 taa*o+ 

o 

logcoso= -|tan®o+itsn<a-^tan6o+ 


• t 
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= 1 + P ^/2 ^oos j + 1 Bin ^oos ^ + 1 Bin 

2^ / 3ir , 3ir\ , 

Icoa-^+tsin^ j+ , 


li 


e , sr e* 2 28 - 6*25 3 ^ 

C COB 6 =l + 6 »y 2 COB^+-j^OOS-^ + -j|-OOB-^+ , 

6 a n m 5P 6* 2 27r 

c Bin 6= 6 ,y 2 Bin j + -j^ am -^ + .... 

45 Let i 00 S“* (sin 6+003 6)=A, 

6 m 6 +coa 6 =soos(-t 4 )=g (e'^+fi"'^) 
c®'* - 2 (Bin 8 + 00 s fl) e"^ + (sm 6 + cob 6 )® = - 1 + (sm 8 + cos 6)- =: Bin 26 , 
c'^=Bm 6 +cos 6 ± ^/sin 26 , 

A =log (sin 6+003 6 ± tjBaxZff) 

46 It IS olear &oin geometncal oonsiderations that the value of 6 which 
satisfies the equation is near to ^ . Let 

8^1-i,. 

oot^= 2 jr- 4 ^, or tan 0 = 

Now ^=tan^-|tan®^+|tan®^- 

" ' " +i, 

X*K* 


2 ?r» 4 ^ 


2ir— 4^ 3 * (2n'— 4^)® 5 * {27r— 4^)® 
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"Ur 24^3 ^160r® / 

^ .« A < « * 


2t 247r^ IGOtt® 


■^(P"4i3‘*' )i2r“'24ff3‘*'l60»^“ )} ■*■ 

1 i— ». V 


Hence omitting all tenns above ^ , 

A-l- -^-4- ^ 

’^"2t“ 24*3 ■*'160^5“ 


/l^l \/l 1 11 \1 

■ViH"4ff*‘*' ;\27r''2l7r3‘*‘23r ir*"** 


2ir 24ir3^1b0ir3 


1 JL^ a. 1 

'■2jr»"8ff«‘*'24irs'*‘2ir5 


1 . IX WW A 

“^■‘■24?’ ■‘'480 ‘*3+ 


403 1 

JT® 

403 1 


fl-E_l_-ll 

2 2*" 24*3 480 ** 


To find the root which lies between 2* and put 

0 


Sir i 

d=y-«. 8othattan^=j^_. 

0=tan itan*^+gtan®0- 
_ 1 1 1 


Then 


lO*-40 ~ 8 ’ (lO*-40)3'*' 

"1^0+1^ + ^+ ) 

1 ( '6^ \ 
"■3000*«\^’^6i'*' ) 

—Lj. ^ 1 

10* ■*■25^2 ~ 3000*3 powers 
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“iO^ 25i3 |l0r } “ iOOOp’*' 


=Tnr: + 


11 


lOr 3000^3^ ’ 

5r 

^“2 “I0jr“3'000jr»' 


xxn 


sin* a (1 - cos 2tt), 
sm* (a + /S) =r| {1 - cos 2 (o + /S)}, 


6m*(a+2/3)=g{l— cos 2 (a+2j3}}, 

and so on. 

Hence tho sum of n terms 

tl 1 

=.> - g{co82tt+oos2(a+/3) + cos2 (tt+2/3)+ } 

_n cos{2a-f(n-l)/9/Binn/3 
~ 2 ~ 2Bin/S 

2 Sin* a (3 Bin a- Bin Sa), 

Bin* (a+/5)=^ {3 sin (a+^) - sin 3 (a+jS)}, 

Bin* (a + 2/3) =si {3 sin (a + 2/5) - Bin 3 (o + 2/3)}, 

snd BO on 

Hence the enm of n terms 

3 

=j{sino+8in(a+/3)+Bin(a+2/3)+ } 

{Bin3a+sin3(a+/3)+Bm3(a+2/3)+ | 


sin 


(g+^p) sin”| ^8in(3g+-“-3^)Bin5^ 


Bm^/S 


3^ 

sin-/5 
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3 Wo liftvo cos*tf=.^ (l+co52fl}, 

theroforo coB«0=.i(l+coa 2 «?)*=|(l+ 2 co 82 ff+cos’ 2 e>) 

(l+2 OOS20 2 ^ cos 20+ 1 cos 40 

Apply this transformation to every term of tbc proposed eoncs , thus tho 
sum of n terms 

g { 003 2« + cos 2 (a +/J) + cos 2 |a + 2jS) + . J 
+|{cos4a+cos4(a+/?)+cos4(a+2;5>+ } 

O 

_3» d03{2a+f»~l)/3}Kinw^ cos{4B+(n-l)2i3}Bin2njS 
"s'*" 2Bm^ ^ 8Bm2/3 

4 Em0+Ein30+EinS0+ tonterms 

Em {0+ (« - 1) 0} sin n0 _ Bin*n0 
“ Bm0 ~ Em0 ' 

cos0+cos30+eos50+ tonterms 

_ coa{0+(w-l)0}Binn0 Bm nOcosnO 
~ Bm0 ~ BJn0 

Dmdo the former result by the latter , tlins rro obtain tan n0. 

5. eosA cosR=|cos(A - J)+^ cos(A+iJ). 

4S 2 

Apply this transformation to every term of tho proposed Bcncs , thus the 
Bum of n terms 

=l cos a+i {cos {20+a)+cos (20+3 b) + co8 (20+6a)+ | 

=- enna l Ije} sinwa 

2 2 sm a 

(20+«a) sm na 

— jr cosa-l - ■ . 

2 2Bma 

6 By Art 330 ire havo 

Bm0-Bm20+Bm30-. tonterms 

Bin )0+(lizlH£±2^1 Hm!L&^ 

1. ^ I 2 
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And cos 0- cos 20 4 - cos 3d— ion terms 


cos <0 + 


( n-l)(0+ir) ) ^n(0+n-) 


sm- 


0+jr 


Divide the former liy the latter the result 




' «vi 

COS— ^ (0+ir) 


7 siiiAcosR=^Eiii(A + R)+isiii(A-S) 

Apply this transformation to every term of the proposed senes , thus the 
sum of n terms 

{®™^F+2)®+sin(p+4)0+ein{p+6)0+ } 

nsmpO , ^<p-t-l+n}0Binn0 
~ 2 2 Bind 

8 sinA sm J?=icoB(A-D)-icos(A+R) 

Apply this transformation to every term of the proposed senes , thus the 
sum of » terms 

=^cosa-^ {oos3a+cos6a-!-cos7a+ } 

n COB {3a+ (n - 1) a) sin na n cos (n+ 2) a sin na 

=;rOOSa = s i — =:;;COSa S? — ‘ 

2 2 sma 2 2 sin a 


9 Suppose that m the preceding result 'we put for the smes of the an^es 
their values from Art 286 , the proposed senes becomes an ei^pansion in 
powers of a, and it is obvious that the coefficient of is 

1 2*f2 +n(n+l} 

'We must therefore find the coefficient of in the eiqpansion of the ex- 
pression found for the sum of the Tngonometrical Senes, and equate it to 
the above 
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17. Pat Uio csposcniial ■ralucs for cos cos 20, cos 30, . TIius do- 

noling e*® z, the proposed senes becomes 

2r 2*'+3' 4"+ J^2r 2" ^3‘ 4*- + T 


that IS 

that IS 
that IS 


|log(l+=)+glog(lJ.r-»). thatis ilog(l+r){l+ir»), 
|log( 2 + 2 +s"^), thatis |log{2+2co50>, 
g log ^4 cos’gj , that IS log ^2 cos 0 


18 Proceed as in the solution of Example 17. Tims tho proposed senes 
becomes 

=! i„„ 2+2 cos 20 _ 1 l+cos20 

4 ^ 2 - c* -ir« “ 4 2 - 2 cos 20 " 4 ^°®rrMs20 


»jlog cot*0=| log cold 


10. Pnt the exponential Tolacs for Bind, sin 20, sin 30, 
nolmg c*® by z, the proposed senes becomes 


!Fhiu;, do* 


This 


= log (1 + a=) - i log (1 +5Kri) 

~l logriii^ =1 log ^4:«(CO80-{-tEm0) 

2< l+a=rt 2c ®l+!c(cos0-t8mO)' 

A-snme proposed senes 

=1 log?±ilE:£,=i i»j. gps<^+«8ms > 

-» l-tian^ 2i ®cosA-iEinA 


T T K. H 


20 
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1, «** 1, soi ^ t ,1+iecosfl 

' xBinr 


=cot~^ 


coseo 0 


-i-eotff 


0 0 0 6lXl 0 

20 By Art 129 the hmit of cos | cosj cosg is -j- , 

therefore the hinit of co80 cosg cos ^ cosg is , that is ■ , 

Then tahe the logarithms of both sides 


21 . sin I 


/ 1 11 
fsm^j =gBinfl{l-oos5)=gBind-jBin2fl, 


„ B f BY Bf, B\ B 1 . 

2 sm 2 =Bin 2 { 1-cos ^j=Bm^-^siiitf, 

. A® o 8\ a 8 6 

4Bmj (fimgj =2 Bin jl l-cosjj=2 Bin^-Brng, 


o 8 f 8Y , B B\ . B ^ B 

SBing ^^Binjjj =4Bing(^l-cosgj*=48mg-2Binj 

Proceeding in this -way, and adding the terms, rre see that all cancel on 
the nght-hand side except t\ro, namely 

2""®B“2^i-|Bin2ff. 


Bm^ Bm I 


22. tan^Eec0=« 


cos COB 6 cobk cos B 


0 B 

Bin d COB g - COS 0 smg 

f» - 
COB;; COS 0 


therefore 


and so on 


=ton5-tan^5 

. B B ^ B ^ B 

ton - sec s=tans - ton -r , 
4 2 2 4 

.8 6 ^ 8 ^ 6 
tan g sec ^=tan j- tong , 


Then adding the terms, ire see that all cancel on the n^t>hand side 
except two, namely 


tanO-tangj. 
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cot 0 cosec 0= 


^ 2cos3--l 
costf 2 


' sm »^ 6 inS (?~ 

e 


scos- 


2 


4 cos 2 | siiif | 2 

2 


therefore 


2 cot 26 coseo 20= 
i cot 40 coseo 40= 


2 


'6m-0~'Bm‘20* 

2 4 

6U1*20“ sin*4ff* 


the nS£d“d?ScIpft^fn^^^^ see that all cancel on 


2 >*-i 


24 


2 Ems £ 8 ui =' 2 "- itf - 


^ 1 Bin ^ 1 A - 

Bm ff sm 2d “ S51 • ^ 

" ™ ^ Sind Bin 2d 




Similarly 


. - - ^ sin (3d-2dl 


sm 2d Bm 3d ~ Bin d smldsmld 
I , 

— _i___ 1 , 

Bin 3d 6m 4d ~ 5Hd '®°* “ ®ot 4d) 


the nght-hand side «crpfC,^n“Jj^S the terms, -ffo see that all cancel 
and ^®°*^~«ot{n+i)fij 


on 


20—2 
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Now 


1 _ 1 Bin _ 1 


cos 0 cos 2^ Bin ^ cos <ft cos 2<p sin ^ 

1 _ 1 Bin (8^-2^) _ 1 

cos 2^ cos 3^ ~ Bin ^ cos 2^ cos 3^ sm^ 

1 _ 1 Bin 1 

cos 3^ cos 4^ Bin. ^ cos 3<p cos 4^ sm ip 


(tan 2^— tan ^), 


(tau3^-tau2^}. 


(tan 4^ -tan 30) 


Fioceetbng in this way, and adding the tenne, we seo that all cancel on 
the Tight-hand side except two, namely 


Em 0 


(tan (n-^l) 0-tan 0} 


26 


Tan~^ — i=:tan"*--tan“^r-^ ; 

1+m-fm* m 1-Hn 


this is ohTioue, for hy taking the tangent of tan~^ i -ton“^r-i- we obtain 

m i+?» 

1 1 

TO m - 1-1 . 1 

, that IS — r- — -r-. 

1 ' mr+m+l 


1 + 


7tnm+l) 


Apply this transformation to every term of the proposed senes ; thns 
we obtain 

tan“^ ^ - tan”' |-btan~i i- tad"* j-j- tan”' i - tan*' j + , 

X « V O 4 


that IS 


tan”'l-tan”'— i-r-, that is j- tan”'— ^ . 

n-t-1 4 n-j-l 


27. 


Ton”' 


1 -tTO (to - f- 1 ) !C* 


=tan”' (TO-j-l)a6-tan”'m*, 


this IS obvious, for by tahmg the tangent of tan”'{TO-}-l)a!-tan”'ma:, we 

obtam that is = . 

l-t-TO(m-H)a:» l+TO(TO+l)a:* 


Apply this traneformation to every term of the proposed eenes after the 
first, thus we obtain 

tan-'a!-Han*'2a;-tan”'*-{-tan“'3K-tan”'2»-b . , 
that IS tan”' na^ 
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28 BmABmB=^cos(A—£)~'^cos(A+.E) 

Apply this temsfonnoboii to oveiy term of the proposed series , thus wo 
ohtdiu 

i(cos2a-cos4a)+|{cosa-oos2a)+g ^cob®-coso^+ , 
that is g ^cos^-^-cos4a^ . 


1 11 sin(2d-d} 

cos d cos ~ 2 cos d cos 2d ~ 2 sia *cos& cos 2d 




1 _ 1 _ 1 6m(8d-2d) 

C0Bd4cas5d 2cos2dcos3d 2sind*cos2dCQB3d 

• V— 

1 1 _ 1 Biii(4d<-3d} 

cos d+cos 7d “ 2 cos 3d cos 4d ~ 2 sin d * cos3dcos4d 

Proceedmg in this way, and adding the terms, wo see that all cancel 
the ngbt-hand side except two, namely 

2 “{tan{it+l)d-tond} 

30 sin d sin d 

cos2d+cosd ~ 0 60 ~'l d dd 

2cos^cos— 2 cos g cos — 


4sm||coB^ cos|}’ 


sm2d 

cos4d+cosd' 


sin 2d 

2cosycoa^ 4Bm^|cos^ ““Syi’ 
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sm Sfl 

cosGO+cobB' 


50 10 . . 0< 10 

2 cob-^cos— 4 Bin^^cos-^ 


- 44 - 

“■a! 


Frooeedisg in this yte.y, and addwg the terms, i^e Bee that all cancel on 
the n^t hand except two, namely 

. 0. (J!n+1»B 01/ 

4smg oosi-^-i- coB^f 


emd 

l+2coa0' 




S- 4 Bin*^ 


„ 0 „ 0 0 B 0 

smesm^ smtfsmg cos^-oos-^ 

or, . S0 ~ . SO 

Bm^ 2 Biny 


0 so 0 0 6 

2 cos ^-2 cos ~ ooB|(l+2cos0}4-eoB^-2cos(?co8^-2coB^ 


4 sm^ 


> 80 
dBin-g- 


^ B „ - 9 « 3P 

COBg COSg-2COS0COBg-2COS — 

'"771^ . 30 

46mg 

0 . Z0 

“*5 ,, 8 ^s» 

■ tf“. 8tf“4 ‘2“4'®*2* 

4suig 4Bin— 


_ , , 3sm3S S ,38 9 ,98 

H. 2 COB 38 = 4 “*-2 - 4 -2 ’ 

39 sin 3*8 9 .,98 27 ,278 

1+2cob8»8~4®°* 2 4 

Proceeding in this way, and adding the terms, we see that oH cancel on 
the right hand except two, namely 

1 ,8 S" .s^a 

4 * 0 * 2 -^cot-^. 
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32 cot-1 ttj =col-i|o-coi-i^^«. 

For if we tale tlie cotangent of cot“i ^ a, 


we obtain 


tliatu 


m m+1 . , 

OT + 1 »» * 

”^®“2 “ 


Apply this transformation to erory term of tho proposed series ; thns wo 
obtam 

, , fl - - 2fl * j 2o , ■ Set , . 3o * - 

COt“lg- COt“l — J-COt 1 — cot 1 COt~l — cot-1 . 


that is 


. ,a , ,«+l 
cot-1 cot 1 — j-O. 


1 . 1 emO Bind sin (29— 0) 

2 2cos9 2Ein9cos9 Em29 Ein29 

B cos 9 - cot 29 sm 9s:8m 9 (cot 9 - cot 29} ; 
j, see 9 see 29 see 9 sm 29 (cot 29 - col 49) 

=Em 9 (cot 29- cot 49) ; 

i sec 9 see 29 see 49 =i sec 9 Bin 29 (cot 49 - cot 89) 


=Ein 9 (cot 49 -cot 89). 


Frocee^g in this way, and adding tho terms, wo see that all cancel 
the ngbt-hand side except two, namely 

m 9 (cot 9- cot 2" 9). 


on 


34. fiin?9- ^^^ - 2Em«29 4sin»29 

cos29 sm29cos29 6Ui49 2 sin 49 ’ 


therefore 


ilog tan 29=log 2 sin 29-ilog 2 sm 49, 

2* ten log 2 sin 49 - i log 2 sm 89, 

^Iogten2*9s=^log2rin89-^log2 sin 169. 
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Proceecliiig in this 'waj, and adding the terms, 'wo see that all cancel on 
the nght-hand side cMept tvro, namely 

log 2 sm 20- — log 2 sin 2"+* 0 

A 


^00 ^^00 

. 2Bin7Cos^ - 2 coss^-cos5 

0 2 2 sind smd 4—2 

do cosg- e’^~ 0 

26m- Ssm^ sm^ 


smd 

’ T~ 


2 cos* 7 
4 


.,0 0 
2 610 7 cos 7 
4 4 


. dl sm 0 .0 .0 

-cot^^ = -^Jcolj-cot^|, 


o ^ 

2 COB ^ cos ^5 s: 2 cos - 


|cot|-cot|j 

sm d ( , d .0) 

= -2- Hs-cot^j. 

d 

® 0^0 ®“2 1 d .di 

2* cos g cos g 3 cos « 2 cos g . — jcot J 5 ^ - cot g J 


Bind 1 . d .0) 


Froceedmg in this vray, and adding the terms, tto eco that all cancel on 
the nght-hand side except two, namely 


smd ( . d 
~2~ r°‘25Fi-i 


-ertfj 


3G Let R denote the radius of the circle, n the number of sides of the 

polygon Put /3 for - Let 2a denote the angular distance of a fixed point 

in the 00*00011616000 from one of the angular points , then the angular die- 
lances from the other angular pomts in succession will be 

2a+2^, 2tt+4ft 2a+Cp, 2a+2(n-l)/5 

The lengths of the successire chords will bo 

212 sm a, 2J2Bm(a+/3), 2i2 8m{a+2;3), .. 2RBin {a-t (n-l)/3{ 

To find the sum of the squares of the chords, we have 

' Bm®d=g(l-cos2^, 
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and applying Uua transformation to oicsry torm of tlio proposed sene*), wo 
obtain 

2nB*-2JP {cos2tt+cos{2a+2/9)+cos{2B+dp)+ }. 

The snm of the senoa of cosmos is zero, ns in Art, 327 , and tlius the 
result IS 2ni2^ 

Next, to find Iho snm of tho foorth powers of the chords "Wo hnio 

8 1 1 

sm* 3 cos £0 +JJ cos 40 , 

o « o 

and appljing this transformation to oteiy term of tho proposed senes, wo 
obtain 

0ii/I*-8ff‘{cos2a+cos {2a+2^) + cos (2tt+4/5) + . ,} 

+2iZ* {cos 4a + cos (4a<f-4/^-}'C0S (4a+8;3)+ } , 

that 15 Gr22* 

87 Let A bo the common Tcrtoz, lot H, C, ho tho snccossivo angular 
points Put fl for - 

Let PQ bo ono of tho sides of tho polygon, sneh that tho nro A BP contains 
wi of tho sides, then tho anglo A(iP=m8, tho nuglo PAQ=3, and tho 
angle APQ=w-(«i+ 1)13 

Lot PQ=c, and lot denote tho radins of tho circle inscribed in APQ 
Then 


therefore 

therefore 

therefore 


jcotgAPQ+cotgAQpj^c, 
r„jcot^::i^+cotfj=c 
jtan^^^+cot =c, 


^„„„»»+l- . mB 

2 

2m+l„ B) 


r„COB^=: 


_e I 
~2 






fZ fcw ”7 ® ^ . 80 tliat ^0 have to 


sum up tho values of 


5'“ij 


. 2 j »+1 
2 




for values of m from 1 to n ~2 inclusivo Tho sum then 


IS 


c B 
2®°®2 


sin 


3p 


(n-3)||6in- 


2-P 


B 

Sine 


-(n-2)sin§[>. 
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that IS 


that IS 




C B 


But e=2pBin/9, thus wo get 


A 




msinpEmg 

y _ . that IS 2r— 

B . B B 2' 

cos|8m| cos| 


that 18 2r^l-nBm*^^. 

38 Use the notation of the procedingBolntion. The area of the m*'* circle 
=^sec»| jsm^^^^-Binlj 
*«%ec«f sm^/S smf +Bm«f j 

* 

s=”Bec’| |l-C0B (2m+l)/S-4 Bm?^^/5 sm|+2Bm»|| 

Then as before we have to BOin this eiqpression for the valncB of m from 
1 to n - 2 induBive Thus wo obtain 






cos{3j?+(n-8)/3} Bin(n-2)/3 


-4Bin§ 


sin 


Bmp 

{Bp , n-8 „) n-2 


p 

Bine 


and this 


=^seo*| |(n-2) ^1+2 sm’ g) -2 cos/sj 

i«-^+2nBUia|j 


C* SCO* f = r= 7 p.r9 R?n* it 


Bat e=2r8inp, therefore c* sec^ e = as I6r* sin* e . 

M f>P ^ 

cofi-e 


BO that the resnlt 
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39 Lei j9„ denote the snm of the senes; so that 

/S„=nsind+(»— l)Bm2d+(»— 2)sui3ff + . -fsinnd. 

In hke manner lei S^-i denote the snm of the senes formed by changing 
n mto n -1, so that 

5„.i=(n— l)smd+(n— 2)sm2d + + Bin(n-l)d; 

therefore i8'„-j3„_i=emd+Ein2d+sm3d + ... + sinnd 


. n+1. . nO 
sm —y-0 sm-^ 

A Jt 

. 0 
sm— 

““2 


1 ( 0 2n+l J 


2smj 


Similarly ire have 

o c ^ ( 0 2ti “ 1 - ) 

"n-l-'S’„- 2 =-— -|C 08 ^-C 0 S , 


^n-i-^n-3=" ^ g |c08|-C0S?^~ d|; 

Ss-5i=— i—lcosH-cos^j , 


1 \ 0 50) 

— ^ cosg-cos-f 

2 sm s ‘ 

2 

» 1 1 0 50) 

^ 2~i 

2 

Hence by addition from this senes of equations \re obtain 
'®^"““"^!"®osJ-cosH_cos 5 -cos2iii^ 


ism|« 


! 


2Bm| 


0 

ncosj- 


COB 


jy+(n-l)|jBm^ 


0 

Ein- 

2 


fa +2) , nff 

=2 “‘2 l =gnntg_ gg:(«-H)g-Sm/? 

4 Bin®^ 

2 


2s,n«| 


A 2 tx • 

dsm^- 

2 
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40 Let denote the required sum, nnd the eum of the senes 
when n is changed to » — 1 Thus 

5„=(n+l)n Bin0+n(»-l)6m2^ + +2 1 einnO, 

S„_ja7i(n-l)Bmd+(n-l)(n-2) sin 20 + + 2. 1 Ein(n-l) 0; 

therefore 5„-5„_it=2 {n Bm0+(n-l) Ein20 + +BinnO}, 

that IB, by Example 39, 


Sn~S„.i=(n+l} cotg- 


Ein{w+1)0 
2 sin*| 


Sunilarlj 


■S.i-i“<S„-.=«cotg- 


0 Bin nO 


2««'5 

„ „ .0 an20 

2sm>5 


Bence by addition from this senes of equations we obtam 

gn= — " 4 ^ cot I - - g {sin 20 +sin 30+ +an(n+l)0} 


^ 2Bin»|' 

n(n + 3) .0 

2- ®°‘2 7“T0 0 

2Bin9-Bing 

o(? 2n +3 _ 
n(«+8) .« »•— « 

5 — “•§ —i 

4 an® 5 

4B 


2 
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Sir 


xxm. 


1. By Alt. 286 vre have 

Binff . . . 

“ 11 li‘11 ■’ 

and by Art. 341 we bare 

Take the loganthma of the oqnivalent espressions , thus 

=1.8 (l - 5) +Ioe (l -^) +1.8 (l - 3^,) + 

Expand the loganthma , then both aidca become senes arronged accoidiug 
to po\^erB of 0 , and by eqnatmg the coefiicients of d* x^e obtain 


therefore 


1s+2*^3- ~6* 


2 Equate the coefficients of d‘ in the two equivalent senes of the pre- 
ceding solution , thus smee 


■we have 
therefore 


3 Let 
and let 


\i \i 1 j“2ii8"i|+ }-•• 

1-VJLV wi 1 1 \ 

11 -“2^‘*V3*'*'2*+35+ J* 

^^(1 l\_v* 

12 V3“5/~90* 


2 = A-4.1. 1 1 

1 I" '*■ 8« ip • • 
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Then 


" 1» ^ 8** ^ 5" T" 


■*■ 2“ 4" + 6» + 8n+ 

_1 

“ X" 3** 6" *7""*" 


.ijl + l + i+i-H 

2“ { I* 2" 3“ 4'* 


Therefote 




2“-l 

X=- — -S. 
■“ 2" 


Hence 2 con he found xrhen S is hno\m 


3 ir» 


If n=2 •wo have 5= g by Example 1, and then S=j -g- = 

4 In the preceding eolation snppose n»4, then \re have S= 
Example 2, and therefore 3= * §0 ~ 90* 


^111 
I- “ 2- d» “ 


=Lu.i+i+ -ri+i+ ^ 

- 8 4 2®'*' 3"’^ j , by Ex 3, 


IT® I _rr 


6 Let S denote the senes of ixhioh wo require the sum , then 

(12+^ + ^+^+ ) =^^ + f4+^4+^ + 

Hence by Examples 1 and 2 we have 



therefore 


** 11 , 
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2«(n+l) 

7. The general term of the seriea is ' ^ 2 n 4. 1 )1 ' * 

n{n+l) 1 4n=+4n+l-l 1 (2» + l)!>-l 
2(2n+l)*~8‘ (2n+l)* 8' (2»+l)« 

-IJ— 

“8 1(2/1+ l)a (2«+l)«J • 

Hence th08ene3=i{i + i + i+. } 

4(-S)- 

® (p+3:’+P+ ) ■*‘^{i^^ + rrp + 33^+ } 


therefore by Example 8, 


IT* ' 1 

“ 96 (2m +1)* (2n + 1)» » 


SS L -1 f/^-V 

( 2 m+l)-'i 2 n+l)s -2 iVTj “Ub)' 

2 \04~96y~384' 

9 ( 1 ) LV-I 4 . 1 2 

n (w+l)s \n n+lj ^ {,t + i)s - J^JT+I) 

=i+_l 2 (^ 1 ^ 

n^^(n+I)s ^\n ^ij' 

S" L__l . i . 

1 n‘*(n+l)s p'*'2s'*' 8®^ * 


+ i + i+ 

Tgjf g3 + 


\l 2 + 2 3 + 3“4+ j 

=2.1“.1-2=L*_8, 
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(«) 


7i*(n+l)®' 




3 


n+lj (n+1}® 7i(«+l) 

1 3 


\n n+lj 


'7i»“{n+l)»~»i=(7i+lJ®‘ 


23^3‘' 


i i_ 3 ^ JL 

2» 3* «=(m+l)- 


L-3(^-3).ljy(i). 
.0 — in 

n^(n+l)^~(n n+l) 


= 1 - 
=10 -in 


1 

=n + : 


(ii+l)^ n‘‘(n+l) n(n+l)* ii®(n+l)-’ 

4 4 4 fl 1 1 

V + (n+lrf 


ii(ii+l)* n(n+l) 

_ 4 2n(n+l)+^ 

~ "n (n+i) * n®(n+l)® 

8 4 


ii®(n+l)® n®(n+l)® 


4 


«^(ii+l)^~n^ («+!)* it®(n+l)-* ii®(n+l)s 


,= 22f,-l-2S. 


,_4S. 


n^(ii+l)^ It* it*(n+l)® “«'‘(7i+l)> 


1 35 

~43+^ 


10 Bj resolving into partial fractions we liave 

1 _1 1 ^ 1 _1_ 

n{a+l)(«+a) 2 M it+l'^2 ii+2* 

i i + _J_+l_JL_ 

V (n + l) (K+2)j 1 11=^ (n+l)s^ 4 («+2)® 

1 1 1 1 

11 ( 11 + 1 )'*' 2 71 (n+2j “ (ii+l)(ii+2) 

— - i j. + i 1 - 2»-4+w+l-2tt 

^ 4 11 ® (n+l)®’*^4 (b+2)®^ Jh (11+1) («+i) 

4 11^^(71 + 1)3^4(71 + 2)8 4Vll 71 + 2/ 
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Hence the given senes 

I n* (»+ 




where 


~l " 4 " (rt+2)-’ 

4 (1 8^2 4^3 6^4 6 j 

“4*6’^V‘» / ^ W r2"'4 J(i* 

IX. By Art 342 we have 

sm n^=2"~i fiin ^ sm (2^+^) sm (4/?+ sin (2;;j3 - 2/?+ ^), 


Lot and lot 4‘—^> H'fi® sm-njissFin^ =s~ ; thus 

- ^ 4 

~=:2"~*6inoEm5asin9tt sin (In >3) a, 

therefore sin a sin 5« sin 9a sin (4w - 3) o=2""'4 

12 By Art 342 we hare 

Put ^ for thns 


therefore 


l=(‘4=)(>4-)(>4) 

r_ 2 2 4 4.G.6 8 8 
2 i .1 d 6 5.7 7 U • 


, 13 By Art 842 we hare 

cos SAarlGsm (A +18") sin t 54«) sm (A J-OO®) sin (J +12G'») sm (A + 162'') 
=lCcos (72*'-^) cos (3C'’-A)cos A cos(.(l +36'') cos {A +72»)* 
thfrefore^^^* “ ^) = - cos {144o+ A), cos {A + 30'') = - cos (1440 -A)\ 

cos5A=16cos(72»-A)cos(72«+A)cosA cos (144''-A)cos (1440+ A). 

14 Put ^ for 0 in the expression for sm 0 m Art 341, thus 


therefore 

therefore 


3=*--— il! 

36 144 321 ' 570 * 

ir=3.H 321 576 
35 • 143 * 823 5W 


T T K H. 


91 
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15 In the formula for cos 0 in Art 344 put j for thus 


therefore 




3 33 99 195 
~4 dfa 100 196 ’ 


4 36 100 196 
'^'^“3 35 99 195 


16 In the formula for cos 0 in Art 344 put ^ for 0 , thus 

4 = (^"5^) 

_ 8 80 2 24 440 
“9.81,225 441 

17 sm 5A - cos 5A = ,J2 sm {oA — 45®) = ijisin S{A- 9®) 

And by Art 342 we have sm 5 (A — 9®) 

=s2^ sinRsm (Rj-36®)sm (S+72®) sm (B+IOS®) sm (B+144*), 

■where J5s=A-9®, 

=2* sm [A - 9®) Bin (A + 27®) cos (27® - A) cos (A + 9®) sm {A + iSo®) 

= 2* sm {A - 9®) sm (A + 27®) cos (27® - A) cos (A + 9®) (cos A - sm A) 

a /4 

Therefore sm 6A - cos 5A 

= 2^ Bin (A - 9®) sm (A + 27®) cos (A — 27®) cos (A + 9®) (cos A - sm A) 


18 cosx+tany Bmx=:° ?^ - ^ = cos(£^) 

COS y cos y 

Now by Art 344 


cos( 


Jl 4(x-1/)2) 

f 4(x-y)=l f, 4(x-y)2) 

t ^ ] 

1 3V J 5V 1 * 


32^9A^ SVJ 

by the latter 

Then 


4(x-y)2 


^ w^-4(x- y)° •t^-iy--Ax^+Qxxi . 4j:® , 8ji 

1_^- w=-4y= " 7r=-4ya 


Sjy 

4y2 



' . expressions into eactoes 

4( a!-y)- 

32^8 

Similarly ■' ' ■■ 

1 - — 

And so on. Thns the reqmred result is obtained 



19 In the last example put y=- , therefore 

=(‘4)(i-k)(‘4)(-|) 

siny smy 

Now by Art 344 

Divide the former by the latter Then 


1 - 


(y-g)’’ 

__ir^-(V-j)-_ir^-yS-a:S+2ay 


1 — 


v—y 


Similarly ^ 1 . _f_'\ (■, x \ 

2-ir® 

And so on Thus the required result is obtained 


21 


cosa-coBi; (y+a) 

1-cosy 


2sm*| 
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Now by Art 320 




sin 




Dmde the first by the thud, and divide the second by the third, and 
multiply the results together 

Then =1-5, — , =1 + -, ( 1-- ) ( 1+5 )=l-5; 

1 ,, y 1 ,, y \ yJ\ yJ y- 

2-' 2^ 

And as in the solution of Example 20, 

1 (^■*‘^) {^~^) ’ 

1 (y+^)° 

(‘-arr,) 



— U ** ' 

Ml } 


1 (2ir-y)2] 

[ 1 (27r+l/)-J 

Similarly 

- (p-®)® _ (v+®)® 

4 2-V-* 4 2s»-s 

ll- Ml- 

1 _y^ 1 y* 

4 2®irs 4 2^ 

r (4^-y)=lr 

And so on 

Thus the required result is obtained 

22 

2ooss(w 
cos®+cos2/ 2'-' 

-®)cos| {y+as) 

1 + oosy 

2cos®| 
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Now by Art 344 


COS; 


COs|= (1-5) (l-g?^) {^-^) 

Dmde the first by the third, and divide the second by the third, and 
multiply the tvro results together; the reductions will be similar to those 
in the preceding solntion 


Thus 


r-®)* 



TT** 

""ara ( :ra 4 


. 1 ! 

y- r k-y)®] 

r (’T+y)-] 


^"7a 



1 (1/-^)^ -1 

3-V- - L ^1 L 

I -I J— I (3»‘-yn 1 (‘J’r+y)'l 

^~3Va 

And so on Thus the required result is obtained. 

Or we may obtain the result in Example 22 by changing y into n- - y in 
the result of Example 21 


23 


sma;+Biny 2«^n|(»+y)co3^(x-y) 
2sm^cos5 

A ji 


Now m the course of the solution of Example 21 we see that 

(®+y) 

TT" "" (^"4^:^) 


sin|(®+y) 


sui^y 


m 

And by changing y mto ir-y we see that 
cos^te-w) , 

— 1~ — =(i+-f_Vi__f_Vi+ £_Ui 

cos-y ^ ^+y/\ Stt— yy 3ir+y/ 

A 

Hence by muliiphcation the required result is obtamed 
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24 We hav6 cos x + tan y sin x 

thns the coefficient of x is tan y 

Now conceive the factors on the right-hand side of the formnla of 
Example 18 multiphed together, and the product arranged according to 
powers of X The first term will he unity, the second term will involve x 
and the coefficient will be 

2 2 2 2 2 2 
Tr-2y ir+2y 3ir— y Sir+p Sir— y 5ir+y 

Hence by equatmg the coefficients we obtain the required result 

25 Proceed as in Example 24 Then on the left-hand side the coeffi- 
cient of X Mill he ~coty, and on the nght-hand side 

1111 1 _ 
y v-y ir+y 2ir-p 2 ir+ 2 ^ 

Equate the coefficients, and then change the signs of both sides, thns we 
obtain the required result 


26 From Example 23 

(-0 0^,4,) (-4,) ('^.-4) (-45) 

, sin a: , 1 / aiS \ 

^o^^ 1 + =l-{- (a:__+ ) 

sin’y sin p \ 6 / 

Hence is equal to the coefficient of x in the expansion in powers of 

X of the above expression in factors, namdy 




1 1 
; + ■ 


y ir-y v+y 2Tr+y 2ir-y 

27 In the formula of the preceding example put g r- — a; for y , therefore 

A 

1 2 2.2 2 2 




eosa: 5r-2a; ir+2a: ” 3ir-2ar‘*' 57r-2a: ~ 3^^-^-2a;■^57r-^2a:" 

2 2 2,2 * 

w - 2a: X + 2* ~ 3jr - 2x ~ 37r + 2a; Stt - 2a; Sir - 2a: ~ ' 
_^_j 1 3.5 ) 

(x®-4a:s“3V-4a:^'*’6V-4x3~ \' 

1 3 , 5 

4x 3-x® — 4i®"^6-V— 4a:®~ * 
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28 In the formula of Example 24 put ^ for p; then 
tanp=tanj=^; 

^3~irl2 f 


therefore 


a- (2 4^8 10^14 5 

3^3 2^4 5^7 8 ^ 


29 In the formula of Example 25 put ^ for p, thea 
cotp=cot 

5'^7 I ’ 


thus 

therefore 


2^/3 ‘ 6^7 11^13 17^19 


30 By Art 342 vre have 

sm n^=2"-i sm ^ sm sm sm f ir^ . 

Change ^ mto ^ + ^ > then emce n is even vre have 


thus 

Em 


Emn ^0+^^=sm^H^+^^=smn^cos^; 


«^cos|r=2»-icos0cos cos (^+^) cos ( 0 +^ 

Divide the former result hy this, then we obtam 

8ec?f=tau0ian(0+l)tan(0+^) tan(0+!i^l^) 


And 


ftr 1 1 n 

““T = ~^= -„=(-!)* 

cos— (_1)S 


31 By Art 342 we have 
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For m put g , therefore 


sin 

In this result put 7r+0 for ^ Therefore 

sm sin sra 

n, , 

=Ein^(^+ir) 

Multiply these two results together, therefore 

2"-i Bin^Bin^^+^^ sm Bin^^+ ^”^^ ^^ 


- 710 7i(04-7r) 1 

=2 sin Bin — = cos g7Hr- Q0S71 

32 See Esample 70, Ch xnn. 

33 We have 

sin 


( 7 ^ 1 ) 


,...(.--)(x--)(.-,^)(.--) , 


Sin 

Divide the first hj the second , thus 
sin 20 
sin 




34 From Art 129 we have 


sin 0 = 0 COS ^ GOB COB ^ 

« Z’ 


But 


cos 


cos 




and so on 

Multiplying these results together we obtam the expression for Bin ^ in 
factors 
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85, It IS obTious that 

Put xi=l-p, Xj=l-5~, 

Therefore 

(P T^-(P 6- (r=-0*)(2^~0*) fi* 

“^~r=“ r^>' ■2~“ 1* 2*.ir* ' * .lV“ 

((5.1 e'((P-s=) 1 (f(<P-s^)((?2-2'rS) . 

“ r* * 9* 1- 2= ■■««* 1- 2^J* 

8„» = , 

tlio required result folloirs 


Again 


0 - 


j|= coefficient of 0* in the ospansion of 

0^(05--«) 1 2V) 

5= P.*i’ ~;r«’ 1~2-7«^ ■*■ ’ 

i = i. |__L a.^'+2^ 1 2»+l5' 1*+2’.3» 1 J 

j5 *?•’ 1' 


T* 

120 


-i* 2-^-*-(r.-"?) j=) 

36 In the identitj in the solution of T.x 35, put 

(i-o(i-g(i4^). 

But co3ir<?=(l-0 Art 


COBttI 
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37 From Example 36 Tre have 

COsl:rff=l-tfS- (1- fl*) J- (1 - <?=) (l - J) J- 
Expanding the nght-hand side in powers of 6, the coeiBcient of is 

1 - 1 1 MV . 1 

Also |2 V2 j |4 V2 j ~ 

Equating coefficients of 6* we have 

1 /, 1\ 1 1 1\ 1 , 1 /irV V* 

3-. + (1 + 3* j 5* + +3=* + S^J 7-’+ " (4 UJ “ 384* 

38 In the formula 

sm 


put 

Then 


sin 


O^irxtj — 1 

c-»V^)=is^ (C«_ c-**), 
l(e--e-")=w.(l4)(l+g) 


{>) 


By takmg logarithms and differentiating we obtain the required residt 
Otherwise, without using the Differential Cdculus, as follows In equation 
(i) put x+h for X and divide the result by (i) , 


^w(*+ft)_^-r(a+70 

X 




vX ^-rx 
e — c 


1+p 


1+S 


Multiplymg out this expression the coefficient of 7t is 

* ^ 1=+*= ^ 2s+a:2 ^ 32 + a® 

This is therefore equal to the coefficient of h in the expansion in powers of 

ir(®+ft) -i7(ie+70 
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This expression = 


TX rh ~rx —rh 
e e —e e 

c — e 


^<’"*(l+ir/i+ ) — e **(1 — irS+ ) 

« -me 

=1+^/1. l_±i + 

me -m 
t —t 

Hence equating coefficients of 7i and dividing by 2x, we obtain 

2x2^P+9:9 + 22+*J^3-+xS+ “2^ *,15 

e ~e 

Hence the required result follows 

39 This imj be done as in Example 38, by means of the exnression 
£ for X “£fore“ Exnmplces write 


__L_4. L_ . 1 , 1 

lH4®-‘^2-!+22x2‘*' 35+4x2 ■‘'is+252'^ 


4x 


The left-hand side is 

- ^ .i_ 1 . . 1 f 1 1 1 

1^+4x 5+3^T453+ +4tP+r5 + F+i5+ } 




Hence 


■l-+4a:='*'35+4x2‘^ 


+— e’^+e"”* j 


(Ex. 38) 


l=+4x®’*‘ 35+4x5+ 


_ir r 2(c^”+e-S’«) 

85^1 7«_g-2rx- J 

e*’«_e-2w 8x 


1 c -c 

l®+4‘*' 35+4 + 5^:1+ =|. 


IT e’"-c~’" 


"“""'1^® «.=» „e oblam a. 


e +c' 
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41 X (*)=«' (i - 5 ) (i+l)(i-^)(i+^) 


■where m is made infimtely great 


/ 2pt-l X \ \ 

\ 2»i ma)\ 2m ^maj 

{'-(in {-(!)} 


=2^ «/*(*) 


2 2.4 4 2m 


Agam /‘W=(l-x)(^+¥)(^-il)(^+l) 


f 2m 2 gN Z 2m4-2 2 

\2m+l 2m+la) \^2m+l'*’ 2m+: 

2 2 4 4 2m 2m+2 1 x/ ^W-t 

1 3 3 6 (2m-l)*2mTl 2m+I o j 

2m+l aV ^«/\ 0 / 


\2m+l 2nt+la/\2m+l 2m+l 
2 2 4 4 2m 2m+2 1 x /, x\/^ x\ 


^ 2m + 2 X 
F 2m+l ' a 




-O' 

' (“■'i) =;“”T=l'‘0- 


Hence from (1), 


H t ti 
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suiO=JiBin-| 1- 


2n/\ 2b/ 


1 

For 0 put JK ,^-1 Then nn 0 = — (c~"®- c***) and 

2 tj — 1. 


Hence 


Bin ^ : therefore - sm® ^=:u- 

2» 2v^ ' 2b 

« 

fM, _ e-n*=„ (c» _ c-t) ( 1 / 1 +_-!i 




n/ \ ““ 2 m/ 

43 From the expression for cos 0 in factors (Art, 344) we hai e 


2 4 4 6 
'3.3 5 6 


cos® d 


2 4 
cos® B'y 




44 


= Jcos®d(l+:^_ 


(Ex 12) 


= l+J + p + P+ 




(Ex IJ, 
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_5r* 

' * 

Hence, by division, we obtnm t 

45 "We shall require the volne of when 0=v 


(Ex 2). 


Putfl=ir+7i, then 

sin 5 - sm 7t 


sui 7i Bin 7( 


, 5* , v+2jr7i+7i- 2 , /»- 7» 2 /» 

ir ST® r * ff® IT TT® 


= ^, nhen 7i=0 


Divide both sides by all factors such as 
Therefore 


0 


where a Is a prune 


In this identity put ^=ir, the left-hand side 
1 
2 


• ) (^+p + ^+ ) 

+ )=5 
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Hence 


g=(.-i)(i4) . 

log p = - log - log (l - J) - 


-42 + 6**^8-'^ 




* A O 


4C Let a, h, c, bo all tbo prime ntunbers except nmty Tho nTtmbers 
TThiob are not divisible by tbo square of a prime other than unity arc 

a, h, c ah, ac, he, ahe 

Hence the smn required ib 


1 + 





1 


_U 

' ' 


. (Ex 41) 


47. From Example 44 we bai e 



or, smee tan^, tan B, represent successive prune numbers, 

(l+cotSil)(l+cot=B)(l+cotsC) . 

IT" 

cosco^A.cosec-B.coseo’C 

rr 
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By taking logontluns and differentiating (or from Example 25) we obtain 





f 1 

cosd 

1 

2d 

\jL + -. 

smd 

d 

TT-* ^ 

- 

Bin d-d cos d_ 

2d2 1 

1(1+^ 

Bind 


TT® t- 

i-V i-v® 



+ i 

l(i+JL 

22 V 2‘-ir® 


£ 

22 


'2-n^ 


or 


+i(i^r^+jL+ \ i 

i (sin 0-e COB e)= 0i+^ g*+ I sm d 

) 

The coeflicient of fl 2 n+i on the right is 

' ’ V* 12«-1 ir* 1 2h- 8^ ' w-x/ 

The coefficient of 5®"+^ in the expansion of ^ (sin 0 — 0 cos 0) is 

2 {{2n+i“ (^} ’ 


Hence S„ 


-5n-2 


r-N 


|2n-l |2^ 


/ n\«cT 


' |2n+l * 


If 71=1 \ie get Sn=^ 

li 

If 71=2 we get 


«2*|3-S4 

O _7r‘ 27r< IT* 

* db 5 4 3 2~90 
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49 From Art. 347 -tfo obtain by pnttmg ~ for 0 and vrriting 0 instead 

os ^cos B - cos ^cos B- cos . ^cos B - cos 

Take loganthms, pnt B+7i for B, and subtract Thorofore 

^ dir 

, .«(»»+«;.) , 

'°8— =‘°« ^+‘“s ■■ 


cos 0- cos- 


. d)r 
coatl~cos — 
2/t 


Expand both sides in powers of 7i and egnato tbc coclTicicnts of 7i 

logfcosnfc-lannff smnft) 
=:log(l-B7ttanii^+higher powers of 7i) 

= -«/itannff+ 

coa{d+7i) — cos^ cosfl — cos^ — 7(Sind+ 


cos 0- cos ~ 
2 )( 


cos 0- cos ~ 
2« 


=iog(i — .) 
' CO30~CO8“ ' 


COS 0 — cos — 


cos(0+7i)-cos|^ 

5 1 • 

COS 0 - cos ~ 


cos 0- cos ^ 
2r 


• + • I 


and so on Hence 

« tan 710a 4 


cos 0- cos 008 0-008^^- 
2n 


50 From the last example 
Btnn7i0 COS0 COB 0 

Bin0 “ 


CO 80 -COSJ CO 80 -CO 8 g'^ 


CO 30 -COS:?! 


COS 0 — cos ■ 


T T K. H 


22 



338 


XXIII RESOLUTION OF TRIGONOMETRICAL 


„ .. ftann^cosfl ,1 

Hence the given Beries=n -{ s I}- 

( Bin 0 J 

_ f sinngcosg j,'! _ nBm(w-l)g 
Icoa nOemO J ~ cos n8 sin 0 


51, From Art 346, tre have 


ajSn _ 2a:’‘a" cos nO +o-"= (a® — 2ua: cob 5 + a-) |*® — 2a» cos + a®| 

Take logarithms, ^mte x+h for x, sabtmct the two equations, expand in 
powers of h and eqnate the coefficients of h 

J (x+ h)^ — 2 {* + 7i)"a" cos n0+ a** 


a:-" + 2n1ix-’^~^ - 2x"a" cos nO — 2na:"“^ lia" cos nO + a®" + 


— 2a:"a“ cos nB + o®" 


=log^: 


l+2n7ia:»-i 


g«-a»»coBnO 
- 2a:”a** cos nff + o* 


H+ ) 


=:27 i 7 «»-i + 

a-" — ix^a" cos nff + a®" 


, (x+7i)®-2a(x + 7j) cosd+a® , /, x—a 

;^-2axcosg T^® =log (^1+271 


— acosd 


cos B+a- 


_o;, x -acosB 

~ x=-2axcos«7+aS'*' 


and similarly for the other terms Hence 


<en-a"cosnff 1 


x®"-2x"a’*cos«0+a-‘'* nx"”^ 


X®— 2axcos 






52 C08 7ld = 2"~l ^OOsd-COB^^^COS ff-cos—^ 

If p be less than n we can resolve mto partial fractions Thus 

cos nB 



cobpB 
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* 1 27**“1 

To find AfO-i mtilliply tip by cosd — cos— and pnt gs=- * 


Therefore 


A^j=lunit of 

,2r+l 


- 2r-M N 
cost* g f cos g - cos ■ IT j 


COSflg 


tvhen g= 


2r+l 

2ii ’ 


cos g— cos 


=003** - 


2r 


s-xlimit of 


2r-«-l 

2n 


COSTig 


2r*^l 

To find this limit put bb and make h indefinitely small 

Keejnng only the first power of fi, we hare 

„ 2r+l 2r+l . . 2r+l 2rJ-l 

cosg — cos— s cos—;; — sr- Asm-s — i — cos — ; — s- 

2» 2n 2n 2n 


cosng 


Jr-^1 , 2r-*-l 

cos — rr— --nh Bin — 5 — 1 


. 2r+l 

X ^ 2n ^ 1 - 2r-!-l 

" 6in(2r+l)| ” 


Hence 


2r-»-l „2r-»-l 

, Sm— s 7-COSf— ;; 1 

cosPg _l^. -'t 2 a 

cos Rg A ' ' 


cos g — cos 


2n ” 


53 From Example 49, 

ntantig 1 


smg « - 3- 

COSg-COS;;- COSg-OOSs- 
2n 2n 


Pntg=0, thencosg=l, therefore 

•f ' ^ =the limit of ^ when g=0 


_ w — 3" 

1-cos— l-COSg- 
2r 2n 


=the limit of 


smg 

smng g 1 
ng ’ sm g * cosng 


=n-; 




22—2 
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54 S“i0=«(i-5)(^~2&)(^"3&) * 

For Apato-oV-lf then — 2o® aJ - 1, 

and 8m d =6111 a cos (a — 1)— co8aBm(a ^ —1) 


Hence 


=i sm a (e“+e^) - cos a (c“ - e-“) 


2 2 

i8ina(fi“+fl“®)-^coso (c“-c"“) 


=!-« '/“l) */^0 (l+S ■^) ('+8^ «/^) 


Therefore, by Ex 31, Ch xix , 


tan-i (- 1 ) +tan-J ^■+tan-i ^+tan-i ~ + 

\ Bma(e“+e”")J 

. 2a®, . 2a* ir . , /e“— e““ . \ 

tan-i ^+tan ^ 38 ^+ = j- tan-^ cotaj 


55 In Example 19 for x -write Then 

4 


(i+i^ri) 

/ — T y — 1 -I — -55 1 ”® "w 

^+“n^^4^ = i{c^ + c *) + ~[e^-e-^)^Zi 


Therefore by Ex 31, Ch xix , 


25 «.!!5 

tan“^ a: - tan“^ f + tan*"^ | - = tan"^ ^ 

^ ® 25 ^25 

4 

12? 

= -tan-ii::^=tan-'c§'*-J 

l+ez” 


EXPRESSIONS INTO FACTORS. 


66. "We havo 

. x''+pjX'^hj+p^--y-+, .=(x-ay) (x-ytj) , 

Pnty=cos <?+/(/ -lain 6. 

. x'^+PjX^~^cosOA p^*~^co3 20+ . 

+ ./- 1 (Pi®""* an 0+jjj®’*~®sm 2tf + ) 

= {®-ttcos<?-aBmtf ..y^)(®-pcostf-/3Bin6. 
Therefore by Example 31, Gh xn. , 

ton-» _i!Hif-+tau-i 

ttCOBtf-®^ pcoaO-x^ 

—tan-* an ^ am 2g 4 . 

~ ®“+Pi®"“*cos(?+p»*""-cos2(?+ 

OT. (1-5^) . 

For put cos ^+*/^ sin Then 
am (cos ^ ®*° 

ssam (cos tf>) cos am <p) +C 03 (cob 4>) am (a/^ 8>n 

:= I am (cos (c®‘" ^+e''®‘"^) cos (cos (e®'"^ - 
This expression is therefore 
=(cos^+ V^sm^) 




- cos2^+jy/-lBin20 
2=ira 


Hence by Example 31, Ch. xix , 


tan-* (ton - tan"* - - ton-* -y- y”- ^ „ - . 

31- — COS 24 > 2-31- — cos 2^ 

-tan-’ e®'"^-e~®*"^ | 

(Bin (cos ‘ 

i2<f> 


. tan-*-^"-lj»^ +tan-*— 

3r--cos2^ 2-3r='-cos2^ 

/ „sin^ 

==.^-tan-*|cot(co3«>) 
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58 Let r be the xadins of the oucle The polygon can be resolved into 
n tnan^es , and thns the area of the polygon 

, =^{smo+Bin2o+sm3tt+ +Bin7ia} 

n+1 no. 
rs Bin-^asin^ 

~J' tt * 

sm^ 


But 

tt+2ci+3a+ +?ia=27r. 

that IS 

n («+!)«_„_ 

2 

so that 

n+1 2ir 

— — «=5 — . 

2 n 


Kow the area of the regular polygon of n sides 




2r nr- »+l 

Bin — 5= Bin — tt. 
n 2 2 


Hence the ratio of the former area to the latter s . 

a 

nsmg 

59 Let A, B, 0, be the angles of the polygon From A draw straight 
lines to the other angles Let AP be the straight line, so that AP sub- 

2^ 

tends at the centre of the circle the angle • Then ^=2aBminjS 

where /3=- . 
n 

Thns the product of all the straight hnes 

s=(2tt)"~^Bin/5Bin2/3sin3^, Bm(n-l)/3 
=sna"~i, 

for by Art 343 we have 

n=:2'‘"ism/5sin2j38m3/3 (n-l)/S 

60 Let A, B, C, be the points of contact of the circle with the circnm- 
scribed polygon taken in order. Let O be the fixed pomt, and snppose the 
arc OA to subtend an angle 2<f> at the centre of the circle Then the angle 
between OA and the ' gent at A is and the length of the perpendicular 
from O on this tangeu. is OA sm that is 2a sm^ 4>. Thus we have 

Pj=2aBin®^. 



EXPRESSIONS INTO FACTORS 




Let /3=-~t then obtain in a Gimilar waj 

2n . 

p,=2asm*{^+/3), 

‘P3=2a Bin* {^+ 20), 
p^=2a fimS(^+3;5}, 

and BO on 

Thus PiPsPs P2„_i=(2a)'‘fim*^Bin*(^+2^) sm® {^ + (2n-2)/3} 

= {2«)» l>y Art. 342, 

«“ „ 

=^Bin-rt^ 

In tbo Bomo iray we Lavo 

PaP4 Ps„=(2a)"sm®(^+/J)6inS(^+8/5) sjn={0+(2;i-l)^} 

Hcncc b} addition via obtain 

— , (sin? n^+co8*ji^), that is 

fil Let A, B, C, D, bo the angular points of the inscribed polygon 
Let 0 bo the fixed point from ivhicb the perpendiculars ore dra\m Let the 
arc OA subtend an angle 2a at the centre of the cirdo, lot the arc OB subtend 
an angle 2p, the arc 00 an angle 2y, and bo on. 

Let Pi, ps, Pa, . denote tbo perpendiculars from 0 on tbe Bides of the 
circumscribed polygon vrhicli touch the cirolo at A , R, C, respectively Then 
Pi=:OABina, p„=OBemp, pj=OCBtny, 

Again, lot 9,, <73, <7,, denote the perpendiculars from 0 on the sides of 
the inscribed polygon AB, BC, CD, . respectucly Then 
qi=OA Bin OABssQA sm {■ir-p)=OA Bin/5, 
similarly <72= OB sin y, 53= 0(7 Bin S, 

Thus i>]P3P3 and qig^qg are equal, for each is equal to the product 
of die same scries of Icn^hs into the same senes of smes 


62 


^ *5 

8m®(7-=— ^=1- 
c- 


c-ri** 


=(l-l’) (1-^) (1-^,) 


sm< 


Tra 


ira 

c 


•*« Bin Bin ^2 sin 




sm ■ 


va - 
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G3 — 1®+3®’ ^****^8 

Now by Art 345 




2a: 


Fat »=ir Therefore 


„ 22+1 32+1 42+1 

-ssj , 


2ir 


=2. 


22 

1 


32 

1 


4* 


' sm*®! Bin2 02 
sm 61 Bin 6 ^ am 53=2 

64 Lei AB be the chord, N' its middle pomt, P3F3 the angular 
points of the polygon, BON —a. 

LetP,ON=3, thenP,ON=d+— , P.ONs^B+^&c 

* " H 71 / 

The petpendicolars from P3, P., on AB are 

a(cosa-cos5), a joosa-cos , a jeosa-oos 

Therefore the product of the perpendiculars is 
a"(ooa tt-cosS) |oosa-cos^^+^^| |cos«-coB^d+?^^ 

gti 

=^i(cosj!a-cosji5) (Art 347). 

Now 3-^ IB the angle between ON and the perpendicular on the side 
P„Pi and may therefore be tahen to be the angle /3. 

Then cOB7i3=cos(n)3+ir)= -cosMjS 

Therefore the product of the perpendiculars is 
a" 

2,f_j (cos no + cos nj5). 

65 Let a be the radius of the ctreumsenbrng circle of the polygon, r the 
distance of P from the centre, 3 the angle between OP and a radius to any 
angular point 

Then p^=T^- 2 raooa 6 +a% Pa2=:r®“2racos^3+^^+a2, 
and so on 
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Now r*"-2r"a“cosM0+a“ 

=(r®-2rn co30+a") |r*-2raco'»^<?-*-~^Tn-| . 

TiiKc logarithms and differentiate with respect to r, (or from Ex ol), 
2r^-i - 2r "'*^ a" cos nO _ 2r— 2acosd 
” * - 2p'rt" cos nO + «-■" ~ r^— 2ra cos 0\ or 


2r— 2« cos I 


. ML.. 

r® - 2ra cos + '—'j a? 


Mnltiply by r, mibtniet n from the left-hand side, and unity from each 
fraction on the right; 






* r®"-2r"a'‘cos«t>+<i®’’ r®— 2nicos<?+o® 

r“ — fl* 


T'-2racots ^0 +~^ 


+a- 


which gi\-c8 tho required result. 




SXIV. 


1 Einh20s=2suihdco<ilid = 


2 Binh 0 cosh 0 
cosh-0- Bmh®0 
2 Binh 0 

cosh 0 2 tanh 0 


1 - 


sinh-0 ~ I - tanli®0 ’ 


2. cosh20=cosh®0-hBin]r0=: 


cosh-0 

co3h®0-h6inh®0 
cosh®0-Bmh®0 

B)nh®0 

l+tanh®0 


l-l- 


1 - 


coslH 0 
Binh-‘0 ~ l-tanh®0* 
cosh® 0 


3 sinhSOssinh (20+0)=8inh20co8h0+coBh 208inh0 
=s2 Binh 0 cosh®0-Kl +2 Binh®0) sinh 0 
= 2 Binh 0 (1 + 8inh® 0) + BUih 0+2 Binh® 0 
=8 Binh 0+ ism® 0. 
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XXIV HYPERBOLIC EUNCTIOXS 


4 cosh30=cosli(29+<?)=:cos1i20cosb <>+Bin]i206inh0 

= (2 cosh® 0-1) cosh 0+2 smh® 0 cosh 0 
=2cosh30-cosh 0+2 (cosh®0- 1) cosh 0 
= 4 cosh® 0 - 3 cosh 0 

5 sinh (o+/5+7)=smh {o+/5) cosh7+cosh (o+/5) Binh7 

= (smh a cosh p+ cosh a sinh /3} cosh 7 

+ (cosh a cosh fi+sinJi a sinh )3) sinh7 

6 cosh (o+/3+7)=cosh (o+/S) cosh 7+Bmh (a+fi) Binh7 

= (cosh a cos /3+ smh a smh j9) co^ 7 

+ (smh a cosh /3 + cosh a smh j3) smh 7 

7 smh(o+/5+7)-smha— Binhp-smh7 

= 2 cosh - smh — 2smh^i^ cosh — 

A ^ 2 2 

= 2sinhlp^co3h ^*'^|‘*‘ - y - codi^^^ 
sa 4 Sinh smh smh — 

8 cosh(o+/3+7)+cosha+cosh/5+cosh7 

1 111 
= 2 cosh 2 (2o + |S + 7) cosh ^ (/3 + 7) + 2 cosh g (p + 7) cosh ^ (/5 - 7) 

=2coBhi(p+7) |codii(2tt+/5+7) + coshg (/5-7)| 

=4 coshi03+7) cosh ^(7+ o) Cosh| (a+/3) 

9 cos®ttCosh®p+sm®osiiihsp=(l-Bin®tt) oo3h®/3+sm®o(oosh®jS-l) 

=oosh®/3-sin®tt 

10 codi0+smh0=5(fi®+e“®)+i(c®-c~®) 

codi 0 - smh 0 = c , 

. (cosh0i6mh0)"=c~”® 

= coshnO ^EinhnO. 
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11 cosha+Binliase", 
cosli/3+Binh/3=e^t &.0 , 

{cosh a + Binh o) (oodi /5+ sinh /5) (cosh 7 + sinh 7 ) 
_g«+/3+?+ 

=cosh(o+jS+ 7 + )+suih(tt+/3+7+ ) 

12 cos(x+(v)=cosa;cos()/-siQXEm(2^ 

=: cos £ cosh ^ ( Bin a; smh j/ 


13 Bva.{x+iy)=emxoo&iy+ao&xsm.iy 

=BaixoQ^y+icoBXBiahy 




tan {x + ly) = 


_ sm£Cosh2/+£C0B£sih^ 
cos(x+i2/} ~ cos X cosh y — iemx sinh y 


Multiply numerator and denominator by cos a; cosh 1/ + ( Bin x smh y 
The denommator becomes 


cos’x co8h®y +8m*« sinh®y 


=cosh®y-sin®» by Ex 9 

1 j 1 ‘ . 

= 5 {2 cosh-y - 1 + 1-2 Bin®x} =5 (codi Zy + cos 2 x). 

iS ^ A 

The numerator becomes 


sin X cos X (cosh^y - smh®y) + 1 smh y cosh y (sm®® + cos®®) 


(sin2®+( sinh2i/] , 


tan(®+(y) 


Bia 2 ®+tBmh 2 y 
cos2®+cosh2y * 


15 


From Ex 14 , 


cot(®+ty)= 


ooB2®+co^2y 

Bin 2 ®+{Bmh 2 y 


oos®2® — co^®2y sin 2® - 1 sinh 2y 
8m®2®+8inh®2y ^ cos 2® -cosh 2?/ 


But 


coa®2® — cosh®2y=l — Bin® 2 ®— 1 - Binh®2y=i - (8in®2®+Binh®22/) 


• cot(®+ty)s= 


sin2® — tsinh2i/ 
cos2x-coBh2y ‘ 
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16 SCO(a! + l«)=: ; — : :*= r r— 

' cos(£+( 2 /) coa^coshy-tBinasinhy 

Multiply nxuneratoi and denominator by cos x cosb y + 1 sin x sinh y. 
The denommator becomes (Ex. 14} ^ cos 2x + 1 cosh 2ij, 


■ 800 


, , - COS xcoshy+t Bin X sinh?/ 


17 ooseo{*+ty)=- 


'sm(x+ty) Bmxcoshy+tcosxsinhj; 

Bmxcoshy— tcoBxBinhy 
“ sm'x cosh'y + cos® x sinh®y * 

The denominator=(l - cos^x) coshsy +coa*x (cosh^y - 1} 
=:cosh*y-coB®x 

= i {2 coahSy - 1+1 - 2 cob®x} 

= i (cosh 2y - cos 2x) , 

coBeo(x+.y):= -2 

' cos 2x- cosh 2y 


18. 


Also 


Again, 


Also, 


cosh U=: ECO 0, 

. oosh®«-l=Beo®0-l. 
sinh*u=tnn®0, 

* Einhu=tan0. 
Binh tt tan 0 

— =s ;r = Bm0. 

coshu ECO0 
sin 0 tanh ii 


1+COS0 


Bmbu 


1+sechw 1+coshu 


2sinh^ucodisU 

2oo«Ii'iii ^ 


/ir o\ 

tan ( j + ^ J s= — — — -BOO 0 +tan 0 
l-tan^ 

=cosh w+Einh«=e^, 
«=log,tan(j + |^. 
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^ 19 See Ch xxi. Ex 32, and Gh. zxir £z. 18 
20 and 21. Let y=cosh {/+e~\ 


and 


2=:Binll 0=5 (e - c~®) , 

A 

y+z=e , and y-r=e . 


cosh«0=i(e"®+fl“"®) 


=2{(y+*)"+(y'*^)“} 

=2/“+ ■ 




22 


=cosh”0+-- ^^ H cosh"~®0 sinh20+ ; 
6inlinfl=i 

=§{(y+2)’*-(y-2)’*} 

,n(n-l)(n-2) 

=7iy"-lg^. ■ j g g .y"-=>g» + 

=71 oosh"“^ 0 8mh g-f - 5 cosh"“®0 smli^O 

X> • A o 


_ 2 cosb 0=«®+c~®, 


. 2"cosh"0=(c®+c~®)" 

X 2 

=(e’'®+e-’‘®)+77(/«-2)®+^-(»-2)V 

=2cosh7t0+2.7icO8li(7t-2)0+2 - cosh(7i-4)0 + 

X A 

23 cosh0+cosli20-)'co^30-f 

/-0 , -29 . 30 , . „«0 , --9 . --20 . .--n9i 

= 5\9 T® +9 + +9 +9 +9 + +C } 


1 

'2 1 i_,« i_r® / 
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1 

[1 («+V 

)e 

' C 
- 1 «. 


“ 2 ' 

e e 

L e"s-c2 


9 0 

ea-c"2 

le 

'a 

+ 

1 1 

1 


^0 ® ? 
-(0=-e=) 

~2" 


0 

9 


er —t ® 


j^smh 


“2 

smhg0 

coshi(H + l)flsinhgntf . 


Binhgtf 

smhtt+smh (a+2p)+smh (a+Sp) + 



r 1 

k ^ %-«•“ ^ ,1 

' 1 - 0 ^ l-c 

“2 1 

1 


“2 ' 

“ip -p -p --P 

Ic 


~2" 

ip -in 


^ cosh |a+ - §) /s} - cosh (« - g/S ) 

2 , 

smhg/5 

sinh 5 (2a + re - 1 p) suih i rep 

o Z 
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25 sinlia-{-4Emli2a + ^siiih3a-t- 
11 £ 


“2 1 ^[2 ^j3 ^ j2 [3® f 

"} 


*■ ■• » ^ 


26 a; cosh a + To cosh 2a +-r^ cosh 3a + 

U l£ 


1 ( 

=2 r 


' .2a , a:® 3a 


-O . a:® ^-2o .a:® -3a 


_c‘+_e-*+ +:rc +i 2 ‘^‘+i 3 « 


= 5 {c““+ cw"'‘- 2 } 


27 oosh5+^-°— eosh25+5H^cosh30+ 
^ If 

1 ( 0 , Bin0 20 . 6m®5 80 




e- + ^e--+ 


_l|^ 0 +aln 0 0 * _j_ g- 0 +sm 9 c~®j 


} 


28. cosh cosh 20+^ cosh 39- 

A O 


_1{0 1„20,1 30 ,,-0 1.20,1 30 ] 

= 2r-2" +5" - +" -2* +3" - f 
= ^{log(l+cVlog{l+e'®)} 


= ±log(2+c®+c-®) 

1 . 1 . 


= ^log(e2 +c 2 )= 
= log ^2 cosh g 9^ 
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29 

From Art. 345 we have 





or 

Binh9=0 + 


30 

From Art. 345 we have 



\ 


or 

coshfl = ^l + ^^| 


31 


• 


In tbis equation put x=4>^0aJ —1 and multiply the two results 

=sin®^+Binh®fl=i {2sinS0-l+l+2sinh®ff} 
rr g (cosh 2B - cos 20) 

2b 


- 


(rir — 0)®+S* ^ (rjr+0)*+fl* 
r-V ^ 


And 

Hence 


(0 + eV-l)(0-0j^)=02+p* 
cosh2«-coa20='2{0He-)’n’ 

r=i r-w- 

In this equation put a=0±fl^— 1 nnd multiply the two results 
cos (0+^/^-!) cos (0 - Oj - 1) = oos®0 codi®fl + Em-0 sinh^ 0 

=oosli°5-Bm®0 (Ex. 9) 

= I {2 cosh^d - 1+ 1 - 2 sin®0} 
s=^ (cosh 2d+cos 20). 
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Also 

^‘’1 (2r-l)^ n * 

- ?S^±tJEM U H'i>~oJ^) ) L ■ 2(<^+gVri) ) 

-r~ (2r-l)r- (2r-l)r if {2r-l)^ i 

f+ (2r-l)r i 


Hcnco 


K2r-l)7r-2^P+lfl* .. {(2r-l)fl-+2<^}s+4<?= 
~ (2r-l)-TJ ^ (2r-l)-;r* 


cosli20+cos2^=211 - 

r-i (.ir-il-r- 

3<l sia«=.:(l-j5.)(l-2^)(l-£3) 


In this equation put Eolhatx-=5±2i?*A^/-l, 

Multiply these results Thcrctoro 

mn=0-sm^0J^)=2e=(l^^"j 

And Bin®d - Ein*<7^ -1 = 5 (cosh 20 - cos 2d) ; 

cosh2d-cos2<?=Id= ^1+^^ (^■^‘^) 

}4, For ^ write a:+y 

Then B^n(0+ra)=Bln(a:+ro+y^/^) 

=sm {«+ro) COB (y a/^) + cos {x+r«) ein (y*/^) 

=Bm (K+ra) ooshy+ cos (x+ra) Binhy 

And Einn^=Binna;coshny •{• #y -IcosnxBinhiiy 
Hence 

sin nx coshny +ij -Icoanx Binh «y 
=(Bina;coshyq-jy -Icosarsinhy) 

{sin (x+a) cosh y+*/ri cos (T+o)sinhy} . 

23 


T T, K H. 
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XXrV HYPERBOLIC FUNCTIONS 


Hence by Ch xix , Example 19, 

/cosna;Binhny\ _,co3gsinliy ^ coa(a;+a) sinhy 

““ ^smM*cosh 7 iy/ smscoshy'*' 6ui(a;+o)cosliy'*' ’ 

tan“^ (cot nx tanh ny) =tnn“i (cot x tanb y) 

+tan~J {cot(x+a) tanhy} + 

35 From Example 23, Ch xxiii , 

1 . 1 . 1 . 11 

a-=-yS'‘'2V!-y®‘‘'3V!-y- ~2y^~ 2y 

For y vmto ^ — J “ 1 ) » 2/"= - 1 TVe obtam the t\io 


results, 


1 1 

” 2xV - 1 " (1+ 

= _Vri_l{W£l)coti« 


2x2 
1 


2x^2 




T== + 


1®+®®*/-! 2=+x=V-l 

-l'>/~ 1 ^r(l+^/ — 1) . f TX , / — r 1 

By subtraction, 

I JJTP = - "P - 

By Example 15, 

cot -- fldb (irx,/2) ? JZl Einh (ffX^ /2) 

«/2 cos (5rx,^2) - cosh {vx^Z) 

Hence the above expression is 
= -^4- 


x® 2x^)2 cos {* 1 ^ 2 ) — cosh {jtXfJZ) 

{(1 - V“l) (sui i™\/2 - *y - 1 smh wx,i/2) 

-(l+*/-l) (sinirxA/2 + ,yiTsinhirXj,,/2)} 
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_ -J-l , r snili (g-x,^2) -f sin (ga:^/2) / — j- 

~ x»J2 * cosh - cos (xx,J2) * 

Dividing by 2x- kJ~^ 'Ro obtain the required result 

Othcncise In Example 33 put 20=vx^/2, tabc logarithms and diileren* 
tmte mth respect to x The result follows at once 


36 Let Af be the point from which * is measured ; ^1, , An, the points 
of division to the right of Bn, the pomts of aivision to the left 

of A(^ Then 

PAr-=y^+{ra-xf, 

BBr=ij-A- (ra -*-ar)® 

Wo require the value of 


sf I + i 1 

(ra-x)* p’=+(r«+rj-J 


for all positive values of r 

Tins may bo obtained from Example 31 b> taking logarithms and 
diiTerentiating wuth respect to 0 Instead of differentiating we maj take 
logaritlims, write 0-i-Jt for 0, subtract, cigiand in powers of h and equate the 
coefficients of h Thus 


j oosh(2O-{-2/<)-cos20 _ . {0+h)-+<tr ^ , {■r'^^)-+{0+h)’‘ 

® cosh20-cos2^ “■ ® ° (rjr±0)-+fr- ’ 


cosh (25+271)=^ 


=i{c=®(l+27,+ )+c"‘®(l-27.+ )} 


sscosh 20+2h smh 20 + 

cosh ( 20 + 2 / 1 ) -cos 2.^ /-..o, Binh20 \ 

*’ cosh 20- cos 2<p ■** cosh 20 -cos 2^"^ ) 

= +2/i.- 


suih 20 


'cosh 20 -cos 2^* 


, (nr±^)=+(0+ 7i)= , A 0 \ 

(nr±^)s+0S -°e(l+2b (r5r±^i)s+0s'^ ) 


= 2/1 


Ilcncc 


sinh 20 


(r?r±^)"+0^ 
+ 0S- 


cosh 20 - cos 2^ e- + ^-^ (rsr ± <}>}- + O' 


23—2 
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XXrV. HYPERBOLIC FUNCTIONS 


For 0 Avnte — , and for , therefore 
a o, 


sinh — - , . , , 

^ —^U. i I 

cosh cos V+»/ (ra±*)-+rT 

a a 

_?2/iJ_ + J_ + J_+ I 

“ T 1p4o-* -PBi® J 


■“ Pzl-* ay , tiny ‘Zvx 

•' codi — = — cos 

a a 

^ + ik) 


izi/HiUl+i.i IziEll 

I wr nir tJ2 ] | mt i^2 ] 

ii+£.+£ ii+iL_ i. ^±^EIi 

r^Kjr^JiT ^2 y f^nr ««•* J2 J 


13 


TIT 7l7r Jij2 


With each factor take the corresponding factor mth -n, and ihe 
continued product is equal to 




- 

= [ - cos 2a + cos {/S (1 - ^/^) V2}] [ - cos 2tt + cos {/3 (1 + ^/TI) ^/2}] 

— 

=[cosS 2tt - 2 cos 2a cos /S^/2 cos {^2^ -ip) + cos= p^/2 - sin= {BJ2J^)] 

~Ha*+p^ 

= [cos5 2o - 2 cos 2tt cos p^2 cosh PyJ2+ cos® p^/2 + sinh® /5^/2]-4 (a< + p*) 
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MISCELLANEOUS EXAMPLES 

1 Leli X denote the number of degrees in the unit Then 3 a: 15 1 

3 90 

Hence ar=-rs=20 The measure of a ri^t angle wjU he ^ , that is 4^ 

16 

2 Let X denote the circnlar measure of the larger angle, y thot of the 

TV 

pTYinliar angle Then, smeo the circular measure of 1® is ■we haie 

3 Hero tana:+r^^=a+6 , therefore tanSa:-(a+6) tana!+a6=0 

tan X ' 

Ey sol-nng this quadratic equation ‘we ohtom ton a; = a, or tan a; =5 

4 Here Em(2d4-d)=Bmd cos2d, that is 

gin 20 cos 0+ cos 20 sm 0=sm 0 cos 20 , 
therefore sm 20 cos 0=0, that is 2 sin 0 cos® 0=0 

If COB 0=0 ■we hare 0 an odd multiple of ~ , and if sm 0=0 we have 0 an 

fit 

oven multiple of ~ hence all the solutions are comprised m B=in~, where « 

a A 

IS zero or an integer 

5 Let 2A denote the whole angle, and A+x one of the two unequal 
parts , then A—x denotes the other Hence we have to shew that 

sm (A +x) sin {A -x) +Bin® a:=Bm® A , 
and this is obvious by Art 83 

G (seo0 Bcc^+tan0 tan^)®-(tan0 sec^+secOtan^}® 

= sec® 0 sec® ^ + tan® 0 tan® ^ — tan® 0 sec® 0 — sec® 0 tan® ^ 

= sec® ^ (sec® 0 - tan® 0) — tan® ^ (sec® 0 — tan® 0) 

=sec®0-tans^6=l 

2 (1 + tan® 0 tan® - sec® 0 sec® ^ 

cos® 0 cos® ^ 

(1 + cos 20) cos® cos 20) Bin® 0-1 

"" cos® 0 cos® 0 

_cos 20(cos® ^ - Bin®^) _ cos 20 cos 20 
— COS®0COB®0 ~ cos® 0 cos® 0 

cos 20 cos 20 _ cos® 0 cos® 0 sec 20 sec 20 
cos® 0 cos® 0 ~ cos 20 cos 20 ~ sec® 0 sec® 0 


And 
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anSCELLAKEOITS ESLA3IELES 


7 Since A +B+ C=3f50“, ire liavo cosf7=cos (A +B). 

Thns 1 - cos* A - cos-B — cos* C+2 cos j1 cos B cos 0 
=1-005- A -cos-B+cos 0(2 cos A cosB—cosO) 

= l-cos-A-cos^B+cos(A+B)(cosA cosB-f-smA smB) 

=l-cos*^ -cosSi?+(cos^ cos^-sm^sin^){cosilcos^+E]nilE}n^ 
= 1 - cos* ^ - cos* 5+ cos*^ cos* jB - Bin® ^ an* B 
= 1 - cos® A - cos* B cos® ^ cos® B - {1 - cos* J) (1 - cos® B) 

=0 


8 


ein^==, therefore cos ^=7. 
o o 

£inB=^, therefore cosB=^ 

lo Xt) 

7 24 

Bmt7=^, therefore cos <7=-= 
2o 2o 


G3 


then 


Hence ^ve obtain Bin(^+B)=gj, cos{^+^= - 

C3x24-7x1C 


Bin (j1+B+C)=- 


25x65 


63’ 
1400 _5C 
65 


' 25 X 65 ' 


* / 6 a 6 a\ f 0 a ^ 0 a\ 

0 a!=r( sing cosg -cos g sin gj, y=r I sin^cosg+cosgBing j. 


0 55^“?/ 

From these "vre ohtom sm 5 =— ■ ■ , 


« “ 
2roos- 


0 y—x 

“®2“ . tt* 

2rsmg 


Square and add , thus 1=7-7 


L ffa-t-v)- , (y-g)® ) 

“4r®i .o’*" TTf’ 

(cos-- sms^j 


therefore 
that IS 1 


10 
that IS 


4r® Bm* I cos® g = (*+ y)" su»= | + (y - *)® cos* | , 

!•* sm®o=!e®+y®- 2ay - siii*g^=a®+y®- 2ay cose 


He» =?i‘ .wo» - 


Ein( 

sm(y-^) “a-6’ 


sm (0+^) — Bm(0 — ^)' 


sm y cos 4 a ... . . , . - 

3 = t ; bo that atan(&=:otany 

cos0Bm{& b’ ^ 

atan^ 5 tang 


l-tan*g 1-tanSg 


Hence 


Q IrO 
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therefore . a ton ^- 6 tan|=tan^tan^ ^tttan ~-6 tan|^ 


=ctan|tan|, 


therefore 


atan^=tan^( h+ctan- 
22 2 


^6+ctang^. 


Substitute for tan ^ from the second of the given equations, and we obtam 
2 


oStan^= ^i+ctan^^ ^c+6tan^^ 


11 Let X denote the number of degrees m one angle , then 90 — a; denotes 
the number of degrees in the other angle, and conseqnently (90-a;) the 

number of grades Hence 9 :=^x ^(90 — a;) = 5(90 — *) Therefore 4*= 90, 

lU «7 «5 

and x=22i 


12 Let the circular measure of an angle be ~ , then the number of 

MJT 180 „ ^ ^ , . - nr 200 

degrees m it is ^ — , that is 9n , and the number of grades is ^ ~, 

that IE lOn 


13 Here ( 8 macos/ 3 +coaftBm/ 3 )coS 7 =(smttCOBy+coBaBin 7 )cos/ 3 , 

therefore cos a (sin /5 cosy— sm 7003 ^= 0 , 

that IB cos a sm (/3 - 7 } =0 

Either then cos a^O, so that a is an odd multiple of or sm (j3 - 7 ) =0, 

so that /3 - y IB a multiple of r 

14 Bm44 (tan^A+2tan-A+l)=:Bm4il (tan-A + l)’ 

Em iA _ 2 Bin 2A cos 2A _ 4 sm A cos 2A 
~ COB* A cos* A cos^A 

4 Bm A (cos^A — sm°A) 

^ cos® A 

And 4 tan® A— 4 tan A =4 tan A (tan® A— 1) 

_ 4 Bm A (sm® A— cos®A) 

~ oos®A 

Therefore smdA (tan*A +2tanSA+l)+4ton®A-4tanA=0 
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3UISCELLANEOUS EXAMPLES 


16 By Art. 83, Bin® 24®-smS C«=Bm (24»+G®) sin (24®- 6 *) 

=sui 30 ® BinlS®. 

Also Bm30®=s, and sin 18®= ^** ~ ^ 

2 4 


16 The given expression is 

Bin A (smA+cosB sin (7+cos 0 sin^) 

+ Bin JB (sin ^+cos^smA+cosABin(7) 

4 Bin Q (sm (7+ cos A Bin ^ 4- cos .B sin A), 
thatis sinA {sinA+sm(B 4 -C)}+Binil{sin^+Bin(C^+A}} 

+ Bin C {sin C+ sin (A+.B)} 

Now Bince A + j5+ C'=3G0®, we have 
Bm(i?+C?)=-BmA, sm((7+A)=-BinB, Bm(A+N)= -sin0 
thus the whole expression vanishes 


cos 7 s- 


17 Wo have 

cos a cos 7 sin a sin y 1 , cos B cos 7 sm B sm 7 1 

-+ — "7 =-» ^ + 1 

a be a be 

From these equations we And cos 7 and Bm 7 We get 

1 1 

/ - V 2aBin-{p~a)ooB^(B+a) 

a(8in/9-Bmc) _ 2'^ ' 2 ^ ' 

'c(cosa sm/S-cos/Ssma) CBin(/3-a} 

acoSg ({3 + a) 

1 > 

ecosg(/5-a) ’ 

5 (cos a- cos j3) 
c (cos o sm/J - cos {3sm a) 

6 Sini(/5+a) 

iTI T 

CCOBg(^-o) 

Square, and add, thus 

o® coss|(/ 3 +o)+ 6 SBm*^(/ 3 +o) 

c*oos®i05-o) 


26 sm I (/3 + a) sm 1 0 - o) 


Bm 7 = 


therefore c®{l + cos (3 - a)} = a® {1 + cos (/3 + a)} + Tfi {1 - cos (j3 + a)} , 

therefore (6®+c*-fl®) oosacos/34-(a®4'C®-&®] BmaBm/3=a®-f &®— c® 
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1 2 7 

BmA=^; therefore cos 2 A= 1—5 = 5 , 
<5 9 V 




Bin ^=5 , therefore cos 2E=1 - 5 = 5 , 

A Sd O 

rr /o^.oDd 4 V 2 + 7 V 3 

Hence an (2A + 2jB ) ■ = -- 

lo lo 


therefore 


cos 4*+ cos 2 *+oos *= 0 , 
2 cos 3x cos a;+cosa:=0 , 


therefore either cosx=0 or 2cos3x-t-l=0 
If cosx=0, then as={2n+l)^ 

A 

1 23r 

If cos3z=- 5, then 3iB=2njr±-5-. 

o 

AA . -M A jA-^ JS 

20 cob-4+cos5=2cos — g — cos — g— 5 

A A 

cos <7+cos i?=2 cos cos 

i 2 


_ A+J5 0—D , , . 

=-2cos— g— cos— — , by Art 48 


Hence, by addition, 

cos A + cos J3 +COS 0+cos i?=2 cos jeos--^ '? - cob^~'?| 

2 ( 2 2 ) 


A+J5__A + (7-Jff-i) a+B-A-D 

= 4 COB — 5 — Bin Bin 

dS a a 


.i„ .._-4 + Cf-B-D __2A+2(7-360» 

Also sin , =6in , 

4 4 


=Bin = - cos - 


and in like manner sin^^^^-^— ^i=_ cos^i-^ 

4 2 

Thus we obtam finally 4 cos ~ — cos cos ^ . 

A 2 2 


to + 
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anSCELLANEOirS EXAMPLES 


21 Suppose that th^ smaller unit contains as degrees, and therefore the 
larger unit as +10 degrees Lot n denote the number of degrees in the angle 

jj 2 3 

measured: then - is to — as 3 is to 2 Therefore - = — r--;, , 'whence 
' as as+lO X 85+ 10 

x=20 

22 sm^as+smass:! Solving this quadratic in the ordinary 'way we 

obtain sma5= ~ the upper sign must be tahen, as the lower would 

2 

make sma; numerically greater than umiy ^ 


Thus 

therefore 

therefore 

therefore 
Or thus 
therefore 
therefore 

23 Here 

therefore 

hence 

therefore 


6-2V5 


cos 


Bin-‘as= 

ft 

. , 6-2 V5 -2+2V6 -1+V5 

i-x-l- 4-4 “ 2 ’ 

. 6-2v/5 S-V6 

oos^as ^ 

cos®as+cos*as=l 

sin a:= 1 - sin® a:= 00 s® x , square , 
Bin®a5=cos^a:, that is 1- 00 s® as =008*05} 
1= cos® 85+ cos* as 

1 


tan® 05+ j 


;= 2 , 


tan'^as 
ton*as-2 tan®a5+l=0, 
tan®as=l, therefore tan as=±l , 


IT 

x=nwdz-T 

4 


24 "We have a sin 0+5 cos d=c. 


acoaO+bsmO 


-=c. 


sm 0 cos ff 

hence (a sm 0 + 5 cos 0) (a cos 0 + 5 sm 0) = c® sm 0 cos 0 , 

therefore (a® + 5®} sm 0 cos 0 + a5 = c® sm 0 cos 0 , 

therefore sm20(c®— a®-5®}=2a5 

25 cob®(A+JB)+cob®(A -.5)=-^°°^ (2.d+2.B) ^ 1+cob(2A -2g) 

2 2 

= l + COS2^ GOB 22, 

therefore cos® (A+5)+co8*(A -2?)-oos2A cos2H=l. 



MISCELLANEOUS EXAJIPLES 


363 


26 


ton (A- 21) = 


ton A -ton 2? 
l+twAtonjB 


3 

^tan^-tanJS 

A 

l+^tona^ 

Jt 


ton 2? _ Binilcos2? _ Bin 22? 

~ 2+3 ton® i? ~ I cos® i? + 8 sm®2? ~ 2 (1 + cos 22?) + 3 (1 - cos 25) 

— 6-003*25 


27 

n+1- n—l„ - 

Bin— g— d+Bin— g— d=smd, 

tberoforo 

« nO 0 ^ 0 0 

2 Bin cos -=2 Bin ^ cos ^ 


™ .1 6 . nO 0 

Thufloitbcr cos^=0, or sin Y=sin- 

From tbo former wo bovo ~ = (2bi+ 1) g All tbo solntions of tbo latter 

Jh A 

arc comprised in ^=wt+ (-1)"* g, wbero m is zero or an integer 

A Jt 


28 Hero tan (2tt - 3p) =tan - 3a + 2)3^ , 

and ton (2tt + 3/5) s=tan - 8a - 2/5^ 

Hence all possible solntions are comprised in 

2a-3/5=JJUr+^-3tt+2/5, and 2a+3/3=nir+^-3a-2/5, 
wbero m and n ore zero or integers 

From these wo obtain a=(m+n+l)^, /5=(n-nt)^» 


so that a and /5 are multiples of 


10 * 


29 Hero 


Sin ( a+a!)Bin(tt-x) _ 1-2 cos 2a 
cos(a+*) cos (a-*) — 1 + 2 cos 2a ’ 

Bin® a — Bin®* 1 — 2 cos 2a 


tboreforo, by Art 83, , — _ , 

’ •' cos®o-8m-* l+2cos2a’ 

tboreforo 4cos2a sin® *=:8in® a (1+2 cos 2a) -cos® a (1-2 cos 2a) 

=-cos2a + 2 coB2a=oos2a, 

tberoforo Bin®*=|, tboreforo Bm*=:±g, tboreforo ®=nir±r, 

V I] 
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, „ - A+B A-B 

BmA+smJ7=2 6in — ^ — cos — ^ , 

- „ - C+B 0-D 

Bin C'+Bmi)=2 Bin — - — cos — 5 — 

2 A 

g=2Bin - cos ^ by Art 48 
2 2 


Hence, by addition, 

. T, ^ no A + B( A~B , C-D) 
Bin A + Bin H+ Bin (7+ sin Z>=2fiin — ^ — Jcos — ^ — I-cos — ^ — ( 


j. A ‘i’B A’t^O'^B^B A-i"B — B*~0 
=4 Bin — 2 — cos g cos j 


Then, as in Example 20, ire can ebeir that 


A+C-B-B A+G 


A+B-B-0 B+0 


cos J =6m — — , and cos ^ =Bm — ^ 

31 The first angle contams GO degrees, the second angle contains 
^ X 50 degrees, that is 45 degrees , the third an^e contams ~ x — 

10 X 7” 

degrees, that is 135 degrees Therefore the fourth angle must contam 
360 - CO - 43 - 135 degrees, that is 120 degrees 

32 Bin A= 0 ^ 

«,nn- 777°^° V(G1-C0)(G1+C0) Vm 11 

\0lj “ 01 “ 01 ~61 

™ j r, j 7 , 40 x 00 + 9x11 2499 

cos(A-H)=cosA cosiJ+BinA 6ini?= ~256i’ 


thns 

l-2Bm*i(A-iD=||.J, 

therefore 


therefore 


33 Here 

3 Bind-4 Bm®d=8 sin’d. 

therefore 

3 6ind=12 Bm® d. 

therefore either 

Bind=0, orBin®d=i. 

4 


the former gives d=nn-, the latter gives d=n7r±g. 
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34 Di-ide tho first by tbo second; liras wo get 
a cosff— 6 cos^=— ; 


thereforo (*■+ 7 ) • 

Now thereforo a*(Ecc®d-l)= 6 *(Eec®^-l), 

cos*<? cos*^ 

thereforo a® * 

33 Hero tanA^tanf7=2tanJ. and 


thereforo • — ' ^ = (2 tan £ 
ianD 

_ /sin £ cos A 

2 I ■ 4* 

\cosilEinA 


. 4^/2 1 \ - ^/tnn.g . tan^ \ 

— ^\tanif tan^l/ ° \tan A tan £/ 

Bin -1 cos 2?\ j. „Bin®J?cos®^+EinS^cos®2J 
cos A sinJSy ~ *” Bin A cos A Bin £ cos E 


2(smAeosjg-cosA 6in.g)® _j^ 8 Em®(A- J) 
” eiuAcosA Bin £ cosit ~ ~im2Asui2j5‘ 


30 Hero cos*(l-cos*a:)=suia(l— rin*a) , therefore 

cos sc - Ein a = cos® ss - sin* a =4 (cos z — sin c) (cos* z + cos x sin o + sin® c) ; 

therefore Cither cosz— Bina=sO, or 1 =co 5 ®z-<-cobx Ein o+Ein*a 

The latter gives cos*zJ-cosz sina=cos®a , 

by solving this quadratic cqontion vre obtain 

- Bin o±v/('>*n®tt-‘' lcos*o) 

C 03 Z= i, 

it will bo fonnd that only ono of theso values is numencally less than nnity, 
uamelv, tho nnincncally less of the two 


37 We have 2 cost?— 1= 


4 cos®f7— 1 2 cos 2^+1 

2costf4-l ~ 2 cos 9+1 * 
4cos®2<?-l 2cos40+l 


^ cos 29 1 2 cos 29+1 2 cos 29+1' 

* 

and 60 on, which wo nso down to 

4cos*2"“®9— 1 2 cos 2" 9+1 


2 cos 2"“®9-ls= 


2co3 2"~*9t1 2co3 2’‘*19+1 


Multiply theso expressions together, then by cancolhng wo obtain tho re- 
quired rcstUt 
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38 Hera tan {v cot <?) =tan jt tan ^ , 

hence all possible solutions are comprised in the formula 

V cot d=na‘-f^ — r tan 0 , 

thus tanSd-^n-t-i^tand+l=0, 

by solving this quadratic equation wo obtain the value of tan Q 

39 cos®A+cos® J?+oos®<7-2 cosAcosilcos U-l 

= (cos A - cos P cos C)- + eos-J} + cos* U - 1 - cob*N cos® C 
= (cos A - cos P cos (7)® - (1 - cos® 2?) (1 - cos® C) 

= (cos A - cos P cos C')® - sm® J? sin® 0 

= (cosA — cosi7cos(7+BinPsmO) (cosA— cosNoos(7-smB smf?) 

= {cos A - cos (2J + U)} {cos A - cos {B - (7)} 

,„_A+B+(7__B+<7-A A+B-a B-U-A 
=4sm ^ sm ^ sin ^ sm ^ 

. ,._A+B-^0 ^_B+C-A AJrO-B A-^B-0 

s-4sm s Bin ^ sm s Bin- 


40 


A- JR 

Bin A - Bin B=: 2 sin — ^ cos 
C^D 

smC'-BinB=2 sm — ^ — cos 


2 

A+B 
2 ’ 
(7+B 


o (7-B 

= — 2Bin — COS 


2 

A+B 


2 

A+B 


, by Art 48 


A-B C-D) 
sm sm — ( 


Hence, by addition, 

sinA-smB+smC'-sm JB=2cos^-^ j 

2 ( B iS ) 

. A+B A+B-B-<7 A + a-B-D 

=4 cos —= — sm cos 1 

2 4 4 

Then, as in Example 20, we can shew that 

_A+D-B-0 „_B+(7 , A + C-B-B A + C 
sm -g =cos — , and cos g =sm — ^ — 


41. The angle described is ^ of four right angles, the number of 

5 R 

degrees 360=160, the number of grades=^x 400=16G| , the cir- 

R R ^ * 

oular measure =:^ x 2 t=-^ 

Xi2 6 
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( COS0 Ein 0\ /» stN 

■;7r'*‘'v2 \~ 'V ’ 

c imil nrly COS 2(? + Sin 2<?=\/2 COS ^25 — . 

the prodact=2cos ^2i?- j^=cos<>+co3 2 ) 

-..1 FinA+BinSA 
43 coECc2A(cosceA+cosee3A)=g^. 

1 2 nn 2.1 cos A ' 2 cos A 


aad 


£iu 2.<1 8ui.<linn3A smA smSA ’ 

.. .. 1 fcosA cos3A\ 

cosccA (cotA-col3A)=^(^— j 


^Ein A 

Bin 3 A cos A — cos SA sm A 


Bin^' sin A Bin 3 J 

Bin 2A _ 2 Bin .<1 cos A 
“'ii5Q'?in3T~Bin=A sin^i 

tbns tlio proposed expressions ore cqtutl. 


sin 3Aj 

1 sin (3.4 -A) 

~EinA EinA.EUi3A 

2 cos A 


'sin A smSA ' 



cof®iA-col® 5 A 


1+ cot* 5 A 

A 

1 1 

cos *5 A sin® 5 A -cos® | A Bin ®5 A 

A A A A 

.1 . cosA 
cos’jjA 

«s 

.1 , / .3A ..>A\ 

BUI- g A l^cos-— +Em- j 

^co 8 .^A sin^ 

, 3 , 1 A / 1 . 3 . , 

A -cos 2 A sm-A j ( cos^ A sin^A+cos; 


Bin* i A cos®g A cos A 

/3A A\ 

\ 2 " 2 ) 

f3AA\ 

\ 2 2 / Fin A sm 2A 

sin® ^ A cos* 5 A cos A sin'i A cos® 5 AcobA 

« « AM 

2 Fin* A 

2 ^ 2 suii AcosIa^ 

-1 s -A 

Bin^ = A cos- 5 

A M 

1 1 

A emSgA cos®gA 


‘E 
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MISCELLANEOUS EXA3IPLES 


45 secA+coseoA(l+BeoA)=^^+^(l + ^) 
l+cosA + smA 


cos A sm A 


2 sm s A cos ^ A cos A 

J A 


cos^A+sin^A cos^A 


sm -AcosA 


cos A 


^seo g A + coseo i A^ , 


cos A 
1 > 
cos»sA 


, cos*iA-sm®gA 
cos^gA 

oos*iA-smS7A cosgA 

l-ton*! A = — ^—1.= 

008*7 A cos* 7 A 

* 4 

Hence by mnlhplioation wo obtain tbe re^nired result 

«j g 

4G Put c* for o^+ , — 7 thus 
a** — 1 


from these we obtain 


/I 0,—h , , a+6 

cosfl=-^, and cos 


and thus 


sme=- ■ , - and Bmd= — ■ 

cV(a®-l) cV(o*-l) 

Next X70 obtam co3 - S) — 

ft* — tt' + o- 

tan* l(0-^)=?-££i(±L^) 

2* ” 1 J.\ -4 _2* 


l+cos(ff— 


a 8in(A—ff) e J emff 

^7 ?: = — 7T— s (l)i -=>cos(*-d) (2), -= 

b sm(0+G) " X \'r i \ n „ ^ 


X smi 


Prom (1) we get h+a^SEtpSl^x^ 

b~a smSoos^ icos^* ^ ' ' 


By (2) we have 


-=cos^cosO+Em0 smd 
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Lcncc TfO get 


tbewforo 


COB g-,6 ‘ 


Bnl from (3) wohavo ^(l-coB’<i)=l--cos*tf, 


tliercforo 


. SJSfo-/-) 

U>7(h-a) “-T-—' 

(fi - o) S3 ff* (2c — n — 6). 


-J#s Put !1 c 06*^-1 for co<:x, tkns Ttre obtain tbc qnndmlio pqnalion 

2 PO-’ICOB -ftn^COB jSSCOB (f -f j 

By Bolviijg fbifi w Imio 

\/ |p»>*^+8 (f - f ) I 

1PC.B0-I) 

d rju»/}+fi co‘* -^^r-pm*^+4 jl+MS 


llonco 


=rim*;3+4+4mn^ 

en, ^ (2+tmp) 

a ] /r B\ * 
4cos(^--ej 


Tabo tho upper mgji; tlieii cob^-s - . m . 

-i " I , r IS- ■-■■.III. I ■■ — III .=COB I 


-J V< ■AJ fa A 

(T4) 


XatoUio loner cign, tliou coig-s - ■—. -...^ 


(?-!)■ 


T T.K U 


24 
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MISCELLANEOUS EXAMPLES 


49. Write the first equation in the form 

cos ^-26 — 20 ^ =cos { 6 + 3^) , 
hence all possible solutions ore comprised in 


^ - 26 -2^=2»nr±(d +3^) 

If vre take the upper sign vre have 

. 30+5^=^— 2ntr . (1) 

If \\e take the loxrei sign vre have 

6 =2mir-^ . . (2) 

Agom, fmte the second equation in the form 

008 - 36^ = cos (26 + 2^) , 

hence all possible solutions ore comprised in 

” ^-36=2nir-fe (26+20) 

If \7e take the upper sign \re have 

56-r30=^-2nv' . . (8) 

If we take the lower sign wo have 

0-6=2njr-|, 

this agrees with (2) 

Thus either (2) holds, ox both (1) and (3) hold. From (1) and (3) we obtain 
166= (3»i— 5n) 2ff + tt, 1G0= (3n — 5m) 2ir+ ir 


60. We have 


l+seo26= 


1+ cos 26 
cos 26~ 


sm26 1 + cos 26 
COSJ6 Em26 


=tan26 


cot 6= 


tan 26 
tan 6 


Similarly 


l + seo46 = 


tan 46 
tan 26’ 


and so on, winch we use down to 


1+860 2 " 6 = 


tan 2" 6 
tan2’‘-i6 


Multiply these expressions together, then by cancelling we obtain the 
required result. 
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61 Hero the circnlar measure of au angle is given eg.ual to ^ , hence 

, 9 180 ^ 162 

the number of aegrcos in it is , tliat is — . 

10 IT T 

62 sm (A — i?)+Bin (A +35)=2 sm (A+jB) cos 2if , 
therefore Jsin(A-^ + sm(A+3jB)} Beo2jB=2sm(A+J9) 

cos 2P — cos 2A = 2 sm (A — B) sm (A + ^) , 
therefore (cos — cos 2A) cosec (A — ^ =2 sm [A+B). 
thus the proposed expressions ore equal 

53 Hero ;r(l+sm*tf)= (1 + cos®^), 

cos ' cos a 

therefore cos a (sm d+sm^ d)=sm a (cos 0+ cos^ 0) , 

„ 3sm0-sm3{7 . 3cos0+cos3d 

therefore cos a sm 0+ cos a 1 =sin a cos + sm a 1 , 

4 4 

therefore 7(8m0 cosa-cosd Bma)=8m30 cosa+cos30 sma, 

that IS 7Em(0-a}— 8m(30+a) 

54 Here 2 cos 40 cosd+V9(co3d+Em 5)cob d=0, 
therefore either cos 0=0 or cos40=- (cos0+Bm0) 


Take the former , then 0=(2n+l)^. 

Ji 

Take the latter, thus 00340= cos(^+0). 


therefore 

55 Wo have 
and 

therefore 


40=2n)r4:| 

n sm 0— m cos 0 


Bm0 = • 


2m 


n Bin 20 -m [1-2 sin® 0) =n , 
8m0— m oos0\® 


n sm 20+2m 


I 


2m 


^ =m+n. 


therefore 

therefore 


2mn Bm20 + (n smO-m cos0)-=2m(mi-n), 
(n sm 0 -i- m cos 0J^s=2m (m + «}. 


24—2 
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raSCELLANKOUS EXAMPLES 


3cose+cos30, , 3 sinfl-siii3(? , 

5b Substitute ; for cos® 5 and for Bin*d. 

4 4 ’ 

tbns the equation becomes 

2 sm {3 cos 5+008 35} +2 cos j3 Bin5-Bin35( 



-6bm^25-|^=V3, 

that IS 

2 Bin °°s 35-2 cos 8in35=v'3, 

that IS 

-““('5-»+3) = ^^. 

thus 

Bm(25+|)=-:^. 

therefore 

25+|=nir+(-l)»^ 

57. 

8m5 cos (/3— 5)=:i ] sm/3+ sin (25-/3) {. 


The greatest -value of Bin (25-/5) is obviously when 25-j3 = g, so 

« 

that 5=^+2 
2 4 

68 co5 53* + oos66°=2 cos CO® cob 6® = cos 6® = -cosl76®, 

therefore cos 6S®+oos 65®+cos 175®=0 

cos 5S® cos 63® =g (cos 10®+ cos 120®), 

COB 65® cos 175®=g (cos 110® + cob 240®), 

cos 65® cos 176° (cob 120®+ cos 230°) , 

3 1 

hence by Addition -we obtain - j + g (cos 10® + cos 110° + cos 230®), 

3 1 

that is ~ 4 2 ~ 

8 1 ^ 

-2+5(2 oos 60 ®cos 60 ®-cob 60®), that is 

i a ^ 


that IS 
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cos 56® cos 65® cos 175®=5 (cos 10®+cos 120*) cos 176* 

A 

= ^ (cos 1G5* •f cos 185®) 4 - j (cos 65® t cos 295®) 

=1 (-cos 15*+cos l76®+oos 65 ®+cob 05®) 

=-7 cos 15®, b; what bos boon already shown, 
4; 

1 V3+1_ VS+l 
i* 2V2 ““ 8V2 ■ 


69 From a!COs(a+/S)+cos(a-p)=*co3(/5+7)+cos(/3-7) 


wo obtain 


cos(/3— 7 )— cos(tt— p) _ 
“cos (a 4-/3) - cos ^4- 7 ) ’ 


sm 




Two oUior expressions for tbo valno of x may bo obtained , and thus wo 
hOTO , 

sb(^t^-/3) sia(g±i?-7^ 

Bin ^^ 4 - 7 ) Bin ^51+^ 4- a) 


bcnco 


tan 


a4-7 


0 + Y 

. - 2 

'■■■ ' ■= , — , that js ■■■ ' 

cos^+Isin^ 


l-» 

l4-a 


tan^ tnn7±^ 

Similarly ■ . ■ and ■■ ■ arc also cnuol to i — , 

^ tan^ tana ^ l-as 

COo cofl^-cos j7=2 8m — ^ ~o — » 

A A 

cos 0 — cosD Bin sm — 

. ^ 2 

* il+J3 * 1 L JO 

=2 Bin sm — ~ — , by Ait 48. 
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MISCELLANEOUS EXABIPLES. 


Honco by addibon, 


A4-B{ B-A D~C\ 
cos.4-cosi?+coBU- cosi)=2 Bin — Jsin — r — +Bm — 5 — | 


2 1 “ 

. A^B B+D-A-a B+C-A-J) 
=4 an — s — sin 3 c®s- 


Tbcu, as in Esamplo 20, ire can sbew tbat 


BfD-A-O A+C , B+C-A-B 
sin j =cos — ~ — , and cos -g = sin 


4 

B+G 

~T~' 


Cl Let X denote the nmnber of ades in the first regnlar polygon, 
and y the number of sides in the second AH the angles of the first 
polygon are equal to 2a; - 4 right angles, therefore each angle is equal 

to nglit angles, and therefore contains 90 degrees In the 

z z 

same i\ay each angle of the second polygon contains — 100 grades Then, 


4 

by supposition, \ro have 90 


2y-4 


100 


y 

5 . 


therefore 

therefore 


_2a:— 4-„ o2» — 4,„- 

6 90 = 3 -si-: — 100, 


X y 

3(a;-2) __ 2(g-2) 

X y ' 

therefore 3y(* -2)^ 2a! (y- 2) , therefore y (6- «)= 4a; This formnla shews 
that X cannot bo greater than 5 , for if a;=:6 we should have yx0E=24, which 
IS absurd , and if a; is greater than 6 we should have a negative value for 
y, which IS also absurd And x cannot bo less than 3 Thus the only 
possible solutions are a;=3, a;=4, and x=5, which give respectively y=4, 
v=8, and y=20 

_ 1 , 1 16 cos 55 

02 Here — = 

X ,x smx 
sin®s 


COS* ~ 

2 

z z 
16 cos a; cos*- sin® ^ 

, d* . 1* 2 2 

therefore sin® + cos® s 

2 2 sma; 


= 8cosa;cosg sm^; 


1 =4 cos X sinx=2 sm 255 , 
1 


therefore 

therefore Bm2x=^, therefore 2a!=n3r+(-l)" 5* 

J 6 

G3. Hero m sm 20=n sin 0, p cos 20=y cos 0 ; 

from the first equation 2fli an 0 cos 0=n sm 0, therefore cos 0=-^ 

2m 

Substitute in the second equation, that is m ^ (2 cos® 0 — 1) =q cos 0 , 
thus p jfi “l| therefore p (tfi -2m-)=qmn 
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64 We may vmto tbe equation ilins 


^ coa i sm 0 = ^ cos a - sm o ; 


tbcroloro 

thereforo 


cos 


(-i)- 


fl+ . = 2»nr± 
4 


65. Bm(A + 0 8in(A+J)}-Bm(JS+C} sm(S+J)) 

= ~ {cos ((7- D) - cos (24 +t7+D)} - g jeos ((7-2 ))— cob(22?+(7+2))} 

a « 

=1 (cos (25 + (7+ 2)) -COB (24 + (7+2))} 

=6in(4-J3) Bm(4 +5+0+5) 

Thus, ]f Ein(4 + 5+0+5) Tanisbcs, tbo differoneo behreon tbe t\70 pro* 
posed expressions Tunisbos, and tberctoro tbo two expressions are equal 

66 Wo bare sin ^=p- Bind, cos ^=g- cost), square and odd, 
thus l=p*+S’- 2 pBinfl- 22 CO 80 +l; 

therefore 2p sm(f+2q cos ff—jp*-rq% 

Kow assume that tnna=^, so that 

P 

6ina=:— ; — $ — s- and cosas ^ — • 

V(P^+2*) y/iP'+O’ 

2\/(p-+q^){sm0 cosa+cosff sina}=p’+q*, 
Bui(d+a)=^^^^~S5_ Bin/S say , 
d+o=ny+(-l)»/9 


ibuB 

therefore 

tbcroloro 


B«»s=5 =i 

Sir 1 
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inSCBLliAlTJEOUS EXAMPLES 


ir 2jr 3a- 4a- 6 b- Cb- 7b- 

therefore cos jg cos jg cos jg cos ^ cos jg cos jg cos jg 

3’h\/S 3~\/o % 4 1 

S"*"*! 8“8»~27’ 

68, a en^O+h sin 0 cos 0+e cos*6 

=5 {a (1-cos 2d) +5 Bm2d+c(l+oos 2^} 

2 

{a+ c+ & sm 2d - (a- c) cos 2d}. 

A 


Now let a be an angle such that tana=^^, so that oosas - t- — " - 

* ^/6*-Ka-c)• 


and Bina= 


a-e 


. Then the above expression 


VJH(a-c)» 

= 5 (a-i-c)+| ^s/6*■^(a-c)®{Bln2d cosa-oos 2d sin a} 

2 ia 

(a-fc) +g tJb^+(a-c)o sin (2d - o). 

Then as sin (2d - a) mnst he between — 1 and + 1, we obtain the required 
result 


69. 

therefore 


cost 


COB a cos I 


/2b- \ /2b- \ „ 2b- 

008 1 -g- -I- tt j + cos I -g- - « j =2 COB — cos a= - cos o , 

1 a+ooB +00S =0 

cos tt cos = g jeoB y + cos - 2a^ I 

cos cos -a^ =1 jeoBy 4-cos2aj . 

I 

Now cos2a+coB ^-g-+2a^ + cos 2a^ is zero, in themanner already 

shewn , and cos ^ and cos ^ are each - i . thus the sum is - - . 

o o 2 4e 
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COBaCOB (¥-) cos (¥-) =cos a ^cos®a - Bin® by Art 83, 
;sCOSa^COS*-«— =icosa(icos®o — 3)=- 


cos 3a 


a 6 

70. cosg5+cos^ = 


cos 


, a , ^ 
I— _ COB*^ 


2 “ 


2 ’* 1 




a fi 2 a P 

cos — cos COSs=-COS-^ 

2» 2** 2** 2" 


EimDarly 


a 


C0S^,+ C03^ = | 


icosg^-cos^. 


cos^,-cos^ 


and vre nse a EcncB of these transformations do^ to 
a 0 1 cosa-cosS 

co«2 + cosi=2 — 1 r-- 

cos 5 O — cos - 0 

is Ji 

Then by mnltiphcation \re obtain for the product 

^ cosg-cosff 

2’* a fl ' 
COSg,-COs|; 


71. The angje a®J' is 
of a right angle 


60a+5 


of a nght an^e, the angle p' g' is 


(CO^ _ lOQp+g I of a ri^t angle 
(60 X 90 100 X lOOj ^ ^ 


60x90 

Hence the excess of the former above the latter is 


72 Here 
therefore 
therefore 

Therefore either 


1 - cos 2*+ sm® 2* = 2 , 
1-cos2*+1-cob® 2x=2, 
cos 2x (1+cos 2x}=0. 
cos2«=0, orl->-C05 2a;=0 


If cos2a;=0, \re have 2x=2na’± - , which ma]^ be written more simply 
as2z=(2ni4-l} 

If l+cos2*=0 wo have coa2aj=-l, and therefore 2z=2nirdbr which 
may be written more simply as 2x= (2ni4- 1) ir. 
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MISCELLANEOUS EXAMPLES 


Bin A cos A _ Bin* A -cos* A _ 2 (sin* A - cos* A) 

73 tanA-coiA— - — ^ “ tinA’” smAcosA ~ 2Bin A cosA 


2 cos 2 A 
sin 2 A 


= -2cot2A. , 


Similttrly 2tan2A— 2cot2A=— 4cot4A, 

and 4lan4A — 4 cot 4A= — 8cot8A 

Therefore by addition and cancelling 

tan A - cot A + 2 tan 2A + 4 tan 4A = - 8 cot 8A ; 
therefore tanA+2 tan 2A +4 tan4A+8 cot 8A=cot A 


74 Here 2 sin 3x sin «= sin x , therefore either sm 9 := 0 or 2 sin Szsli 
If smz=0, then x=nv If sia3*=g,then 3*=njr+(— l)"g 


75 Let r denote the common ratio of the Geometrical Progression, so 
that tani)=rtanA, tanU=rtan^, tani>=rtanU, 

therefore tan A tan I) = tan P tan U 


Now smee A+i)=360*-JB- U, we have ton (A+ 2))= - tan (J?+(7); 


therefore 


tanA+tanJ _ tan J3+ tang 
1 -tan A tan 2) 1-tan J? tang' 


Thus wo mnst haye either tan A tan 2> =tan tan g= 1, 
orelse tanA+tan27=-(tanJ8+tang) 

The latter gives (1 + r®) tan A = - (r + r®) tan A, 

so that 1+r^+r +r*=0, that is (1+r) (l+r®)=0; 

the only possible solution is l+r=0, so that r= - 1 


76 Let A, B, G denote the angles, then A+H+g=180®; and since 
the angles are in Arithmetical Progression A + Oi=2B, thus 3P=:180*; 
therefore N=60® 

Again wo have J*": ■ + ^ . Lot x denote the common 

BmiA sm2g em2^ •\/S 

difference of the angles, so that A =60* -x, and g= GO** 'Tlmn 


Bm2A+sm2g 4 

sin2AEm2g ~ ^ 3 * 


therefore 


2sm(A+g)cos(A-g) 4 , 
Bin (120''-2i) sm (120*>+2a!) - V3 ’ 


therefore 


\/3 cos 2z 
sm- 120® - Bin® 2* 


_4 

V3 


therefore 


cos 2*= I (sm* 120® - sm® 2z) =| - 1 + cos* 2z^ = _ i 1 cos* 2z 
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By Bolnng tins qtindrntio obtain cos2je=:l, or — Tho latter mnst 
be taken* tberi cos*a:s=q ~ l) “ I 

77 COP A + cos 2 A + OOP 3 A =2 cos 2 ■( cos ^ + cos 2 jI 

= cos 2 A (2 cos A + 1) = cos 2A ^2 - 4 sin* ^ A + 

sa cos 2A ^3-4 Bin* o sin ^ A - 4 sin*- A^ 


ein^A 


cos 2A 3A 

a — Bin-g. 

tin -A 


73 Multiply tho giron expression out. Tho coeflicicnt of x* is 


bj Bsauiplc 77 this ss - 


Tho coofhcicut of x is 


/ 2s‘ , 4ir CxX 

-2fcos ^ + cos~+coayj, 

. 4r Sr 

2 cos -y **« *»■ 1 ^ m V 

7 7 I f "tv r\ , 

: » I — — _ _^( g,Q —-BUI s |»1. 

r T 7/ 

mil - Bill ' 


4 ^cos cos + COB ^ cos + cos ~ cos , 
this es 2 ^COB y + cos Y + cos y + COS + COB y + COS ^y ^ 

=:2^C0a y + COB y + COBy^+2 ^COS y + COS 4 COS 

=2 ^COB 4 COS y 4 COS y) 4 2 ^cos y 4 cos ^y 4 cos ~ j 

Tho former oppression = — It ns ire have nlrcady shown. And by 
Example 77 tho latter expression 


„ ICr 32r 
2 COB -y sin y 

4r 
Bin -- 
7 


= -i_(8m4r-Bm^)=-l. 

Bin ^ 


Ilcnco tho oatiro cooflicicnt ib — 2. 
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MISCELLAIIEOUS EXAilPLES 


... .. 2rr 4ir ^ir _ 

The term independent of * is - 8 cos — cos cos j tins 


. 6r / 25r , CjtN 

= -4 cos — (cos y + cos Y 1 


Sir 4t , 12t ,\ 

cos Y+ -^+ ^ ) 


Sr 6r 
2 008 Y 


sm- 




_ 2 =-. 


sm 


-(sm2,r-Bin^)-! 


79 


=l-2=-l 
Bin® .4 + Bin® JB + sm® 0 

= j (3 sm 4 + 3 sm.B +3 smCf- sm 34 - sm 3.B - sm 8C). 


Then by Example 32 of Chap Tin. we have 


and 


j£ ^ O 

Bm 4 + sm E +Hm 0=4 COB ^ cos COB ^ , 

80 

Bm34 + Bm3.0+Bm3Os —4 cos y* - g- ^ * 


80 By solxmg the quadratic equation we obtam 

Bm *=— b±V(^’“ c) 

Hence li®-c must not be negative, and b J-v/(6®— c) must not be greater 
than umty, m order that both Talues may be adimssible 

81 Let mx denote the number of sides m the first regular polygon, and 
nx the number of Bides m the second Then, proceedmg as m Example Gl, 
we find that the number of degrees m an an^e of &e first polygon is 

^ go, and the number of grades m an an^e of the second polygon is 


100 


mx 

271X — 4: 
nx 

Therefore 


Therefore — ^go 


mx 


2nx—i 

nx 


100 p • 2 


9? 


mx 


m * n 
Hence mx and nx are hnown 


therefore 

" " mn (Og-lOp) 


82 Here 2 cos 3ai cos 4x = cos 4x Therefore either cos 4x = 0 or 
2 cos 3x=l 

If cos4a;=0 then 4a:=(2n+l)^ 

1 w 

If cos3x=^ then 8x=2nir:t:^. 

« o 
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83 Prom Iho first oqnation \70 Laro 

s Bin (a - j3) cos (tt + /S) =:y sm (a + /5) cos (a - fi), 

tlicrcforo x (sm 2a - sin 2^) (sm 2a + sm 2/)), 

’iberoforo (as-y) sm2as=(*+y) Bm2/3 

mt A (x+v) Bin 2B 

Thus Bin 2a= , 

x~y 

and cos 2o= — 

x~y 

Squaroaudndd, time 

1 - (^v)’sm92,9 , {j-(ie+v)cos2jS}* 

(ac-y)* + (*-y)’ 

Tlicrcforo (a:-y)*=(a:+y)’ 6mS2/9+{:-(a:+y) cos2^J* 

= (a:+yl*+2®-2s (ai+y) cos 2/5, 
tlicrcforo s* + 4ary = 2s (x +y) cos 2^ 

81 Let A dcnolo Uio sum of x and y Btipposo x = ^ + c, tlicn 

ys'^-s, and smx sm y=Bm sm _ bujs 

Bin's miigcs liclnccn tlio vnlncs 0 and 1, lionco smx smy ranges botweon 
tlio valncs Bin* y and -cos’ 4* tlio former is always the greatest %alue 
algehraicaUy. 

85 Wo liavo Bin +2^ =Bm ^ ■ ^'^^^ ■^=co3 - - ~ ' ^ , 

Biniilarly sm ^/?+^^=coB“^, Bin ^(7 +4^ = cos 

Then cos^f?+cos^9ii=2 

M « V V 

and i+co3-- ~y'^ =2co6’--^^; 

4, , >1-0 U-A 0-B . 

tlicrcforo cos — ■= — h cos — ~ + cos —g— + 1 

40 « 2 

Ji-C , 2A-J3-C) 

= 2 cos — jeOS -j- + COB j j 

X A -B-0 C^A 

aacos — 3 — cos — 3 — ooa 7 — ss4 cos — 3 — COB — 3 — cos — r— • 

4 4 4 4 4 4 
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86 Bnng tho proposed espression to a common denominator , then the 
numerator 

=2 cos a (1 - cob‘ a) cos jB cos 2 cos /9 (1 - cos^ cos C cos A 

+ 2 co 8 ‘y (1 — cos^ 7 ) cosul cosB + 2 cosacos/ 3 cos 7 
= 2 cos a (cos* /3 + cos* 7 } cos ^ cos (7 -f 2 cos/S (cos* 7 -}- cos* a) cobCoosA 

+ 2 cos 7 (coB*a+cos*^) cos^cosB + 2 cos a cos /3 cos 7 
=2 COB a cos /3 (cos a cos A+coafi cos cos Q 

+ 2 cos /3 cos 7 (cos /3 cos B + cos 7 cos O) cos A 
+ 2 cos 7 cos a (cos 7 cos {7+ cos a COB il) COB ^ + 2 cos a cos/3 cos 7 
= - 2 cos a cos /3 cos 7 cos* (7- 2 cos a cos jS cos 7 cos*^ - 2 cos a cos/3 cos 7 cos* 

+ 2 coBa 00 S/ 3 C 0 S 7 

=2 cos a cos /3 cos 7 (1 — cos* C — cos* ^ — cos* B) = 0, 

87. Bm*74« = i (l-cos 16»)=i{l-co8 (45«-30«)} = 2 

_2V2-v' 3-1 _ 8-2v'6-2v'2 
4V2 “ 16 

Now it will he fonnd that 

8 - 2 V6 - 2 V2 = (2 - V2) (6 + 2V2 - 2 V3 - 2^/6) = (2 - V2) (1 + V2 - V3)® , 
therefore sm 7i°= ^— ^2-sj2 

l+tan| 1 +tanj 

88 The second equation gives 1 - • 

l-tan| ^“'’l-tan| 


therefore 


The first equation gives 


tan| = 

c+tan^ 

l + ctan|t 

2tan| 

1 + 2C* ^*“-2 


1-®* 1 ^ J 

1 - tan*^ 


therefore 


(c + tan|)(n.ctan|) tan| 

^l+ctan|j - ^c+tan|^ l-tan*^ 
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therefore 


e+(l-rc®)tan| + ctans| (l+2c»)tan| 


(1-c*) (l-tan»|^ (1-c*) ’ 


B BO 

therefore either 1 - tan® 2 = 0, or c tan® g “ ^ + c = 0 

The former gives cos (7=0, the latter gives 1 — c smgcosg = 0, there- 
fore 2 — e6m0=O. 

89 Put 2cos®fl!-l for cos2«, then 2cos®as + li cosa:+c— 1=0 By 
solving this quadratic equation 'vre obtain 

cos *= i ' . 


Hence is + 8— 8e must not he negative, and v' (6® + 8 — 8c) -6 must not 
be numerically greater than 4 

90 Suppose 0. greater than (7^, and each between 0 and y 'Sow 
smO {l+sin (y— (7)}=sin 5+i sm y sui20 — cosy sm® 0 

Put and (7. in succession for $, and subtract the second value of the 
expression from'the first Thus uo get 

(sm - sm (7J jl + g sm y - (sin (7, + sm (7,) cos yj 

Now (sin 0,-i-6m(7j) cosy is less than 2Emycosy, that is loss than 
sin 2y, and therefore loss than 1 Hence the preceding expression is neces- 
sanlj positive, and this is what was to be proved 


91 Let X be the number of sides in one regular polygon, and y the 
number of sides in another Then, as m Example Gl, the number of degrees 

2x—i 

m an angle of the first polygon is 90, and the number of grades 

X 

2?/— 4 

m an angle of the second polygon is — 100 Hence wo must have 

2iB “ 4 Sw— 4 

90=— i — 100, therefore 9y (*'-2)=10x(y — 2), therefore 


*(20-y)=18y 


We must then try in succession values of y from 3 to 19 inclusive, and 
ascertain in how many cases wo obtam an integral value of x The ad- 
missible values will be found to bo these 


y 5 8 10 11 12 14 13 16 17 18 19 

* C 12 18 22 27 42 64 72 102 1C2 342 
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The cases in whidi the angles are expressed by integers are when 
y=S, 8, 10 or 16 


02 . 


and 


We have 
eos 27= 


, l+smasmS 

' a ' I 

' cos a cos /3 

1 — tan®7 co8° a 00a* j5—(l+ s m a sm ) 8)^ 
l+tan“7"~cos*ttcoB®/3+(l+sintt sm/S)®* 


The numerator 

= (cos a cos /3 1 + sm a sm /3) (cos a ooB /3 - 1 — sm a sm 
=- {l + coa(a-^)} {l-oos(tt + /3)} , 

and this cannot be positive, for l + cos(a-j3) and l-cos(a+/3) cannot be 
negative 

93 Lonotethe angle by 0 , than = 5 , therefore cos® fl = | sm 6, there- 

3 1 

fore l-sm®d=-sm0 By solvmg this qnadratio equation we get sm0=g , 

A 3 

or - 2 , the former is the only admissible valne, and hence 

«=«».+ (_ 1)»J. 


91 Let A denote the sum of x and y Then 

„ x—v _ A x—v 

sm se + sm y s2 sm — ^ cos -2^=2 sm-g cos , 

95 M 

and as cos — ^ ranges between — 1 and •{- 1 the value of sm x •(- sm y ranges 
A A 

between -2 sm-^ and Osm— and the positive value out of these two is 
algebraically and arithmetically the greatest value of sin 9;+ smy 

95 Hero therefore cos therefore 

6 + 3=2n7r 
4 

96 sm®4 + sm*B-^8m®C^— 2Bm.4sinBBm(7— 1 
3 =(Bmul — sm2}BmC')®+Bm®B-l-Bm® O'— 1 — sm® BtaxPO 
s=(sm^-smBBm f7)®-(l-Bm®B) (l-sm®0) 

=(Bm A — Bm B am 0)* — cos® B cos* Q 

=:(Bini^ — BrnBcmf?— cosBcosC?) (sm^d— Sin Bumf? eos B cos ^ 
= {sm ^ - cos (B - C?)} {sm il -f cos (jB + 0)} 
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= jcoB (I - a) - cos (i? - <7) j j cos (I - ^) + COB (B + 0 )| 

. . . {B-C-A v\ fB-O+A ■b\ 

= tlie product of 4 sm f ^ ^ 1 sin ( ^ 


, fB+G~A ir\ fB-^C+A ir\ 
into cos(^ 2 2 a) 


Instead of sm — ^2~~ ^ ^ ~ 4 ) 

rA + C~B.T-\ ^A+B-0 .t\ 

_cos(^— 2 + jjco3 [—2 + 2 ) 

Thus the expression becomes the prodnet of 

, /A + D + 0 7r\ /B+C-A,v\ 

_4cos(^-^ 4j"“V“2 + 4 ; 

rA + C-B . v\ _.fA+B-a , v\ 

“to cos\^ ^ +4;®“ A 2 '^V 

97 coe*-75‘'=5(1 + cos 16<') =i{l+cos(46»-30'>)}=||l+5|^| 

2 \/2+\/3 + 1 8 4" 2 \/6 + 2 ^2 

- __ _ 

Now it will be found that 

8+2V6+2V2=(2 + V2)(G-2v2-2V3 + 2^G)=(2 + V2)t-l + V2+V'3)®, 
therefore co87j*>= >J2+^ 


98. By addition 2a(Em0 + cosd}=c(l + Bin29+coB29} 

=2c cos 0 (sin 0 + cos 0) , 

therefore a=icco30 (l) 

Agam, by subtraction, 26 (sm 0 - cos ^ = c (1 - sm 29 - cos 20) 

=2c sm 0 (sm 0 - cos 0) , 

therefore 6=<Jsm9 (2) 

Square and add (1) and (2); thus a®+6®=c® This assumes that tan 0 
IS neither equal to 1 nor to - 1 


99 "We have 

A cot a (1 - cot p cot y)+B cot /5 (1 - cot a cot y) + C cot 7 (1 - cot /3 cot a) = 0, 
and 

A cot a (cot p + cot 7 ) + B cot p (cot 7 + cot a) + U cot 7 (cot a + cot P)=0 
T T K H 25 
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These may be \mtten 

A cos a cos (/5 + 7 ) + 5 cos /3 cos (7 + o) + Ucos 7 cos (a +/S) = 0, 
Aoosttsm(j 3 + 7 )+i?cos/ 9 sin ( 7 + 0 )+ ( 7 coS 7 Bin(o+/ 3)=0 
Hence by Algebra, Art 385, •wo have 

J =1 cos ;3 cos 7 {cos { 7 +«) Bin (a+ /3) - cos (o +/3) sm { 7 + o)}, 

£=lk cos 7 cos a {cos (a +/3) sin (fi+y)- cos (/3 + 7 ) sin (a +/3)}, 
0=icoBacos/3 (cos (fi+y) sm ( 7 +«) - cos ( 7 + 0 ) sin 03 + 7 )}, 
where h is some constant 

Thns A=JLcos/ 3 eos 7 sm(/S- 7 ), 

J? = 1 cos 7 cos o Bin (7 - a), 

I cos a cos ^ sm (a — /3) 

Therefore A6in2a+^sm2j3 + Usin 27 

= 2h cos a cos ^ cos 7 {sm a sm (/S - 7 ) + sm ^ sm (7 - o) + sin 7 sm ( 0 — /S)} 
The term within the brackets •will be seen to vamsh, smee ' 

8 ina 8 m(| 3 - 7 )s|{coB( 7 +a-{ 3 )-cos (tt+/5-7)}, 
sin/ 3 sm( 7 -a)=:,^{cos(a+/ 3 - 7 )-cos 05 + 7 -a)|, 
and sm 7 sm (a - /3 ) =5 {cos (/S +7 - o) - cos ( 7 + a -/5) } 

a 

Or we might proceed thns let o- stand for a +^+ 7 , then the two given 
relations may be written 

Acosacos (<r- o)+N oos/3 cos (a-yS) +Ucos 7 COS ((r-7)=0, 
Aoo8aBm((r-a)+Ncos)3Em [ir -p) + 0 cosy Bm(ff—y)=:0, 
therefore (AoosSa+J3cos®|3+ ^ 003 * 7 ) cos<r 

= -{A sma,cosa+BBmpcosp+Os3.nycosy)sai<r (1) 

And (A cos’ a+B cos®^+ 0 cos’ 7 ) sm <r 

=: (A sm a cos a + if sin p cos p+0 sm 7 cos 7 ) cos a (2) 

Multiply (1) by sm a and (2) by cos a and subtract thus 
‘ Asmacosa+J3sm{3cos/3+C7sm7COS7=0, 

whudi IB the required result 

Again, mnltiidy (1) by cos a and (2) by sm a and add , then we obtain the 
additional result A cos’ Hcos’ /3+ Coos’ 7=0 
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100. From {he first equation 

(cos 0 - cos a cos p)- =sm- a sm* /3 (1 - c* sin* 6) , 
substituto 1 - cos* e for sm* 0 , thus 

cos* <? (1 - c* sm* o sm* /3) - 2 cos 0 cos a cos p 
+cos*o co3*/3 — (1— c*) sm®ttsm*^=0 


Tho second equation leads to the same quadratic for findmg cos0 
Hence ■wo infer tTint cos 0 is one root of tho quadratic and cos 0 the other 
Hence the theory of quadratic equations, Al^elra, Chapter xxn. 


^ 2cosacos/3 


cos d cos 


cos*ttco3*p - (1 s m* tt sin* p 

l-c*Bin*asm®p ' 


therefore 


1 .{-cost? cos 


l-sin*a Ein*/3+coB*ecos* j S 
1 — c*Bm*asin*|3 


C03*a4C08*P 

1 — e* Bin* a sm* p 


Then BmSflBui®^=(l-cos*d)(l-cos*^) 


therefore 

And 


= (1 + C0S 0 cos ^)®- (cos <?+ COBiji)* 


(coB*e-cos*ffl* 

~ (1 - c*sm* a Bm®P)* ’ 


oui(?Em^= 


cos® g- COB* /S 
1 — c^BinSgsm®/?' 


tan I tan 


^ 1— cost? 

2 ~ sm t? 


1 - cos 0 
Bin0 


1 — (cost? + cos 0) + cost? cos 0 
Bmt?Em0 

(cos g- cos /?)* _ cosg-cosjS 
±(cos®g— cos*/5) “ cosg+cos/S 


101 cosllA+cos5A=:2cos8A cosSA, 

3 cos 9A + 3 cos 7A=C cos 8A cos A , 
hence hy addition ■we find that the proposed cspression 
=2 cos8A (cosSA+S cobA}=8 cos 8A cos® A 

=8 cos* A (2 COE® AA- 1)=1C cos® A ^cos® 4A - 

=16 COS® A ^cos® 4A - sm® ^ =16 cos® A cos ^4A + cos ^4A - ^ ; 


25—2 


see Art 83 
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102 Let tlie distance be denoted by a: incdiea, tben ire mnst bare 

1 

-=tbe tangent of a quarter of a degree As the tangent of a small angle 

SC 

is approximately equal to its circular measure vre have approximatelv 

1 1 IT , 2x180 , 

=- = T therefore a: =114 0 nearly. 

2* 4 180’ r •' 

103 By Example 27 of Chapter vi this becomes Bin 40=1 , therefore 

40=(4n+l)| 


104 Here e 6ui0=a smO cos^-f a cos 0 sm^, 
substitute for sin ^ and cos 0 , tlius 

c sm 0=a (cos 0 — 2m) sin 0 +a cos Ox- sm 0 , 


therefore 

therefore 

Therefore 


e=a(ooB0 — 2m)+b cosO, 
c+2om 


cos 0= 


a+b • 


COS0 


c-f 2am 
0+6 


— 2m: 


e-2bm 
a+b ' 


But o®BmS0=6®Binso, therefore 

a«-5»=o»cosi.0-6»cos»O=*^°(^rgy-^y+2.«y)^^ 

(a +6)® 

(o — 5)c^-4a6cm 
~ 0+5 


105 "We have, by Art 252, 

a=2iZBinA, 6=2EBin^, c=2iZsinf7, 
hence the proposed exjuression 


=2J2 {sm A sm (i? - <7) + sm B sm (0- A) + sinO sm (A - B)) 
=2B{sm (B+C) sm (B- C) + Bm (0+A) sm (£?- A) 

+ sm (A + B) sm (A — B)J 

= 2 jR {Bin® B - sm® 0 + sm® 0 - sm® A + sm® A — sm® B} 

=0 

106 By Art 108 the proposed expression 

_W+2V3 10-2V6 VS + 1 Vo-l _ 5 1_1 

16 16 4 ■ 4 ■“16"4~16' 
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107 From tlio triangle OAJi x,o )ia\o 

OA _ Bi n PDA _ C 03.A 
AJi ~ an a0B~ sm C * 


thereforo 


c cos A a cos^ 

Binip ~ Bin A 


Similarly 


6 cos il , e cos C 

2 '=Vnir‘ 


Honco \ro bnvo only to ebon tbnt 

tan^l+tan /J+tau(7=tau-l tan FtanC, 
and tbib is known to bo tmo by Art. 114 


108 Let / denote tbo length of the pole Tbo distance of ibo coping 
from the ground is I sin A, and tbo distance of tbo sill from tbo ground is 
/ sinJl, bcnco ilio distnnco from tbo coping to tbo Bill =:f (siuA -sinjS) 

Tlic distance of tbo foot of tbo ladder from tbo wall is f cos A at first, and 
f cos ^afterwords, therefore a=f (cosJ5-cobA) 


Snbstitnto for I in tbo fonucr expression, and wo obtom 


ofsmA-s in/t) 
cosii-cosA ’ 


rtC0S5(A+iJ) 

tbnt 18 “ ' — , that is acot|(A-t-.F) 

sin g (A + if) 


109 Let r denote the radius Then tbo area of tbo sector PGB 
= 1>J Art 2G0, 

' and tbo area of tbo triangle ACP—^ sin » by Art 247 

Tlio snm of those two areas by supposition is equal to half tbo area of the 
semicircle, thus 


?(!-«) -I 


cos<?= • 


then by simplifying wo obtain cos 0=0 


110 By Art 217 wo bnvo a=2f{sm3C°, and o'=2Asinl8®, 


therefore c*-a'®=4JI* 


10-3Vo Wo-m 47Px4 


lb 


IG 


) _47Px4_ 
) 10 “ 


IP 


-=2 tan 36®, and 3=2 tan 18® , 

T T 


Also 
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tlierefore 


a o' / sin 3C0 sin 18 »\ _ 2 8in(36°+18'^ 
r ^ ™ ^cos 3G® cos 18"y ~ cos 36* cos 18® 
2 Bin 64® 2 _ 2E 

“cos 36® cos 18“ ” coils® “ r* ' 


111 C08®^ = 5(1 + C03A), 

« u 

COS®^ = 7 (1 + COS A)*=7(1 + 2 C03j1 + C0B®A) 

2 4 4 

= J |l+2 cosA+ 5 ( 1 +cos 2 A)| =|+ 5 C 0 S A+g COs2A. 

In this vray the proposed expression becomes 
9 1 1 

5 + 5 (cos A + cos jB+ cos C) + 5 {cos 2.1 + cos 211 + cos 2(7) 

O <6 ' O 

- g (1 + cos ) (1 + cosiS) - g(l + cos /f) (1 + cos C)-^{1 +cosC) (l+cos A) 

+]^ (l+cos A) (1 + cosU) (l+cos C) 

= g + g (cos 2A + cos 2i? + cos 2(7) + g cos A cos B cos 0 
1 1 

=8 “3=0, see Esampio Tin 18 

112 'Wo have 1 + tan® <>= = fZgiptp » loganthms of both 

sides, tbus 

log (1 +tan® 0) =log - log (1 " 0) , 

therefore, bj Art 116, 

tan® 6-5 ton* 6+2 tan* 6- =Bin®d + i t!in*0+5 sin*(?+ 

The senes aro conrergent, since tan® 0 is supposed to be less than unity 
113, Hero 2 sin y sin g =2 sin ^ cos y , 

therefore either sin y = 0, or sin - rrcos y . 

If suiy =0, then y=«ir. 

rt 0 30 fv 0\ 30 IT 0 30 

If Bin-=cosy, or cos - gj=coSy , then y_g=2usr±y 
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111. Wo liMo 

as::2iZ8mJ, csSiZsmC, 

hcnco tho proposed expression * 

=:4JP Jam A sm {B-0)-{ sm Jt sin ((7- j1)+ sm 0 Bin {A - B)), 
*md tins IB zero, ns in the solution of Esnmplo 105 


115 Wo have 

cos 30 

sin *10 cos 0 sin 0 

1 ' — \ 


y/2 “ v2 -v/S 

therefore 

COB 1 


therefore 

30 



lie 


Woliavo 




sin (tt-t-as) Bin (tt-ae) sm® g -Bin -g 
co8(o+*)cos(o-x) C08»*-Bm*«' 


therefore 

therefore 

therefore 

therefore 

therefore 


Bin® X {cos' X - Bin* o) = cos®* (sin* a - sm® *), 
2 Bin** cos®ar=Bin*a (sin®* + co3*x) =sin®tt, 
1 ain*x cob®*= 2 sm® a, 

2 Bin X cos xs nn o, 

Bin 2xs: tj2, sin a 


117 Put X for tan A, y for tan B, s for tan C, x' for tan^f^ y' for tans', 
and s' for tan C', for tho saho of ahhrovintion. Then wo have giicn that 


and 


x®x' =yV ==*-' “ 

i+E+i+y’+Ltii-o 

2x ^ 2y ^ 2r 


( 1 ), 

( 2 ) 


Now 


tan (A- AO = 


« 35 *• 

X-X X 

l+xe'"l+jr;’ 


^>y (l)i 


x®- vr 


Bat from (2) wo have 


*+- + y+“ + s+~=o, 

X y ~ 

therefore 9:ys(x + y+c) + ay + jff +sx=0, 

therefore x®— 3 /s=a?+ays(x+y+s)+ay+sx 

=x (x + y + s) + xi/ 2 (x+y +s)=x(l +y:) (x+y + 2 ) , 


X’-yz 

x{l+ys) 


as + y + s. 


therefore 
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Thus taii(A— ji')=taiiA + tanjB + tanCi 

Similarly and ^{01(0— O') mayba abeini to bo equal to the 

same oj^ression. 


COB GO® 


118 Here cosA.= 

, . Jem-* 36® -COSTCO® 

therefore ^^^3^5 . 

and Bma36-coB=60«= ^°~j^^'^° -|=— = 


smSC®’ 


therefore 

Hence 

Agam, 

therefore sm B= 


, V5-1 

^ 4 Bin 31)® 

. . v/o — 1 Vo — 1 

tanA-^^oBG 0 ®“ 2 ' 

„ cos 3C® 

‘’°®^=iS-60®* 

V am® CO® - cos® 36® _ »/sin® 36® - cosMiO® 


Bin 60® 


sm bO® 


ys-i 

4 sm 60® 


^ „ V3-1 V6-1 (Vo-D* 6-2V6 3-V6 

Hence tan J3=-r^ — 5 ?o = — / ' V- . iT/ -><! — iv =' — r^= — 

4cob 36® y/5 + 1 (Vo + l)(V3-l) 4 2 

Therefore tan A+tan.g= ^^ ^ + - ^'^ =1, 

iS A 


therefore 1| therefore sm (A +1?) =cos A oos i?=cos C, there- 

COS -A COS Ji 

fore A-^H=90®- (7 is one solntion 


119 Let 0 be the son’s altitude at the first obserration, and O+athat 
at the second obserration , then 



Jzsratan^, and ft=&tan(^-f a) 

Thus 

hb 

t /X /» . X \ H ^ ton a 

, & (ton ^4- tan a) a 

* l-tandtana , A. * 

1 — tana 
a 

therefore 

7i ^1-^tano^ =^+Stano, 

therefore 

A® tan a + A (6 — a} -f o& tan a=0, 

therefore 

A®+ A (6 - o) cot a-boAssO. 
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120 Let AP=b,J}P=a, AB=e 

The diameter of the circle irhich touches the semicircle and also touches 
AP at its middle pomt is ^ ^ sm PAB, that is 5 - 5 that is there- 

22 ia A A (* A 

0 ^ A 

fore the radius of this circle is — j- 

4 

Similarly the radius of the circle vrhich touches the senuciicle and also 

c—i 

touches BP at its middle pomt is -j- . We have then to shew that 

that IS 

But r=— = — , smce c®=o®+ 6*, therefore 
B a+b+c 2 ’ 

, (a+J-c)« 2c3-^2ai-2c(o+6) (c-o)(c-6) 

4 " 4 “ 2 • 

121 smasm(/3-7)cos ()3+7-a) 

= i{cosfa-j3+'y)-oos (a+^-y)) cos 

= i {cos 27 + cos 2 (a - j3) - cos 2^ - cos 2 (a - 7) ( 

The other tiro terms may ho transformed in a similar manner, and then 
it mil ho ohTiouB that the sum is zero 


cotd= 


2cos®d l+cos2d 


sin 0 2 sm 0 cos 0 


l-HC0B2d _ /l + cos2d 
"Vll-cos*^)" V 1-COS20 
Hence, tokmg logarithms ire have 

log cot d!=5 log J— = cos 2fl (cos 2d)® +\ (cos 2d)®-f 

A 1 COB ZO O O 

123 We hare sheim m the solution of Example viii. 15 that 
cot^-j-cot-^-f-cot-=cotg-cot.^cot 
hence the expression on the right hand-side 

a .B ,0 8 6ui®^sm®fsm®f 

= COt— cotrr C0t~ — . „ I-II 

2 2 2 cos Acos^cos G' 


0 A A B B 0 G 
8 Bin-^ cos ^ sin ^ cos — sin -g cos ^ 

cos A cos if cos G’ 


=tanA tanHtan 0 
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Again cot A —2 cot2A =cotA ^5 p- — j — =taiiA ; 

A COS A 8111 A 

bimilarlj cot B — 2 cot 2B r=taii B, and cot (7—2 cot 2{7=tan C , 

thus the expression on the left-hand side 

=tanA+tanB+tanf7=tanAtanBtaii(7, hy Art. 114. 
Thus the two expressions ore equivalent 


124 Bin A sin B sin (A - B) =| {cos (A - B) - cos (A +B)} sin (A - B) 

= i Bin (2A -2B)- |(sin2A -sin2B) 

Transform the second and third terms in the same way , then by addition 
we obtain the reqmred result 


125 


-cos® p + -r COS'* 


.5 


1 ,(7 s(8-«)+s(«-5)+s(«-c) 

2 " ^ 


3s®-8(g+a+e) 38®-2 s® ^ (a+l>+e)^ 

abe ~ ahe ~ abc ~ 4a6e 


12G Here 

^ -f ^ 

X ?r \ 1 tr \ 

=2V2, 


cosf| + a;j cosf-j-jcj 


therefore 

V2 V2 

=2V2. 


cosas-sina; cosx+Bmo; 

therefore 

cos * = cos** - sm® 

ae=cos 2x, 

therefore 

2x=2RT±a; 



127 Express the fractions with the common denominator 
sm(a-/3) Bm(/3 - 7 )Bin( 7 -a) 
then the numerator becomes 

- { sin (jS - 7 ) sm (^ — o) + sm (7 - a) sm (d - /3) + sm (« — p) sm (0 - 7 )} 
Now Bin(/ 3 - 7 )Bm(fl-a)=|oos {0~a-p+y) {0-a+p-y), 

Bm( 7 -o)Bm(d-/ 5 )=gooB(e-/ 3 +tt- 7 ) - ^ fcos(d-/S+ 7 -a), 

6 m(a-/S)sm(ff- 7 )=iooB (ff- 7 +/S-o) - ^cos (^- 7 + 0 -/?) , 
thus the Bum of the expressions is zero 
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128 Let X denote tbo length of the pillar, h, the hei^t of the foot of 
the pillar above the horizontal plane, h the honzontal distance of the pillar 
from the first station Let 0 ho the angle sabtended by the pillar. Then 

| = tan(tt-d), ^=tan{^-d), ~^=tano, |^=tan|S 

And from the fact that a circle vronld pass through the two stations and 
the top and the foot of the pillar we have a+p-0= Thus 


Similarly 

Therefore 

therefore 


~—aoip, ^^^=tnnaj therefore 


-=tana-cot/3= 


co3(a+j9) 

cosasin/S* 


r^=tan B - cot «= — 
h+c 


C03(tt + j3) 
cos/Ssma 


e co8 g sin /3- cos/Ssma Bm(j3— a) , 
X ~ coa{a+p) ~ cos (/3+ o) ’ 


ecosf/3+tt ) 
sin(^-a) * 


129 In every nght-angled triangle r=:g(o+6-c), see the solution of 
Example 120 In the present case 2^ SP -~2Itr=fJc {a +b — c), and 

thus 4 cr^t=c (a+J-c), therefore c—4r=a+&-c,therefore4r=2c-a-&, 

c 

therefore 2 (a+&-c)=2c-a-&, therefore o+&=-^, and therefore r=g. 


130. cos® i A + cos® H ^ + cos® 5 < 7=5 (3 + cos A +cob 5+ cos O) 

2 2 2 a 

=1^4+4 sm ^ sm sm ^ , by Art 114, 
sdbe abc 2Jl 


131 

therefore 

therefore 


sm (x+J) Bm(x+Ji) 

Aysm2A 

BinrccoB^+cosgsm A _ sin 9; 003 J+cosgsinJ 
slsi-a2A »y3m 2B 

cos A(tana!+tanA) co 3 .g (tang + tan J?) 
s/ 00.2 A Joo2B 
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therefore 

therefore 

therefore 


tanai+tanA tonai+tani? 

JtaaA tJtimJi 

ton X (.ytan if - Jian A)=-Jta.n A tan Ji (JtmB- Jio.nA), 
io.nx=JiaaAtf>3i.Ji 


132 Bm^2A+co32^ ooB25oos2f7=l-cos®2A + coB2Acos22fcos20' 

= 1 + oos 2A { cos 2B cos 20- cos 2A } 

=l+oos2A {co8 2jBooB2d7-cos(2J? + 2f7)f 
=l + cos2A Bin 2i8 sin 2(7 


Similarly 

sm^ 2B + oos 2A cos 2B cos 2(7= 1 + cos 2B Bin 2A sm 2C' 
Hence the proposed expression 

=2+Bm2(7{sm2(7+Bm2^ cos 2A + sin 2A cos 2B\ 
=2+Bin 2G{ - Bin (2A H-2il) + Bin (2A + 2^)} 

=2 


133 The Ecnes may bo separated into t\so, namely 

log2+^(log2)*+^aog2)*+ 

nnd 2 log 2+ -^(2 log 2 )s+ -^( 21052 )®+ 

ll (1 

and IB therefore equal to - 1 + c® ® - 1, thot is to ® - 1 + c*"® * - 1, 

that 18 to 2-1+4-1, that IS to 4 

134 sm (A - J) cos (Q-B) cos (A - (7) 

=i sm (A - B) {cos (A+B- 20) + oos (A-B)} 

=iBm2(A-0)+|Sin2((7— j5) + jBin2(A-il) 

Transform the second and third terms in like manner, then by addition 
'vre obtain the required result 


136 b^pU--P)_ sin (A + .B) Bin (A - J) Bin® a- B in® H v , i oo 

iin(A+.S] 8m=(A + J3) evaTU ’ ^ ' 

/ Bin Ay /sin .By fay fiy a--lr 

\sm Gj \Bm o) \c / ~ \c j “ c-* 

136 Suppose the diagonal li of the quadrilateral to make on angle 0 
‘vnih the sides of the rectangle 'which pass through its extremities, then cadi 
of the other Bides is equal to It Bmd It will he seen from a diagram thai 
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iJio flingmutt iof tlio quadrilateral -will maLo an angle -g--(0+A) with the 
pi,lpq of the rootanglo which pass through its extremities , then each of the 
other Bidesis equal to ^ sm d— Aj, that is to - h cos +A) Hence 

the area of the rectangle = — Jl7i. sin 0 cos (fl+ A) ~ + A) + sin A} 

The greatest value of this is when + A , and is ~ (1+ sm A) 


137. Let h denote the height of the house, x the height of the wall, 
y the hei^t of the churdi Then x cot a is the ^stance of the wall from the 
house, and y cot a is the distance of the church from the house By similar 


tnongles 


li y 

X cot a y cot a —ar cot a 


therefore h{y—x)=xy 


Also 


y-7» _ 

V cot a 


ton^, therefore y= 


k tana 


1-cot a tan j3 tana-tan/3 


Then 


Ay A tong 

A+y “ 2 tan a- tan/3 


188. acoa®iA +i cos®ijB+ e cos^if? 

^ 4 A 


=5 (a+6+c+acosA +6 cos B+ccobO) 
2 

f 

=s + i Jf (sm 2A + sm 25 + sm 2f7) 

4 


=a+25 sm A Bin5 sm G, by Art 114, 


=.s+25 


85 ’ 

a6V 



= s+ 


5 

5 


139 Through 0 draw a plane parallel to the honzon , from A draw AP 
perpendicular to the mterscction of this plane with that which contains A, 
J3, and C7, from B draw 5Q pcriiendicular to the same intersection Let 
AOP=z^, and BCQ=^, so that ^ + f+y=ir. Therefore 


cos 7 = sm ^ sin cos if> cos f 

Now AP=AO sm 0, thus the perpendicular from A on the plane drawn 
through G parallel to the horizon = AP sm 0=AO sin 0 sm <p , but this per- 
pendicular also =Af7 sm a , therefore 

&ii(a=sind Bm0 
Similarly sin p=BmO sin ^ 


Hence 


sing Bm/3 tj (sm’ 0 - sin'* g) (sm» 0 - Bm» /3) 
sm’d sm’d 
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therefore (cos 7 sin® 5 — sm a Bm/3)®s= (sm® 0 — Bin® o) (sin® 0 — 
therefore cos®7Bin®ff — 2 cos7BinciBm/S=sin®fl — 8m®o— Bm®/5, 

therefore Bin®tf Bin*7=Bin®o+sm®/5— 2 Bina sin/S COS7 

140, With the diagram of Art 248 'we see that 


o'=2rBinjP0ji=2r cob^A , 
and \re have Eunilar values for b' and c' 


o'6'c'=fir® cos cos cos 5 (?=8r® ~ ; 

2 2 2 aie 


therefore 


aW 8r®5® 8rS r® 
ate “o®6®c=“ (4E)» 2it» 


141 Here 


Stand— tan® Stand ^ « 

-TrFtS5^+r:t5^+*'“ 


Therefore either tand=0 or 


The latter gives 

(3 - tan® d) (1 - tan® d) + 2 (1 - 3 tan® d) + (1 - tan® d) (I - 3 tan® d) = 0 , 
therefore 4 tan*d-14tan®d+6=:0. 


By solving this quadratic we obtain tan® d— 3 or ^ 

2 


142 We may obtain the result by taking the values of the four cosines 
and raising them to the eighth power. Or wo may proceed thus : 


oTT , p3ir . ,6jr ,7w 
C03«-+ cos® — + cos* - 5 - + COS® - 5 - 

O O O O 


-2 ^cos®^+cos*^^ =2 ^co8®g+Bm* 

^cos w + 28 cos g + 35^ , by Example ix 13, 


M_17 
'82 “10 


143 Hero therefore 

a COB0 a^b cos 0 «- gos 0 


2 00B|(^+d)C0Bg(^-d) 


2 Bmg(^+d)sing{^-d) 


= ooti(^+d)cotg(0-d) 
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,,, A B G fir A\ fv B\ fir C\ 

144, cos^oos ^coB^=8m - -j bui sm ^ j , 

and the sum of ^ f “ §• ~ ^ quantity, namely ir 

Henco proceeding as in Example xiu 40, wo sco that the proposed pro- 
duct IB greatest when 

— — — — — — ^ 

2 2“2 2~2~2’ 


that IS when 
and then the product 


A B 0 V 
2 “ 2~ 2~6’ 


_^\/3y 3V3 

145 \7ohavo cot ^ = aVt * ~ f . 

2 V (*-a)(«-c) s-a 2 

similarly cot^=— -cot4 

^ 2 s-a 2 

Hence cot^+cot|+cot ^l+^ + cot| 


3s— a— 5—0 ,A s ,A a+6+e ,A 

C0t;yss COt-sss-r- COt-s 

s-d 2 S-a 2 o+e-u 2 


146. Let A denote the angle hetween the diagonals, then 0=^Jtl sm A , 

and by the solution of Example 13G the area of the circnmsonbcd rectangle 
Is - 54 sin d cos (A + 0) And smeo the rectangle is to be a square, we have 
by the solution of Example 136 


therefore 

therefore 

therefore 


7t sm 6=- 4 cos (A +6) , 
A=-4 (cosA cotd-sinA), 


cot 6= 


4 sin A - A 
4 cos A ' 


Sin^Or: 


45 cos* A 


F- 45 Bin® A 


70 

^ ~ A? 


(48in A-/i)-+4®cos®A 4 — 24ABmA + /f> A-tF-4(7* 


And the area of the circumscribing square = h- sin® 0— 


h-L'-iCr^ 

h-+l--iO 


147. 170 may put the proposed expression in the form 
L sin*d+iLr sin 6 cos 6+ jV cos® 0, 

where L, if, N miolro the angles a, p, y and also x, y, a. moreover x, y, 2 
occur only in the first power Now if wo put 3/=0 and i=i7=tho given 
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constant, tlie ez^rossion is equal to the given constant whatever 0 may he 
So wo have only to determme x, y, and s from the three simple eqnations 
J/=0, and X=i\'=the given constant 

As soon as wo have thns shown that such values of x, y, z as wo require 
must exist, we can determme the vidnes more simply Por let C denote the 
given constant , put a for 6, then 

* sm (o— /S) sin(tt-7)=<7 

This finds x. Similarly, by putting /S for 0 wo find y, and by putting y for 0 
we find £ 

148 Lot AB denote the side of the regular pentagon, P the middle pomt 
of the arc subtended by the side adjacent to AB at B Then the angle APB 
IS the angle subtended at the circumference of the circle by the side of a 

regular pentagon msenhed in the cirde, so that the angles^. Similarly 
the angle PAB=-^, and therefore the angle 

Let r denote the radius of the circle, so that 

AB=irBmZ, PP=2rBin^, and PA=2r sm^=2rBUi|^ 

0 lU 10 10 


Hence PA -PB=:2r | =r, 

PA»+PP==4,^ j + (^^)*| =8r* 

149 Suppose the tower to subtend an angle 0 at the eye of the observer 
let X bo the length of the flag-stofi then 

o a+x . tan^+tand a+&tand 


?=tan^, 


therefore 


6 Vv* J 1— tan0tanff &-ataid' 

a: _ 0+6 tan d a_ (6®+a®) tan d 
b~ h — a tan 0 b~b{b — a tan 0) ’ 


then if 0 bo ver^ small we may put 0 for tan 0, and neglect a tan 0 m com- 
6®+o® 

panson with 6, so that x= — r — 0 nearly 

0 

150 "We have by Art 219 
(»-o)®smA + (s-6)®Bm5+(«— c)-ein C 

=r|(«-a) smA cot^ + (s-6) smP cot^+ (*— c) sin Cfcot 
= 2r I (s - o) cos®^ + (* - 6) cos® ^+(*-c) cos® , 
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and by Examples 130 and 138, this 


And 




S(2R-r) 

Jt 


A B G Ss s 

COS-rrCOS— COS;r = — r-= 

2 2 2 a6e 47Z’ 


B 


t iS(2E-r) 


sotbat 4r(2E-r)cos^cos^cos2=4r(2E-r)jg=- j, 
Thns the proposed expressions aro cqnnl 


151 2 6in7A cosA=Fin8A + sin6A , 

therefore 2 sinTAcosA +1G sinA coa®A=BmCA+Bin8A+16sinA cos’A 
=B]n GA 4 - 2 Bin 4A cos 14 8 sin 2A cos^ A 
=:Ein G.1 +d sin 2.1 cos 2A cosli + 8 sm 2A cos’ A 
=Bin GA +4 Bin 2A (2 cos’ A + cos 2A cos 4A) 
i=EinCA4'4Ein2A {l+cos2A (l+cos4A)} 

=Ein CA -f A sin 2A (1 + 2 cos’ 2A) 

152 Let x denoto tlio logontlim of 32 to tho base X/i. , then S2=( nyi}*, 

* 55 2 * 15 

that 13 2’=!*= 2’ , therefore 5=-^, therefore *=^ 

Let X denoto tho logarithm of Sl^^S to tho bnso,y9 , then Qlijs = { 

that 16 3*^’= 9’= 3^, therefore ^=4J=^, thoreforo x=^ 

o o « 


153. 

therefore 
therefore 
tliat is 
therefore 
therefore 


aero bui( A+J ?) 3smA 

co 3(A+JB) cos a ' 

Bin (A +it) cos A - cos (A + JJ) sin A =2 sin A cos {A +B)i 
Bin (A + .fl - A ) =2 sm A cos (A + .B) , 
EmJl=:2ainA co8(A4-2J)=Bin(2A+i?)-BmjB; 

2 sm ii = Bin (2A + -B) , 

2 sm B cosB=Ein (2A+ii}cosB, 


therefore sin2B=i{sm(2A + 2B)+sm2A}; 

therefore 2 Bin 2B=sin(2A + 2B)+Bm2A 


T.T K H. 


26 
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154 -EinS^ 

ct 2 V 2 c 2 

{(*“ 6) (s - c) +(«- «) (s- c) + (s - a) (s-5)} 

=^{3s®-2i(fl+J+c)+o6+6c+co} 

=i {a5+6a+ca—s-} 
aoc 

= 7 ^ {4ai-l 45c+4co-(o+6+c)®} 

4aoe 

= r^{2fl5+26c+2ca-oe-6S-c»} 


155 Let A BOD denote the gnadnlatcral fignie Let P, Q, R, S be 
taken in AB, BO, OD, DA respectively, snch that 

PB~ QO ~ iiD~ SA~ n ' 

PB n Bd 


Then 


m 


AB m+n* BO m+n’ 


and the area of tho tnongle PBQ=^ BP BQ sin JJ =s g-- — - - AB BOemB 

i i {7B + n)“ 


mn 


(m+n)' 


-i area of tho tnan^e ABC 


Similarly the area of the tnanglo RDS= 


mn 


{m+n}' 


; area of tho tnanglo ADC 


Thoroforo tho area of the tnangles PBQ. and JIDS= 
denotes tho area of tho gnadnlatoral £gnrc ABOD 


mnH 


{m+n)- 


where AT 


In tho same way wo shew that tho area of tho triangles QOB and SAP 
mnJI 


(m+7i)=‘ 


Thus tho area of tho four tnangles PBQ, QCB, BBS, and SAP= 
Therefore the area of the qnadnlateral fignro PQRS 


2mnB 

(m+n)® 




2mn _ ff{m^+n-) 
{m+n)-) ~ {m+n)- 


156 cos0+cos3d=sg, therefore co5d+4eos®d-3 cosd=s^, 
therefore 4cos®d-2coBd-g=0, therefore 4 ^cos®fl+g^- 2 ^cosd+g^=0. 
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tfaeiGfoio 2^cosff+i^ ^cos=<?-icosff+i^ - ^cos^+i^=0, 
therefore ^cos ^2 cob- 0 -cos 0—^ =0 

Thus cither cos 5 + 5=0 or 2cosS5-cos 5 - 5 = 0 , 

A <0 

the former gives co 3 5=-i, the latter gives cos5= -~^— 

157 cos/3coS7tan(7-/5)t=i{cos((3-7)+cos(|3+7)} Bm( 7 -^ 

=7 {sm ( 27 - 2j5)+Em 27 — sm 2/3} 

4 

Transform the other tiro terms in the same vraj, and thns vre obtain 
finallv as the sum 

7 {sm (27 - 2/3) + 8 m (2a - 27 )+ sin (2/5 -2c)} 

Again, 6in(a-/3}ein(/3-7)sin(7~a) 

=5 {cos ( 0 + 7 - 2/5) —cos (a - 7 )} sm (7 - c) 

=i {sm (27 - 2/3) + sm {2p - 2a) + sm (2a- 27 )} 

Thns the proposed expressions are equal. 

Or thus from Example vm 12 vre see that 

sm /3 sm 7 sin (7 - ^ + sm 7 sm a sm (a - 7 ) + sin a sm /3 sm (^ — a) 

= sm (a - /3) sin (/5 - 7 ) sm (7 - a) 


In this formula change a, /S, 7 mto ^+a, ^+/3» g’+V respectively; 
and thns vre obtain the required result 

158 smA sm(A-J^&m(A-C)=gEmA {cos(C'-i?)-cos(2A -B-Ci} 

=^{sm(A + C-B)+Bm(A+B—C)-Bm(3A-B-0)-Bm(B+C-A)} 


1 

I 


{sm 2B + sm 2C+sm - sm 2A}. 
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In ihiB 'WBj see that the expression on the left-hand side in the pro- 
posed formula 

=1 {sm 2A+ sm 25-J-Bm 2U+ sm 44 -J-sm 45+Bm 4Ui 

ft 

Then by Example viii 33 \re have 

sin 2A +Ein 2E-l-8in 20=4 sin A sin S sin Q, 
sm444'Bm4N-l-sm40=-4ein2A B'n2NBm2(7 

=- 32sin4.Bm£Bin(7cOBj4coBEco8C. 

Thns we obtam the required result. 


159 Let A denote the bottom of the pole, B the pomt on the pole to 
which the man climbs, F the top of the window, E the bottom. Let AF and 
BE intersect at I), winch is therefore the top of the wall Draw BO per- 
pendicular to the ground, and produce FE to meet the ground at E Draw 
from B a hoiizont^ straight hue meotmg FH at G 


Then from the tnangle BAF we get 


CCOStt 
Bin (o-^) ' 


NO=Ni'oos^=iS2!^^^=, L_, 

Em(a-p) tana-tan/S’ 

■gg=Ngtan7=j- ° 

' tana-tan^ 

ES^c I 

tana- tan /3 


In 

CE Bva.-gB 

160, From the tnangle CEB we have — = 

a 


sm 




1 . 

CD Bing A 

and from the tnangle CDA we have ~ = 

6 


sin 




Thus the area of the tnangle CED=^ CE CD sm C 


1 1 

a&smOsmgA sin^D 


iS Ein^ A sm^N 

2 iB 


2 sm sm cos cos— 


2 
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161. We have |)=2 cos A+eos^A (—5 +4 cos® A) 

=2 cos A (cos 8A 3 cos A) ( - 5 +4 cos® A) 

=2cobA (cos 3A+3 cos^} (-3+2 cos2A} 

3 9 1 8 

=2cosA -■rCos3A--7CosA+;rCOB3A oos2A+s0osA oos2A 

4 4 2 2 

3 1 1 3 

= - j cos 3A - j cos A + j (cos 6A +cos A) +| (cos 3A +co3 A) 

= j (cos 6A +3 cos A) 


In the same way we find that 

3=^ (sm 6A +3 sm A) 

Therefore 

qos 3A+£ Bm8A=^(coB 5A+3 cos A) cos3A+^(sm6A +3 sin A) smSA 

1 3 

=:j(cosSAcoB3A+sm5A6m3A}+^(oos 3A cosA+sin3A sinA) 

1 3 

=:-cos(5A -3A)+^cos (8A-A)=oos2A. 

And 

1 1 

p 8m3A-2Cos3A=^(cos5A+3 oosA)Bin8A-^(sin5A+3sm A) cos 3A 

1 3 

= j (cos 6A sm 3A - sm 6A cos 3A) + j (sinSA cos A - cos 3A sm A) 

13 1 

sui(6A -3A)+jBm (3A-A) 5=^Bm2A 


162 


cot*^ 


Let tt=fcoB^ j , therefore 

log w=oot® - log cos -= 008 ® - X coseo® - log cos - 


Now as m the solution of Example xii 33 we can shew that 
0 o * 

ooseo®-logoos-=-4^. when » as infimte 
n n ap"' 

And ooB®^=l when nismfinite ' 

n I 

s — 

ThuBlogtt=-^, and therefore u=e 
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163 If n be a positive integer, tre have 1+2+2®+ +2’*=2"+^ — 1. 

Hence the infinite senes 

„ , 2®-l . 2S-1 . 2*-l , 

|2 |3 [4 

2® 2® 2< I 1 1 1 ) 

-2+j2+l3 + l4+ ~ r+|2 lA"*" ( 


164 Here 


and 


=e<‘~l-{e-l]=e^-e 

ECoacos(a:+p) = 

sec/S co3(a— p)= 


coB(g-y) 
cos a cosy’ 

cos (g+y) 
cos a cosy’ 


,, , , , coafi cos(a+»/) cos(a-i/) 

therefore, by division, — - — i -{■= — ) 

cos a co8(a-y) cos(a+y) 


so that 


cOB(a-y) _ /coap 
cos (a+y) ~ 'V c 


cos a 


And cos (x-y)+co8 (a+y)=2 cosacosysfi cos 
=2.ycoBa QosjS 

From (1) and (2) yre have 

co3(a+y) |^^^+lj=2*/cosa cosjS; 

therefore cos(*+y)=4^^^^=. 

»yC03tt+ fJcOSP 

Then by (1) vre have cosfa-y)= 

o/COS a+A/cOSjS 

165. It may be sheTm as in the solution of Exnmplo sx 4 that 

acosi(jB-0) , „ , 

2’' ' h+c a{p+c) 

6ccosi(H+C) 

1 • 1 


cacosg(<7+A) 


b6cos^(A+^ 


abe 


Hence by addition we obtam the required result 


( 1 ). 


( 2 ). 
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16C AP=OAconOAP^ AS—OAcobOAS^ 

tbcToforo tho area of tho tnanglo OA^ cos OAP cos OilSsinA 

In the same \7ay tbo area of the tnanglo OPS 

=5 OA‘ Bin OAP Bin OAS Bin POS=~ OA^ Bin OAP sin OAS sin (180* - j1) 

A A 

OA? Bin OAP sin OAS Bin A 

Bence tnnngle APS — tnanglo OPS 

=5 Ojl^sinil {cos OAP cos 0^5-8in OilP sin 0^5} 

Ik 

=si OA- Bin A cos (OAP-t- OA- sin cos^=^ OA^sm 2J 

In the Bomo yray wo obtain 

tnanglo J5QP-tnanglo 0(2P=7 Oil* Bin 2B, 

tmn^o CRQ - tnanglo OPQ =g 00“ Bin 20, 

and tnanglo PSP - tnanglo OSP OJP Bin 2P 

Hcnco by addition wo baio 

tnanglo tnanglo J5QP+tnanglo t7PQ+ tnanglo PSB 

- qnadnlatorol PQ,PS 

{04* Bin 24 + Oijs Bm 2P+ 00“ sm 20+ 0D“ sm 2P} 

Bnt tbo sum of tbo fonr triangles and tbo qnadnlatcral 
^tbo qnadnlaternl ABOD 
Heneo by subtraction wo bavo 

twice tbo quadrilateral P0P5i=tlio qundnlateral ABOD 

- j {04® Bin 24 + 0 B® Bin 2P + 00“ Bin 20 + 0D“ sin 2P} 


167 Wo have a=2Psm4, b=2PsinP, c=2P6inO, 
thus tbo proposed expression 


B-0 A 0-A B A-B O 
=iP jBin— ^cos-g+sin— ^cos-g+sin— ^ cos-^ 
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{ B-G B+G G-A G+A , A~B A+B) 

=4E ^ Hin__+sui— ^ 

=4E jams j -sin®^+sjn®~Biii*^+Bmaj- Bm«^| 

= 0 

168 Assume ai=tanA« y^iaxiB, z=tan^, then since x+y+z=xyz it 
irill follow in the manner of Art 114 that tan (A+B+G) is zero , therefore 
A+B+G=mr where n is zero or somemteger Therefore 3A+3£-)-3f7=3nn-, 
and therefore in the manner of Art. 114 we have 


But 

similoxlj 


tan3A+tan3B+tan3^=:ton3A tan3Btan3C'. 
3tanA — tan®A Sas-o* 


tan3A=- 


32 -^, 
■ 829 * 


l- 3 tan 3 A l- 3 af'’ 
tnn8B=^f^, tan3f7=|^ 
thus the required result follows 

169 We have Z=iico8A, m=iZcosB, n=i2cosf7, thus we have to 
shew that 


4a 


4b 


4c 


ahe 


BoobA BoobB BcobG E® cob A cob Boost? 

Now a=2JZsiuA, i=s2BBmB, c=2BBmG, thus the proposed identity 
becomes 

tanA+tanB+,tanC^=tanA tonBtan G, 
and this is true by Art. 114 ' 

^ JS 3 1 

170 Bin® ^+Bin®^+Bin*^ = - - i(oosA+ooBJ3+ooB C) 

=l-2sm^Bm^ sm^, by Art 114 

A B G 

Now we have seen in Example xm 40 that Bin ^ sin cannot be 

2 2 2 

greater than hence sin®j+Bins^+Bm®^ cannot be less than 

g 

that 18 than -r 
4 


171 


Bm oJd a sin aO bO . , > 

Hi = T — • • -' iD » *nd when 0 is indefinitely dimimshed the 

sm ov 0 aO sin o9 

thus the limit of 


limit of IS umty, and so also is the limit of 


ad 


Bin ad a 
sm bd b 


Binbd 
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,a0 

vorsa<?_ l-cosa»_ 2 
Tcra J<?~ 1 -cos bO^ .be' 


2 o 

Now Iho lumt of 18 tho monnor jnst sliown, theroforo tho 
sin-^ 

limit of 13 155 

4jo’^o'*‘r5'*Ti+ I 

“Sil 2 ‘^ 3 .l‘*' 5. 6 + 7 . 8 + ! 

=ilog2, by Art 146, =logv^ 

A A 

A ABO ‘'“2 “®2 

178. tan^+co3g.Eeo^8ec^ = _ + _ 

COS^ COS^COSg- 

ABO 

cos’-^+sm-^coB- coS'g 

“ 3 B U 

cos ^ cos -cos g- 

Tho numerator of this fraction rsl-sin® 4+Bin^ cos^ cob^ 

At B C i?+<7J , ABC 
=l+sm- |cos^cos^-cos-^ |t=l+Bm-^Bm-Bm- 

Thns tho fraction = sec ^ boo ^ see tan ^ tan ^ tan ^ 

2 2 2 2 2 2 

Similarly tho other tno proposed oxpressionB ni^y ho reduced to this 
Bymmctncal form, and thus tho threo expressions nro equal. 

174 sin (ir cot 0)= cos (w tan 17), 

thereforo cos/jrtanlTlscosr?— ireotoV 


thereforo coB(irtan0)=cos ^"ircot ^ , 

therefore oU tho Boluiions nro compnsed lu 

V tan =2jiir± » 

whore n is zero, or Bomo intogor, positivo or negative 
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Tflko tlio upper Bign; tlina 2>t-f ^z=tan g * 

1 1 
”^2 eiu20* 

Toko the lower sign; tlins i— 2»!=cottf— tan<?s=2cot2ff, so tbnt 

cot 20 s= 7 -»l 
4 

Thus either cosco 20 or cot 20 takes the presenbed form. 


175 'Wo ha\o a=:2i2Bui^, &=:22!Bmi?, e=22{&inC' 


Thus tho left-hand member 
And thonglit-hand member = 


<h)'- 

sm2A + sm 22? -t-sin 2C 


lb/2‘‘Bm^smJ56mf7 4JJ* 


= TH» ^yArt. 114 


17G Lot 0 bo tbo angle of the sector , then wo seo from a diagram that 


r 6 

=Bms 

a-r 2 

therefore i s= i + i 

r a c 


But 2c=2aEin| Therefore — ^=-, therefore - — 
2 a-r a r 


177 

therefore 

therefore 


sm X sin 4z sm 2x sin 8x . 
cosx cos 4a; cos2x cosSx ’ 

6mxcos4a;-|-cosxsm4a; , Bm2x cos3x+co3 2x smSx 

+ n o_ " 5 


cos a; cos 4a; 

EmSx 


cos 2x cos Sx 
BinSx 


therefore either Bm5x=0 or 


COB X cos 4x cos 2x cos Sx 
1 1 


= 0 , 


=0 


cos X cos lx COB 2x cos Sx 
If WO take tho former, then Bx=nir 
If WO toko tho latter, then cos 2x cos 3x+ cos x cos 4x—0 , 
therefore cos2x(l cos^'x-S co3x) + cosx cos4x=0, 

therefore cither cosx=0 or cos2x(4 cos-x-3)+cos4x=0 

If we take tho former, then x=(2in+l) ^ 

If wo take tho latter, then cos2x(2-{-2 cos 2x-3)+2 cos22x-l=C; 
therefore 1 oo3®2x-cos2x-l=0, 

and by soiling this quadratic wo obtain cos 2x=:ii^^ , 
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178 We may proceed as m the solution of Example 147i and seek for 
the values of x, y, and s, \7luol1 moke 

a:Bm(<?-/3)Bin(ff-7)+pBin(ff-7) Bin(ff-a)+sBin(0-tt) Bm(^-/3) 

always equal to 1 Then vre shall find that x= — ; — w- ■ , r, and 

•' Bm(o-p) Bm(tt— 7j 

so on 

Or we may verify the formula by direct work. Eor reduce the three 
fractions to the common denominator sm (a - p) Bin (/3 — 7) Bin (7 — a) Then 
the numerator will become L Bin® d+itf sm cos 0+N cos® d, where 

L=i cos p cos 7 sin (7 - /3) + cos 7 cos a sm (a - 7) + cos a cos Bin (|3 - a), 

M=i -6m(7+/S) 6m(7-^) -Bm(o+7) 6m(tt-7)-Bm(|S+a) Bm(p-o), 

N—smp Bm7 Bm(7-/3)+Bm7 Bm a sm(tt-7)+Bmasin/5Bm(j5-a) 

It IS obvious by Art 83 that JfzsO , and we have seen in the solution of 
Example 157 that Z and N are each eqnal to the common denommator , so 
that L sm® 0+N cos® 0 is also equal to this denommator, and the expression 
is equal to unity. 

179. By Eudid vi 2 wo find that BjD=r^ , and CD=t^ 

6+c 6+c 

Similar expressions hold for the segments of the other sides of ABC 

Therefore the area of the tnan^e BGE 

* 

1 ai ab „ Sab 

=s— 5 SmC= ; — ; 

2 6+C a+c (o+c) (6+c) 

Similar expressions hold for the areas of EFA and FDB. 

Therefore the area of ZEF 


=-5rjl- 


06 


6c 


ca 


(a+c)(6+c) (6+a)(c+a) (c+6)(a+6) 

S 


i 


^ (a+6)(6+c)(c+g) (0+6) -6c (6+c) -ca (c+a){ 


ZdbcS 


(a+6) (6+c) (c+a)' 


Now 


g 

6+c' 


smA 


, g 6 c 
*6+c c+g g+6 

A A 
sm^-cosj 


sin; 


A 


smE+BmO 


B+0 B-0 

Bm — s — COB — s — 


cos 


B-C * 


Similatly 


6 

c+a’ 


B 

Bm^ 


cos- 


C-A* 


and 


g+6 


O 

sm^ 

A-B 


cos- 


Thus the required result is obtained. 


412 


MISCELLAITEOTJS EXAMPLES 


180 Let X denote the hei^t of the mountain , then the distances of the 
two stations from the pomt in the horizontal plane which is vertically under 
the top of the monntam are x cot a and x cot j3 respectively. 

Thus c®=!B®cot®o+iB®cot®/3-2*®ootttCot/3cos7, (Art 216) 

therefore *®=— is — : — is-s — s — i rs 

cot®a+oot®/3-2 cota oot/3cos7 

_ c®sm®osmS/3 

~ sm’^^ COB^ a+ sm^a cos^/3 — 2 sm a cos a sin /3 cos /3 cos y ‘ 

The denommator of this fraction may be pnt m the form 

(sm /3 cos a+ cos |3 sm a}^ - sin 2a sm 2j3 cos^ 1, 

SO that with the specified value of ^ it becomes sm^ (a+/3) cos^ ^ , 

, „ , c sm a sm j8 

and therefore x = — . , g. . 

8m(a+/3) COS0 


181 Let $ denote the an^e, then tan| = g^^g^^ , therefore approxi- 
0 \ 1 

mately;r= 7 ^^, therefore Hence the number of degrees m the 

A looCI 07a 

angle is x and the number of mmutes is that is 

IT o7o ir 070 

4 180 4 

— X — , that IS -77 X 67 29 , that is about 5. 

45 9r 45 


182 The general term of the senes is i obtam all the terms 

by puttmg successively 1, 2, 3, for n m this expression. ■ 

Now n8 7i(n+l)-(n+l)+l 1 1 1 

|m+l |7t+l ]n-l Iw+l ' 

If then wo ^ht up each term mto three m this manner, beginnmg with 
the second term, we obtam 

1,111 

| 2+'+12 + l8 + |4 + 

J1 1 1 1 ) 

-i(2-»-]3+l4 + [5+ 1 

.1 1 1 . 

11^* * ’ 

that IB g + e-l-(c-2)+ c-2-g, that is c-L 
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183 Here 


2 1 

,12 cos B cos 2a 2 cos $ cos 2a 

COB0 cos(0+2a) cos((7-2a) cos (0 + 2a) cos (0— 2a) cos®0-sin®2a 

therefore 

cos® B - sin® 2tt= cos® 6 cos 2o, 

therefore 

cos*ff (1 — cos2a)=Bin®2a— 4 sin®a cos®a, 

therefore 

ooa®tf=2 oos®o 

184 Here 

4 Bin {B+4>) cos (B — <p)=l, and 2 sin (d+ 0)= 1 , 

therefore 

sin(5 + ^) = g, and cos(5-^)=g; 

therefore 

t?+^=«ir+(-l)"5» ff-d=2nMr±^ 

D O 

185 6inxl+BinH+6inC'=4cos^ cos^ cos^, by Example Tin. 16. 

2 2 2 


And 


* ^ .X -B 

tan.^+tim^! 


Bin- 


A+B 


a 


B 


B* 


cos eos-g- cos ^ COB 


ABO 

therefore tan -^ + tan -^ + tan ^ = 


C 

cos- 


C 

Ein- 


A B' a 

cos -s cos — COB - 
A Z 2 

,C7. GAB 

COB® ■^+ Bin cos g- cos — 

" A B U ’ 
COS-g COB g cos g 


0 CAB 
the numerator = 1 - sin® -g + Bin ^ cos g cos ^ 


, A B A+B) A B C 

= l+Bing|coSgOosg-cos— g— |=l+Bmg sing sing, 


and thus the fraction = 


, ABO 
l+smg sing Bing 

ABO" 
cos ^ cos ;rOOS — 

2 2 a 


Hence by zanltipUoation we obtain the legrazedi result. 
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18G Proceed as in tlio solution of Esamplo ICC Then -no obtain the 
following expression for the excess of the sum of all the tnan^es at the 
comers above the second polygon 

Y {sm 24+ sin 25+ sin 20*+ Bin 22) + }, 

-where r is the radius of the eircle 

Hence this vanishes if sin24. + sin25+ =0, and then the sum of the 
tnangles at the corners is equal to the second polygon, and therefore the first 
polygon IB double the second 

187 'We have a=2i2s]n4, 5=25 sin 5, c=25Bin(7, 
hence the proposed expression 

B-0 A, G-A B, A-B C) 

=45 Jsin— ^ Bin-+ein - sin-^+sin — ^ 2} 


=25 


A+O-B A+B-0 B+A-C B+O-A 
cos ^ cos hcos cos ^ 

B+C — A A + G~B) _ 

+ COS 2 cos ^ 1=0 


188 We have a=25Bin4, 5=25 sin 5, e=25Bin(7i 
hence the proposed expression 

-42ZJ sm. (B- 0) Bin^5Bin(0-4) Bui°C'sin(4-5) | 

“ ( sin5 + sin(? sinU+sinjl Bm4+Bin5 ) 

sm^4sin(5-(7) _ sm 4 sin (5+ f7) sin (5— (7) 

6in5+BinC' “ Bin5+siuU 

sin4 (Bin®5-Bin®C') 

= —jT-. 7=i — i=sin4 (BinE-smU). 

Bin5+BinU ' 

In this -vray the proposed expression 

=45’ {sm 4 (sm 5 - sm (7) + sm 5 (sm C - sin 4) + sm (7 (sm 4 - sm B)) = 0. 

189 If n be the number of sides m the first polygon -we have 

a=2rBm-, 5=2rBin;^. 

» 271 

By Art 100, smee - hes between 0 and we have 

tl A 


Multiply by v, and we obtain the required result. 
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100 sia ^ cos ^ 

A f B, C\ A, B G A 

t=co3^- /sin^+Ein^j cos-^+Bin-g sin^cos-g 
Dorclopo each ol the other two terms m the same waj , the aggregate 


A , B C A+B B+a C+A 
=cos — 4- cos 2 +COS 2 - Bin — sm — ^ Bin -y- 

. B C A , C A B A B . 

+Bm^ sm-^cos^+Ein-Bin'gcos^+Bin-^Em-^cos-g. 

^ . A B+C B C+A C A-irB 

But COS-;;=Bin — ;r— , COSttssBIU— ^ — , COS-^ssBm— 5 — , 

« « A A « « 

tlins the esprcssiou 

. B 0 A , 0 A B , A B C 

=Em^ Bin^cos-^+Bm-jyEm-^cos-^+BinjBing eosg- 

B O A , A f C B B G\ 
a=6m-Bm-co3^+8m-5-(sin-coB- + Bm^ 2/ 

B C A A B+0 

=Bm g. Bin 5 cos g + Bin g Bin — g- 

A\ A B Ci A ( B+G . B Gi 

*=coSg jBmg+Bm g Bin ||=co3g jeos-p+sin^ Bin|j 
A B G 

= COSgCOSgCOSg 

Or instead of the last four hncs wo may use Art 118, observing that 
hero cos ^2 + 2+2]“® 

191 Let B denote the top of Uio object 

Trom the tnnnglo ABB wo have angles BAB and BBA 

arc canal From tbo triangle BBG wo hai 0 

BG Bin a 

mi / 8m3a „ , , 

Thcicforo T;7y= =8-lBm-a 

BC Bin a 

Sinco the object is very distant a is very small; tbereforo AB=ZBO 
iicnrl}. 




«’+?«?+!«•+ 


Hero ovoxy term in the numerator is less than the corresponding term in 
the denominator, and thne tbo fraction is less than nmty 


4-16 
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193 Here 


Geih^ GsmJScosj? 


cos(^+i/)~ cos(.i+2£) ’ 
thus Cither 6m^=0 or co3(A+2^)==oos(A+^)cos5, 
the latter gives cos (A+E) cos5-sm (A+B) sin5=:co3(il+H) cos J3, 
so that either siiiJ3=:0 or sin (A +21} sO 

Suppose that sin {A +£) =0 , then since 

3 sin 2B 2 sm ZB 


vre have 

so that 

therefore 

therefore 

therefore 

therefore 


’oos(A+^+2i?)’ 
2 Bin 32 


cos(4+E+P) ' 

3sin2^ _ 
cos (A+B) cos B “ oos(A+il}oo8 2^' 

3 sin E _ sin SJS 
cos (A+B)~ cos (A+B) cos 2B ' 
3 sin ^ COB 2B=8m3B, 

3 sin £ (1 -2 6in*jB)=3 Bm5-4EinS£, 
66in3 5=r48m®^, 
sm5=0 


tC tl^ 

194 Heretanflas-, therefore sin® Oas-s——-, and cos® 
ff’ a^'+y’’ 

stitnte in the second given eqnation ; thus 

+ flierefore ~+^ = C 

\y- s^JaP+y- x^+y- y* x^ 


ais+y®' 


Snh- 


From this qaadratic in vre find ^s3:}:2a/2^=(a/ 2±1)®, therefore 
1/ tf 


tontf=±(V2+l) or ±(a/2-1) tfhe former gives P=n)r±^, and the 


latter gives 0=nv±^ 


195 Since the sines of the angles are in Hormomcal Progression, so are 
the sides of the opposite anglss Thus a, 5, c are in Harmonical Progression, 

ma to th.l 1^ „ 

he ca ao 

ixhc 

also STnltiply each term by {s—l) \s — c)^’ ^ sufficient 

to show that are m Hormomcal Progression, or that 

iZ^ , tz£ are m Anthmetical Progression, or that r, - are in 
a 6 c ex* • a' o' e 

Anthmetical Progression ; and this is the case since a, 5, c axe in Harmonical 
Progression 



9 


MISCELLANEOUS EXAMPLES 


4 ir 


196 We have 


a= 22 t $m ■= , 
o 


therefore ^ 1, 2 2^10+2^5 _ 27200+40V5 

5 

j200+iOy/3 J289 44 17 

OA *“ OA OA 


197 

^ sm(B+0) m co3(S+0) p 

ein^ “ n’ cosJ5 ~ q’ 

therefore 

cosO+cot^fimO=— , tanBsm 0-cosO= - , 
n q 

therefore 

am® 0= { — - cos 0 
\« 

)g.coso). 

therefore 

l=”-i^-^C03 0( 

p\ 

therefore 

„ mp- 
cos 0=—^ 
np- 

•?ig 

mq 


198 We have OA*— L-, 02?=-!-, 00= 
•A . « 


Bin ^ 


sia- 


0 ’ 
Bin — 
DUX 2 


AlF=rcot-5-, Fi?=jcot— , (?F=rcot^ 

A 22 2 » 

Hence vre have to ehew that 

-— IL g |cot:|+cot f +cot|j =4Ei^ oot^l cot| cot | 

sm^sm-gBin^ 

By Esamplc vin 13 the left-hand member 
r*cos-^cos-g 


\ 

thns we have to ehew that 


■ ,A ,Ji ,0 ' 
Bm®^ Bm®-5 Bm^-g 
!2 22 22 


diZem^A Binij^Brng 0=r 


The left-hand member 

— 4H / (»~^)(*-c) / (8-a)(5-^ / (s-a)(8-&) _ 4E5° 

V 6c 'v ac W ttb ~ saOa ~ 8~^' 

27 


T T K H 
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199. The radios of the circle inscribed in the tnangle OBQ 

— p*&ui2a n 

area of the tnangio _ 2 psm2a 

~ senupenmeter />(l+sma} 2(l+BmB)' 

Let B denote the position of the centre , then 

Qji- pein2a ^ 1 _ pcoea 
2(l+sina) sina l+sina 

Again, let Q denote the position of the centre of the circle inscribed in 
the trian^e OAB, then, as 2a is now to be changed to ir-2a, we have 


OQ = 


ficoa 


(H 


psma 

l+cosa* 


l+6in(|-a) 

And since POQ is a right angle, PQ-= OP^+OQ' 




COS" a 


Ein-g j 
.+coso)-) 


((1+sino)® (1+cosi 

~ flS ^ l-cosg | _ p- (2 -Bin 2a) 

(l+sin« 1 + cosci “(l + sina) (1 + cos a) * 


therefore 


pj2-sm2a 
^/(l + sin a) (1 + cos a) 


200 Let A and B he the two objects Suppose a circle to pass throngh 
A and B, and to touch the straight hue at P , then P is the point at which 
the greatest angle is subtended see Appendix to Euclid, page SOS Produce 
AB to meet the straight line at Q Let the angle BPQ,=a, and let B be the 
angle between AP and the straight line Then also PAB=a, and PBA=^B, 
byEuchdin 32 Let PQs=c 


Then 


PP sin(/3-a) AB Bin(/3+a) 
PQ~ sin/S ’ £P~ sma ' 

AB _ sm (/34 -a)Bin(|3 — g) 
c ~ Einasm/3 


therefore 

201 "We have 

ri+rs+r3-r=S j -- + -1. + J_ _ Ij 

|s-a s-6 s-c *) 

^ —1 /- r\ ~ 


) . e 1 . 1 } 

((s-a)(s-i) s<s-c)i l(8-a)(s-6)'^s(s-c)) 

cS 

=gs{s(s-c)T(s-o)(s-b)}=|{2s*-s{a+b+c)+ab) 

<die 
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eot”i3=tRn“^i; 

s/o o 


t'in“'i+lan“*5=lnn“*H-,-f =:tttu~* 1=5 

2 8 .1 4 

6 

203. Tbo* nnglo ot ibo Eocond tnanglo wbicb is opposite to tbo anglo C 

T" G 

o{ tbo first tnnnglo \m 11 bo found to bo - - — , similarly tbo oorrosponding 

•a « 

finglo of tbo third trianglo will bo ^ | 5 “ J ^ 

Proceeding iii ibis Tiaj uO find that tbo corresponding angle of the «“* 
tnouglo IS 


ibot IS 


13“ 4 8“ “ 2»-^ j"’* 2"-‘ ’ 

on-l • 


that Is 


rt, (-1)'- , (-ir-ic 


Similar expressions bold for tbo other angles 
201 Supposo (?=tau">a, tbonworcqmro cos4<?. 


tand=a, cos2d= 


l-tansd 1-0* 
l+tan*d“H-o®' 


cos >10=2 cos* 20-1 5^ - 1 a 


ll+«*)s 


(l+o'l* 


203 “Wobavo c“coB(/«c+c)=r“*{cos6*co3c-Bin6*sinc) , 
tbcii bj Art. 823 the required general terra is 


- — j^~ Bine), 


llml IS 


(a*+l*)» 


cos (n(?4*c), 


wbero 0 IS BMcb that tan 0 - - 

a 


27—2 
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206 "WohmQ AD'^^AIP+BD" ~iAB BDco&Ji 

=c®+(*-c)*-2c(»-c)co9i?, by Art 250; 
therefore s®- A2)®=«®-c®- (a— c)*+2c{8-c) cos B 

= (a - c) {s+ c - (a- c) + 2(j cos J?} 

= 2c (a - c) (1 + cos ^) = Ic (a - c) COB® , 

aa 

J? * 

therefore o(8®-Ai)")=4oc(a-c)cos®— =4a(8-5) (a-c) 

207 "Wo hare 

a+§J -X =oos {0+4t,J - l)=co9 B coa<f>J -X-emd em J -1 


=:COS<7 


=cos 0 


e~^+e^ 

2 

c'^+e~^ 




-sing— - 7 =^ ^ 
2^-1 


-stng-- ~„* — s!~X 


2 2 

HoiSce by eqoating the possible and the impossible parts wo hare 

ggcosg ^ -^— , j3B-sing.-.- ^-— 

TLorrf.™ 

coB-g 8in®g \ Z } \ i / 


and 


/S* 


111 

208, log pec g=^ log — -a = wl»g 5 — -“oS 
2 ®cos®g 2 '’l+cos2g 

4 


cos®g+Bin®g_l 

■~r 


2^°®2 + ^“’+c-2‘® 


1, 4 

= 2^‘’“(l+e2.e)(l+e-2ie, 


=g ) 2 log 2 - log (1 +C=‘®1 - log (1 +c“®‘‘') { , 
therefore 21ogseogs=2 + ^ 

_(s2.g_l,4.e+l,G.e_l^.g+ ^ 


-(, 


-2ie_ ig-iio ig-Oifl _ i,-Si9 
3 


1 -R 
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ITow 

2-e=‘®-e“2‘*= - (e*®-c"*®)==4 sin’ff; 


i (- 2 +c*® = 1 1 eiv?20, 


1 (2-ee*®-e-«‘e)= -|(cW>-e-J‘9)*=|sm*3e, 

and so on , 

thus 


2logEec(?=l|sm’0-|ein-2d-*-iEin®3d- |, 

therefore 

logEco<?=2 |Ein*(?-i6m®2e+|sin*30- | 

203 

Ecoa £cc(o-*-^)=^j^}tan(o-*-p)-tanaJ, 
see (a +p) ECO (o + 2;S) = } tan (a +2p) - tan (a +i3) } , 

and so on 


Then b; addition ^vo obtain Iho required resnlt 


210 The regnlar hexagon may bo dmded into £ix equilateral triangles ; 

Cd* /3 

"nd thus the area of llio first hexagon = ~ 

a 

By Art, 257 tho radius of the first circle = ^ cot 30*= and the side 
of tho second hexagon is equal to this, so that tho area of the second 


hexagon = 


Cx*V3 

1 Vsj* 


In this xray^xro see that tho areas of the hexa- 

■f 

3 

gons form a geometneal progression of which tho ratio is j ; and tho sum of 


tho arcasrs 


Ca*v/3 




=(k.V3il-(|) 




211 TTohoTC 0=2/1610.4, h=2/i8mi7, e=2/2smC; 
i lus tho proposed expression 

=2/1 (smA cos A-}-Em2?cosi?+sinCcosC) 
=iJ (sin 2il + sin 2/1 4 - sin 2(7) 

=4//6in A sin^cmC, by Art 114, 

= 2a sin /I sin (7 

Tho expression is now odapted to logarithms 
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212 Let 0 denote the angle APB, ^ tlio angle BPC, and the angle A BP 

_ , AB Bind BG 

\Vena^e - 7 ^ 7 .= 


Ein^ 


PB PB sai{y}i-^)' 

but AN IS supposed equal to BG, and thus 

Bin {i>+C^ _ sin ( ^—(p) 

Bind ~ Bin^ ’ 

sin ^ cot d + cos sin ^ cot ^ - cos if/ , 

2 cot ^=:Got cot d, 

2 _1 1 
T I 


tberofoFO 

tbereforo 

tberefore 


213 It 13 ahown in Art 319 that 7=4 tan“> p - tin”^ : 

4 5 2B9 

hence wo have only to shew that 

^:s=2tan"'7^-tan“*r ^ 


tan~i 


2d9 


408 


or that 


Now 


1893’ 
1 


tan -i: + tan~* — — =t2 tan“' — ^ 
239 1393 “ 408 

tan-» — + ian-» -i~= tnn-i - 

239^ 1393 ! i 

1 — ; 


239x1393 


1^3+239 . 1C32 , 816 

289 X 1393'- 1“*"* 332920“*™ 1GCI03’ 


and 


2 ton"' -nr- — tan~^ • 
403 


403 


Thus the required result is established 
214 By tho diagram of Art. 253 wo eco that 


=tan~* 


2x408 
lOOlt ) ' 


PA sin PBA 




cos A 


therefore 

therefore 


AB Bia APB Bm{A-{-Jf) fimO’ 
ecosA acosA 


PA = 


BinO Bin A ' 


i!S— 
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( COSC+ ^/-l sin c) (cos J-1 sm2tt) _ co3 3ttT\./-lsm3g 
cos 3a- - 1 sm 3a cosSa- *y^sm3a* 

innltiply Irath muncrntor and denominator by cos Sa + J ~1 sm 3a , thus ■vro 
obtam nnityiu ibo denominator, and cos Ca+ jJ — 1 sm Ca in the numerator- 
and this numerator = since a=15® 

21G Tlio new tnnnnio will hare for its nn^m^nr points the centres of the 
escribed circles of the origmal triangle Now from Art 250 we have 

fj 

OC— OE sec OCE— (* - 1) coscc - , 

and m the same manner tho distance from Q of the centre of the circle 

n 

which touches JiC and BA produced =(<— a) coscc ^ Hence the sum of 

C G CO 

these two t=(2i-i-fl) cosco7j= c c03C0-5=2f? sm C7 coscc -5=472 cos^ . 

2 J 2 

This is the length of tho side of the second tnanglo which passes through 
the point C, similar expressions hold for tho other two sides 


217. By tho preceding Example tho sum of tho squares 
=107?' jeossi^ T.cossij5+cos*|c| 

= 872* {3-1- cos cos^-j- cos 

= 87r jl-t-lein^ Bin ^Bui^l , by Art 114, 
= 3272* + = 3272*+ 872r 


218 The numerator can be expressed in powers of cos d, and it wiU be 
found to reduce to 2*oos*ff, in like manner the denominator will be found to 
reduce to 2*cos®d ece Art 2*12 Hence the expression reduces to 2 cos 0 

(P 0* I (P\' 

219 cos 0 IS less than 1 ~ 26 ’ V ~ *1 / ’ 

Jeos 0 18 Ic^s than 1 — t, Ibis holds if 0 lies between 0 and 5 see Art 328 

Again, is greater than 1 - i greater than 1 - 

0 

holds as long as cos —r and 1 — — remain both positiic, and this certainly 
holds if 0 lies between 0 and ^ . Henco iJcosO is less than cos ^ 
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220 Snpposo tbo poI}goii Las n sides Lot 0 Lo iho confro of tLo circlo 
inscribed in tbo polygon, and S tbo assumed point. Lot OS^c, nndsnp* 
poEO OS to bo incbncd at an angle a to tbo first poipcndionlar wbicb is 
• 2ir 

drown , put /S for — , and r for tbo radius of tbo inscribed circle Then 

tbo longtb of tbo first perpendicular will bo r-t-c cos a, tbnt of tbo second 
r+e cos(a+/3}, tbat of tbo third r+c cos (a +2/3}, and so on Henco tbo 
sum pf one sot of perpendiculars 

= ^ +c|cosoi-.co8(a+2/3)+oos(tt+4j8)+ to- terms | 

Art 327 tbo sum of tbo soncs of cosmos contains the factor 
Ein^jS, tbnt IS sinir, tbat is rcro 


Henco tbo sum of tbo set of pcrpcndicnlnrs 

Similarly tbo sum of tbo otbor set of porpondiculnrs bns tbo same value 


221 

tberoforo 

tberofore 


S 

’ s' «-« 




r.-- 


«-c 




222 'SVoLnio 2 tan~^i=lnn”* ■■ J - M .= tin~> ^ ; 

4U 


2x1 

Urns 4 tnn-i - = 2 tnn~^ — = tnn-^ . 

I 




sa tnn~* 


2x7x24 

(24+7) (24'!?) 


, .330 


Then 


627 

6 tan“> i= 4 ton-J i + tim~* ~ ts tnn~* + tiui"^ ^ 

^ 1 

I__rf3b_ 3353 


7x627 
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Again 


so that 


‘>x-i 

3 , “ 79 . 2x3x79 

2 tan~^ sx *= tan"* ' ^ - = tan ^ • 


79 


-(Ay 


(79 + 3) (79 -3) 


037 


rmnUy tan (j- iau-i = 


1 ?®I? 

8353 474 237 


1 + 


2&79 C2d2“3116’ 

3-553 


- . 2879 . 237 

4 3353“^'^’^ Silb 


233 In llic expression for tan nO jiiit ^for 0, then tan 0=1. 

w-l 

If n IB an o<lfl luimlicr -wo liavo tan«<5=(-l) • , so that tho nninerator 
of tho expression is numerically ciual to tho donominator 

It n 13 an oren iininbcr, tan vO is cithor zoro or infiuito, so that in tho 
former c jsc tho numerator of tho expression must vanish, and in the latter 
case the denominator must vanish. 

221 IVo liavo Bm*dcoa*d«(l-cos*i/)*cos*(?=5COS®d— 2cos'd+cosStf 

Kovr cos''0=i|co3Od+9cos7d+36cos5<?+81cos3ff+12Gcosd| , 
cos~0=~ |cos7d + 7cosG(?+21 cos 30+35 cosdj , 
cos*0=i |co3 50+0 cos 30+10 cos oj . 

Honco 

113 
COS» 0 - 2 cos" 0+ cos* 0 = (COS 90 + cos 70) - gj (cos 60+ cos 30) + cos 0 

Or rro may proceed thus 

cm* 0 cos* 0 = Bin* 0 cos* 0 sm 0 (sin 20)* cos 0 

11 cos 8^^- 1 cos 40+ II COS0 

113 
~ 256 + ®os ~ (cos 60 + cos 30) + jgg cos 0 
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225. We have 


Bin® 35=1 (3 Emx-smSx) 

“4r 13 '*'15 17'*' '*■ |2n+l J . 


-ij- 


li 1£ E 

(3*)® ^(3*)* (3*)r, 


(-l)”(3a!)®”+» 


t ' t 4. » ' . ^ ^ .L. 

13 ^ )5 |7 ^ |2n+l ^ 




then by arranging according to powers of x we obtain the reqiured result 


226 Puts for cos 0 + cos 3^ + cos 9^, and t for cos5^+cos 7^+cosll0 
Then s+ t=cos ^+cos 3^+cos 5^+cos 7^+ cos 9^+ cos 110 

cos (0+50) sin 60 ^ oftTi _ fiinl20 _ sm0 _1 
Ein0 * " ' 2sm0 2Em0 2 

And 4t=(cos 0+COS30+COS 90) (cos 50+cos 70+cos 110) 
sicos 0 (cos 50+cos 70+ cos ll0) + 

Besolve each product into the sum of two cosines by Art 84, thus 
we get 

2stscos60+coB40+coB80+cos60+cosl20+co3lO0 

+ cos 80 + cos 20 + cos 100 + cos 40 + cos 140 + cos 80 
+ cos 140 + cos 40 + cos 160 + cos 20 + cos 200 + cos 20 
=3 cos 20+3 cos 40+ 2 cos 60+3 cos 80+2 cos 100 
+COS 120+2 cos 140+ cos 160+ cos 200 


Kow since 0=^ wo haTO cos 140=cosl20, cos2O0=:- cos 70=cos 69. 
lo 

cos 160= -COB 30= cos 100 Thus 

2si=3 {cos20+cos40+cos 60+cos80+co5lO0+cosl20} 

_ 8cos (20 +50) Bin 60 3cos606inO0_ 3sinl20 3 
~ sin0 S1U0 “ 2siu0 2’ 


therefore 



1 3 

Then, Binco s+<=g, and *f=i— we find by Algebra that 

4 4 

and it is obvious that the upper sign must bo taken, beoauBO s is positive , 
for cos 0 and cos 30, which are positive, are both numerically greater than 
cos 90, which is ne^tive 
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227. Snpposo tbo polygon Itos n sides Let 0 bo tbe centre of tbo 
ciTcIo inscnbod in tbo polygon, and S tbo nssnmed point. Let OS—c, and 
snpposo OS to bo inebued at on nnglo a to tbo first perpendicular \rbicb is 

drawn, pat B for — , and r for tbo radius of tbe inscribed circle Then 
n 

tbo length of tbo first perpendicular will bo r+ccosu, Ibat of tbo second 
r+ccos(a+/3}, tbit of tbo third r-fc cos (a +2/31, and so on 

Then for tbo squares on tbo sides of the now polygon wo obtain tbo ex- 
pressions 

{r +c cos ff)® +fr t-c cos (a +/3/}® - 2 {r+e cos a} {r+c cos (a+jS)} cos /5, 
{r+ecos(a+/S)}®+{r+cco6(a+2/S)}»-2{r+ccos(a+/S)}{r+ecos(a+2/3)}cos|S, 
and so on 

Tims for tbo square on tbo m*’' sido of tbo now polygon wo shall obtain 
2rS(l -cos/3)+2reJco8(a+m/3-/3)+co3(a+m/S)} (l-cos/^ 

+ c® {cos® (a + mp - /5) + cos® (a + m/S) - 2 cos /3 cos (a + m/8 - /3) cos (a + m/8)}, 
that IS 

2r* (1 - cos^)+2rc {cos (a+m/3-/3) +C0B(a+m/3)} (1 - cos/3) 

+;y{l+cos(2tt+ 2m/3 - 2/S) + 1 + cos (2a + 2m/3) 

-2 cos /3 [cos /3+ cos (2B+2m/3 - p)]) 

Wo bnvo to obtain tbo snm formed from this expression by giiing to m all 
integral values from 1 to n, both inclusive , tbo result, by Art. 328, 

gS 

=2«r® (1 - cosp) + — {2n - 2n cos® /5} 

= 4»ir® sm® I + nc® sin® /5 


228 Wo bavo cos 6d+Bin G0=,j2 cos ^ 

=:s/2cosC ^d-^^=^/2coB5(d-/3) 


And by Art. 342 wo bavo cos C (d - /5) sm 

ss2*eos (d-/5) cos (d-/5+2a) cos (d-/3+4B)cos(d-/3+Ca)oo3(d-/8+8a), 
where bs=~=2/3 
Thus coB6(d-/3} 

=2^ cos (d - /3) cos (d+8/3) cos (d+7/5) cos (d+ 11/3) cos (d+ 16/3). 


/ 
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Also cos {B + 7/3) = sin (3j9 -B)^- sm {0 - 3/3), 

cos (tf +ll/3)=cos ^fl+/3+0 = - sm {0+P), 

cos (ff + 15/3) =cos ^B + ~ ^ B+smB) 

Hence ,^/2 cos o{B-p) 

=-2*cos {6-p) cos (fl + 3/3) Bm(B-%p) sm{6+p) (sin <?+cos B) , 

lienee also cos50+Em5^ is cqnal to the last expression, vrhich had to be 
shewn. 


229 We have 

Bin B v'(oos- a cos® sin® a sin®/3) + cos By/ (cob- a cos® /5 - sin® a sin®/3) 

=sin(a+/3) 


Assume 

rcos^=V(cos*a cos*/3+sm®o sm®/3), 


and 

r sm ^=V(coB* a cos*/9— sm® a sm® /3) , 


so that 

r®=2cos®ocos®/S 

(1). 

and 

tan’ji * cos®/S - sm® a sin®/3 

^~tos® a co8®/S+6m''osmJ/3 

(2). 

Thus 

r sm (0+^)t=Bm(o+/3) 

( 3 ) 


Now it IS obvious that r maj he found from (1) b> loganthms. Also ^ 
may bo determined by logarithms , for wo have from (2) 

1-tnn®^ Em®a sin®/? 

1 +tnn® ^ ~ cos® a cos-'/S ' 

that IS cos 2^=tnn* a ton®/3, 

which IS adapted to loganthms 

Thns B can be found from (3) by loganthms 

230 If A, B, and O arc angles of a tnanglo, wo havo by Art 114, and 
Example nii IG, 

sm A -i- sm H + sm C7- (sm 2.1 + sm 223+ sm 20) 

=4 cos cos — cos - Asm A sm Jlsin G 

Sb « 2 

. A B (7(, „ A 23 (7) 

=4 cos ^ cos ^ cos - |l-8 sm g- sm - sm - | , 

and by Example xiii 40 this expression can never bo negative. 
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231. Let A, B, C, ilf, If denote ilio angular pomts of the polygon 
taken in order, and let a=- Snppose P the point in the circumference 
from 'which chords are dran-n, so that P is between N and A. 


Then 


^ sin a=the area of the triangle PAB, 

A 


Therefore 

Also 

Thus 


so that 


^ C.C3 sm a=the area of the triangle PBO, 


5 c„_ic„ sm a=the area of the tnang^e PMN. 

Jt 

i(ciCs+c,C3+ +c„_i<^)Bma 

=the area of the triangles PAB, PBO, PMN 
5 c„ei Bin o=the area of the triangle P2VA 

i(riC2-rCs<^+ 

=the area of the regular polygon , 

®l®a + ®s^3+ +®n-l^n“®n®l 

2 


sma 


X the area of tho regular polygon 


This result is tho some for all positions of P on the circumference of the 
circle 

232 Let ff be the an^o of one sector, and 2ff the an^e of the other 
Let a and & be the corrcspondmg radu. Then, smce the areas are e^ual, 

0 2ff 2ff 

a-^=lfl%r , and smce there is a common chord, 2aBm-=2h sin — 


Thus « sm I = 6 sm e=2b sm | cos | , therefore cos | = ^ , 


therefore 

Therefore 


,0 


2lr 


0 


= = therefore 5= 


0=2 end 20=v. 


88 V3 2x~h 


TTT 1 « tand— tanff 2L—x 

233 We have tan(^-g)=j^ ^^ -- ^^- -^= 


Ly/i 


- x{,2x-L)y/6 
'^(2l-x)ky/3 


1 Skx-(2l-x)(2x-f) 1 2xS-2fc8+2k» 1 

“v'S* (2/;-x)f.+x(2*-i)~V^ 2*’'-2ix+2i9 V3 
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Ibercloro ono valuo of ^ ^ as g 

234. "Wo littTO hero very nearly equal to unity, bo -vro may infer 

fl’ , ^ -I 0’ 8G3 , 

that <?i3 Bmnll Iience Bin nearly Therefore 1- nearly, 

therefore nearly, therefore ^”=3^ nearly, therefore 0=^ nearlj 

TIence the number of degrees in the angle is nearly — , that is abont 5 

236 Let ABG be any triangle, let D, S, F be the centres of the 
escribed circles opposite to .4, .5, C req)ectiveiy 

Then AB bisects the angle of the triangle at A, and BP bisects the 
exterior angle at A Therefore AB is perpen£cnlar to BF 

Similarly EB is perpendicular to FB, and FO is perpendicular to BE 

Therefore the oircle described round ABG is the nine pomts circle of 
BEF 


236 As in Art, 296 we have 

2Sn(_l)nBmSi.+lp 


=sm(27n-l)d-(2»+l)Bm(2»-l)^+^H^lil^Bin(2rt-3)e- . 

11 

Now suppose each Bide were to be expanded in powers of d , on the left- 
hand side wo should have 2*" ( - 1)" jfi - |^+ | , by Art 286 


On the nght-hand side each sine gives nso to a senes Since the lowest 
power of e on the left-hand side is 6"”+^ it follows that the whole coefficient 
of every lower power of 0 on the nght-hand side must be zero. The whole 
coefficient of 0 is 


2a+l-(2»+l) (2a — 1) + ^ — ** (2a-3)— toii+ltenns, 

hence this is zero, and dividing by 2n+l wo obtain the required result. 

Similarly, supposmg a to ho greater than unity, we can obtain another 
result by equating to zero the whole coefficient of 0<‘ on the right-hand side 
And BO on. 
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£37 TTc lia\e 

cosa-^ V-lBiiio=co3(0+^ fj -l)=co30cos^ *s/ — l-BinOem^ »/^ 


=COS :: Fluff ==cosff ^Elnff 




2 2^^^: 2 

Hcqco, by equating tbo possible and ibc impossible parts, vre have 

cosff — =:cosa, Binff ^ ssina, 


so that 


2 

_ cosfl 
" cos ff ’ 




Bino 
2 Einff’ 


Square and subtract; thus 


1 = 


cos^a Bin* a 


therefore 

therefore 

therefore 

therefore 


cos-ff Em®ff’ 

6m*ff cos®a— cos*ff 6m*tt=Em®ff cos*ff; 
Bin* ff (1 — cos* ff) = Bin* o , 

Bin* ff=&m*a, 
6inSff=isma 


238 On the left hand Bide the numerator 

sEinx+Bin (3*+r) + Bin{o*+2tr)+ to n terms, 

Bin Em5(2*+?r) 

" J~ 5 

gin^(2x+-) 

in liLo manner tbo denominator 

cos (^+-)| Ein^ (2x+r) 

“ 1 . 

Bm-(2*+-) 

Dindc the former b> the latter and 'no obtain 

tan j*-*- ^^-^(2x+-)| , that IS tan^nx+^l^s'^. 

239 Let 0 denote the centre of the circles, r the radius of the circle 
ABCP, and Ji the radius of the circle DLFQ 

Suppose tbo angle (lOA is equal to ff, -then the angle QOB mil be 

o— 4^ 

ff + *■- , and tbo angle QOd mil bo ff+ — , or at least the angles may be 
3 *2 
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so denoted by smtably (diooEing A, B, and C Then 
eA®=QO=+OA*-2(2t7.0A coad 
=JP®+r®-2J?r cos d, 

similarly 2J?» cos^d+ 

and QCs= JP+ rs - 2J?r cos ^d + 

Hence by addition, and Art 328, 'vre bave 

+«(?== 3 (JP+rS) 

In the same \ray yre find that 

PjD^+PEi+PF-=i {JJ®+r®) 

240 Pat for each cosme its exponential value, then the proposed series 


=|(l-«0’‘+3 

=i (1 - « cos ft* — la Bin ca:)“+i (1 — a cosftc+ ta smeB^*’. 

Now assume 1-acosexsrcosd and asincassrsind, 

then the sum =|(rcosd-irBmd}"+g(rcosd+(rBind)’* 

r" r" 

=-jj- (cos «d — t Bin «d) + -^ (cos «d + 1 sin nd) 

=r’*cosnd. 


241 By addition 3 -p sin d-g cos d=0. 

By subtraction cos- d - sin* d=: —p sin d-b g cos d. 

Therefore 3 (cos“d-sinSd}= 2 Soos®d-p®Bin®d, 
therefore 3 (2 cos® d - 1) =g® cos® $-p- +p® cos® d, 


therefore 

therefore 




Substitute in the equation 3=p sind+2 cos d, thus 

3 V(p® -1- 2- - 6) =p Vfe' -3) +2 V(P"' - 3) 

This IS the result of the elimination, the radicals are not necessanly 
positive By squanng, transposing, and squaring again, we obtain finally 

{PY- C (p®-t-2") -b27}®=p®2® (p® - 3) (2® - 3) 
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242 cot^+cot|+cot| 


- / <(»-«) . ^ ^ / g(»-c) 

'V (s-6){s-c) "** V {*-a)(«-c)^V (s-o)(*-6) 

*/« 


s:L-{s-fl+«— l + a-c} = 


pj{*-a) (ff-6)(s-c) 

Hcnco llic propoBod expression =*’—^=5 

o 

243 Here 


therefore 

therefore 

therefore 


2 tnn~^ ax +eoc~' h*= g i 

, 2ax ,1 .1 

therefore 2a&*»=l+n**s, 
a-*= — i — . 

2 e 6 -ttS 


244 With tho dingram of Art. 253 Tiro hwo OA=iJt, also the angle 
ft.liJ-a” -(7, and tho angle J}APs:^-S, so that tho angle OAP^C-B 

Ilcnoo 0/»=iZ«+Ai»-2;f APcos(i?-C) 

Now, as in Example 214, we have .4P=^^-^^^=:2if cos A, 

' sin A 

so that 0r*=JP+4iPcos*A -4/PcobA cob(S-C) 

+ 2/r (1 + cos 2A) + liP cos (B^C) cos {B - C) 

=3iP+2/PcoB 2A +27 P(cob2Z?+cos2(7) 

=iZJP+2IP (cos2A-t-cos2BH*cos2C) 


215 The Tolncs of x, v, s are given in Example 21G ; and tho ralncs of 
a, j3, Y m Example XM 31. Hence 

„ . dyfcossCtscosB+dJIcossBeHCC^C' 

P'+V /. " 2 2 2 

IPcosJa 

4n ^cos Jcsin 5B+cos|BFing(7^ 4i2smi(B+(7) 


1 . 
cos^^A 


= iR 


1 . 
cos^A 


Similarly the other oxiircssions are also oi^ual to 4R, 
T.T K H 


28 
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246. WeliaTO (;=ficosA+aoos^=&cos^-acos(ir— i?) 

=by/(l-Bm^A)-aco3 ff=d -acoeff 

We TTish to expand this m powers of ff, as far as terms mvolving 0* 

Now 

03 

Pat for sm 0 its value ^-'^+ , thus we obtain 



1 “’1 

^ ^4. V “Vfl 


^ 26®' 


that IS 

1- 

26® V 3) 86*"^ 

And 


0® 0* 

COS0=l-j^ + ]^- 


Hence approximately 


and 


dj2^{Gb 86» 24;*^ 
, (b~a)a0^ , 0* fAa- 3a* \ 

=‘-'‘+-i^+g(,x -p-“) ' 

(?-?) 


4ffl» 3a* o» 

6 “ i,3 -a— j-a+3 


_a(ct-J) , 3aS(b»-a!') 
6 ■*■ 6* 




Thus we obtam thejrequired result 


247. sm® cos® e = cos (am 5 COB S)® = (sin 20)® 
cos 0 1 

= >« p {sm 100 - 6 sin 60 + 10 Bin 2 flJ 
= ^ { 8 “i 11 ^ + sui 9 ^ - 5 (sm 70 + sm 60 ) + 10 (sm 30 + Bin 0)} 
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219 TTo liavo cos o+ mn aa= — -- 

cos(<>+<^/-l^i) 


Pinffcos ,J^^+cosO Bin aJ ^ l(i> fiing(c^-fe~^)- ^/— lco3g(e~^-<!^ ) 
cos^cos cosO(c^ + c“^+ ^~lBmO{e~^~fi) 

sin O+J — ll cos 0 , , e*^ — 

I 'ffucro k—-7 5 . 

costf-ji/-llBmO 

Hcnco einO+ coaO={cosa+ ,J -1 Buxa){cos0- ^^^KsmO) 

s=coso cosfl+/ BmasinO+ tj -1 (sinacosO-ilsm&cosa), 


tbcroforo 


tbcrcforo 


Bin 0= cos a cos EinaEui<7, 

/ cos 0=i;m a cos 0-J sm0 cos a 

Bin 0 — COB tt COB 0 Bin a cos 0 

Fin a Bill ~ cos 0 -{- Bin 0 cos a 


Arnlliply tip , tliiiB tvo get cos a (sm* 0 - cos- 0]=O, 


tbereforo 


t'in*<?s=l, nnd ibcrcforc 0=»ir±Y • 

4 


219 Br Art. 382 tro bato 

^-2c(7l2*=tau*-*-|tan| + itan^+ , 

and, Binco 2cot2j:-»-tan*s=cota:, \io bavo 

1 . 1^ a- 1 , * 

-- cot*= 5 tan- + ^,tnu 2 ,+ , 

tben put - for 5C, nnd divido lij 2 , tbas - = 7 tan 7 + 5 tan 5 + 

9r 4 2 o o 

ffi / ^\n 

230 Put -^fora:, tben vro require tbo cocflicicnt of I “pj 1 tbi 

( - 11" C*" 

of - — — in Ibo dciolopmont of 

( - 1)"<P"+* 

Thus wo require tbo cociliciGnt of i in tbo dctclopmont of 


that is 


that 13 in Fin <7. 8coArl3il. 


2S— 2 
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IJH*! 


( - 

But the general term in the eiqoansion of Bin 0 is — ' 

Hence -i- x the required coefEoient = in- T T* required co- 


[2^’ 


efficient is 


| 2 » + 1 

261 Proceed as in Example 241 We have 
l+m+n=p sm^+gooafl, cos*6-Bin®6+n-«»==gcos ^-jpsmff, 
therefore (1 + 1» + «) (2 cos® 6 — 1 + n — j») = g* cos® 6 — p® sin® 0 , 

„ , P»+»-«-(1+ot)s 

therefore ^^p+iTIIira+^O’ 

, 9 a g®+m*-(l+n)® 

^"p®+g®-2{l + m+n)' 

Substitute in l+«tt+n=pBmd+g oosff, and the elimination unll he 
effected. 


252 Let JD, E, F be the points at urhich the bisectors of the angles 
A, B, G respectively meet the circumference Then the angle 1)AG = \a, 

a 

and the angle (TASssthe angle GBE^i-B, therefore I)AE=~(A+B) , and 
therefore DE subtends at the centre of the circle an an^e equal to A + B . 
^•as BE=2Rem^{A+B)=2Rfio^^C Similarly EF=2 Ecob^ A, andthe 

angle 1}EF=\ (A + (7) , thus the area of the triangle DEF 

= g 4fJ® cos g A cos i (7 sin i (A + C) = 271® cos ^ A cos i i? cos g £7 


_ 2 ^^* 
ahe 2 

253. Here sm"^ - + sin"® \ = sin"® — 

a 0 ab 

Take the cosmes of both sides , thus 


square both Bides, thus 


therefore 




e* 

a?b^* 


6 V* + a®y® + 2xy '\/(a®6® — c®) = c®. 


therefore 



MISCELLANEOUS EXAMPLES 


437 


25L Let PCA=^0; tbon POI}=%0 , 

a 

PG _ em{e+y ) PC ^*”(2"^'*"^) 
a Bmy ' b ~ siay ’ 

tlin<* <iem{0+y)=b sxu ^ 5 — ff+ 7 ^=&cos(<?- 7 ). 


tbcrcforo 

tbcroforo 


a (sin 0 cos 7 + 00s 0 81117 ) =& (cos 0 C0S7+Bm 0 sin 7), 


tau{?= 


h cos 7— a sin 7 
a 00S7— i Bin 7 


Ilenco 


and 

Tlion 


& cos 7- g sin 7 

v/{(o cos 7 - 6 Bin 7)- + (6 cos 7- a sin 7)®} 

& cos 7— a 61117 

— 2oJ Bin 27) ’ 


CQS<? = - 


a cos 7— 6 Bin 7 
‘ 4 * -^206 am 

a (sin 0 cos 7+ cos 0 Bin 7) _ 


ab cos 27 


sin 7 


sm 7 - 2ab sin 27)' 


*®+l 

233 x*-x^+x*-x+ls=~-~ Honco vro mnst find tbo roots of 

jr'4 ls:0, And omit tlio root -1 

Now if 3?=- 1 wo mny pnt **=cos tnri,/ - 1 sin nr, wbero n is any odd 
integer Honco *s=(cosnn-L»/^Bmnir)®=cos^-t«/-lBm^- 

Fat in enccossion 1 and 3 for n , ibns wo obtain tbo assigned ^alncs If 
we pnt S for « wo obtain tbo root - 1, which wo bad to omit 


25G Lot denoto tbo anglo opposite to tbo sido 1 , then 

^=^0* therefore sin d=^-L 

Bin^ 


As d is loty small wo may pnt 0 for Bind, thus approximately 

Thoreforo tbo nnmbor of degrees in tbo anglo x ~ , and tboroforo the 

, . . CO 180 3 180 3 „ _ , 

number of minntc8=p;^x — =— x — = 55x57 3=7 nearly 
600 r 25 ir so 

237. First lalco tbo inscnbod circle sco Art 218 

A B 

Fr=2r BinjPOA=2rcoS'|j, similarly f’i)=2roo3^ 
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The angle FfA=~(v—A), the angle I>ri}=~(7r-JB) , therefore the 

A ** 

angle EFD=^ (A+J5). 

Hence the area of the triangle BFE 

1 ABA +B „ , A B O 2rSs rS 

=2 ^ ““2 2 coH ^ cos^ cos^ = “2^ 

Now take one of the escribed circles, as for instance that opposite to 
tlie angle A ” see Art 250 

S G 

BF=2r^ 6ini)05=2rj sin-^ , sinularly i)jff=2ri sin ^ . 

The angle FI)B=tbe angle Pi)0+the angle EDO 

=^l^-B) + l(T-G)=^^~l(B + a) 

Hence the area of the triangle BFE 

1 . , B a j5+(7 
=5 4ri*sm^sm^sin~^- 

a a ^ B C A 2r,-(s-a)S 2r,S‘ r,S 

=2riS Bin -5 sin-^ cos _ 

2 2 2 abe abc 211 


258 Proceed as in Example 246, thus wo obtain sin^ 5=:cos-l7. 
If we take sin 9= cos B wo get 1 !=cos a + £ am a , thus 


, l-cosa ^ a „ , e^-e~^ . a 


therefore 


1+tans 





»fan(| + ?) 


If we take sm9= -costf we get 1= — cosa+X sina; thns 

, 1 + coSa . .a iu i — c”"^ ,a 

* = =coto* that is ^=cotg. 


sma 


e^+e“^' 


therefore 


1+cot^ tan^ + I 

? = 2 =_tan 

1-cotg tang-1 
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259 Fnt tbo exponential ^ nines lor the cosines in tlio senes denoted 
bys* tbns 

= |(c*+e>'), 

Avbere a=s«‘® =£ (cos d+i Bind), 

and 2/=re“‘^=c(oosd-t Bind) 

Thus (c‘***«fi+c-‘*s'«®)=e'«‘«‘’cos(s Bind). 

Sunilarlywo find that <»’=^ (c*— Bin(s Bind) 

r <f 6111 (s Bin d) , 

Therefore -=- — - (=tnn( 2 Bin d), 

B cos (: Bind) ' ' 

potbat c6ind=tnn~i^. 

And «*+ff*=<r^“®®{cos*(r 6ind) + BinS{s Bind)}=r®“®®, 


so that 


5 cos dssilog («*+<!«) 


If ds=g, Tvo bttTo -=tnns nnd8*+(r*s=l, bo that irsssms iind«=cos: 
^ 8 


2C0 Lot e bo tbo distance of tbo two given points, n tbo nninbor of 

2r- 

sides in tbo polygon; and pnt P~~ ^^t a bo tbo angle wbicb tbo distance 

between tbo two given points mnbes witb tbo first straight lino wbicb is 
drawn Then tbo nnmcncal values of tbo successive perpendiculars are 
cEino, eem(a+/3), esm(a+2^). Hence tbo sum of tbo squares on 
tbo pcipcndicnlars 

nc* {sin* a-i-Bin® (tt+^ + Bin®(o+2p)+ to n terms} 
c* 

= ^{l-cos2a+l-cos2(B+|5) + l-coB2(a+2}3)+ | 

See Art 328 

2C1 “Wo have 

a Bin d+5=:^ cosd, and cosd (a+b Bind)=:I. sind 

Tind cosd from tbo first equation, and Bubstituto it in the second, thus 
wo get 

Bin® d+ — sm d+l=0 
ab 
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AgaiiJt find Bind irom the first equation, and Babstituto it in the eecond; 
thus i\e get 

+ cosd + ^ = 0 

Then \re may employ the process oi Example 251 

2G2 By Example xvi 50 we inow that the sides of the new triangle 
are respectively a cob A, b cos B, and e cos 0 Thus the perimeter 

=aoosA+JcosB+ccosC'=4i2sinABinBBmC; byExamploxvi 22 , 


8S3 _2S 
(obey It 

2G3 As in Example 252 we shew that the area of the tnangle thus 
formed is 2E® cos ^ A cos cob- O, denote this by S 


Also 


Hence 


Ss =5 «6 Bin (7=2E® sm A sin £ sin O. 

1 . dr , d/T 

^ cob-^Acob-^Bcob-^G , 

-2/2 2 2 1 


S 


sin A sm ii sin O 


^ A J3 0 
Ssmgsmgsm^ 


How, as m Example xiii 40 we Bee that Ssin^ sin ^ am ^ cannot ho 

2 2 2 

greater than nmty , and therefore /S’ cannot bo greater than S, 


2G4 

Hence 


»*i= 


»-« 


r.= 


s-b’ 


r,=- 


S 

s-c 


0i+r*)(rs+i3) (r,+r,)=53 + + + 


S*dbe 


«®A®a5c _ s'oie 

’’ s* “"F"' 


(.-a)»(«-5)»(s-c)®- 

(s-«)(*— 5) (s-c) ” S~ 

Divide the first result by the second , and thus wo get 

a 

265 The wall a feet hi^ casts n shadow which extends a eot a feet from 
the wall measured in the direction of the meridian , hence a cot a sm B is the 
breadth of the shadow measured, tn the direction at right angles to the wall 
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Thus h=a cot a sin/3 Similarly V=a' cot a sin (y-p)- 

From these two ci^nations wo have to find a and /3. 

„ , aszn/9 a'Bin(v-fi) .. . 

Wo got — — ^ — —t so that 

5 = ® ( 8 m 7 Cot/J-cos'y), 


therefore 


ah' 


cot /3=cot 7+^ coscc 7 
Tbeo cot* a = t ( 1 +cot* p) jl + ^cot 7 + ^ cosec 7 )' j 

“a* j coscc- 7 + cot 7 oosee 7 1 

/t* h'i\ , , 21V , 

= 1 -s + — ) co«cc- 7 -{ r cot 7 coseo 7 

\a- a-/ aa' ' 


260 Assnmo « = rcos^, and i=rfimd, so that r® = a® + i*, and 
tan 0=5 Also assume a=p cos /3=pBm^, bo that p*=a®+/S’, and 

tan <i=^ 
a 

Then the propoBcd expression 

= (r cos 0+ ir sin 0)f‘ «»s^ '••V sm « _ cos ^+»p sln« 

Denoto this by n , then 

log « =r (p cos ^ + ip Bin <f>) log (re*®) 

= {pcosif>+tp Bin {tO + log r) 

~p (cos log r - <? Bin +pi (sm ^ log r +<? cos 0) 

=a H»r Bnj , 

therefore «=«*■■* ‘’■=e“'c*’’=f®'(cos r+t suit) 

To lunho this wholly real the term involving t mnst vanish, therefore 
Bin r must sunisli, therefore r mnst bo zero or a multiple of tt, therefore 

p (sm ^ log r+0 cos must bo zero or an oven multiple of ^ , but p sm <p=p, 

z 

and pco 8 ^=tt, eo that ^log (a*+J*)+otan“*- must bo zero or on oven 
Z c( 

multiple of ' 
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a* cos* 0+6* sm* 0 o* (1 + cos 20) +6* (1 - cos 20) 

2^ 

~a*+6s+(a*-6') cos 20 

4a* _ 4a* 

'"2(e»+6’) + (a*-6*) (<5®‘+c"29‘) “ {a+6)S(l+«'®‘) (l+cg--®*) 

(1+c)* 

(l+ce2®‘)(l+ce--«0‘ 


Tiiereforo 


^°e5w^T6TiIII^=2ioga 

„ j C* C» C« I 
=2jc-5 + 3-j+ j 

- jcc-2»‘ - f c-«‘ + 1’ c-“‘ - ^ j 

Tlio term ^^lucli imolros c is -c(e®‘-<“8*)’, tbnt is 4eEiii*0. 

Tlio term -vvlucb uiiolvcs c* is ^{<?8‘-e~"®‘)*, that is - ~sm®20 

J 2 

Tho term which involves e* is - ^ (c88‘-e~58‘)s, that is —sin* 30 

tf 3 

And so on 

Thus wo obtain tho rcduirod result 


2G8 Lot 0 denote tho centre of tho inscribed circle, J) and £ tho centres 
of tho cBcnbcd circles Then I), 0, E arc on a straight lino winch is at n^t 
angles to 00 Tho area of tho tnanglo ODE 

— \oG DE=^ r oosec ~ (rj+r.) see ^ 
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2C0 Tbo anglo OBC—\^J3, and the onglo OOB=^C Hence, ns on 
page 187, lino 6 of tbo Tngonometnj, wo bnvo 

r, ^cot ^ +cot =a , 

tbereforo 


« ,B ,C 
= cot — -f cot . 
>.11 


h .0, ,c .A , ,B 

- = col , + col-. , and - = cot -r + cot . 
r* 1 1 r, 4 4 


Similarly 

Heneo by addition rre get tbo required result 


270 ITo cnsilj see that tan“* tau“> (2r + 1) - tan"^ (2r - 1) 

Ecsolvo cacb of tbo giicii terms into two by this formula Then by 
addition TTO find that tbo sum = tnn~’ {2»+l) - tan"^ l=tnn~i 


271 


cot J = 


cos A J* + e* — a* + c® — < 1 ® 


Etn A 2be sin A 4^ 

sinulor expressions bold for cot B and cotC Tims 

ft* ^ *1” c* 

cot^+cot7;+colC= - 

Heneo if 8 be given tbo snm of tbo cotangents of tbo angles vanes as tbo 
sum of Uio squares of tbo Eidcs. 

272 By Art 2ri wo baio 

01*=lP-2Jtr, 

and OX>s+OA»+ Oi«=3iP+2iZ (rj + ra+rj). 

Thus by addition wo obtain 
0/» + O/r + or* + O/’a = f iP + 2/t (rj +rj + rj - r) 

= irs+ 8«®, by Example 201, = 12 A* 


273 Let then ton <7= 


0 - 6 . X 


003 2d = 


i-tan*d 

l+tnii-<7 a^.j+(a_i,)tTOS* 

A 


coax 
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274 Let 0 denote the centre of the circles Let ABCD he a straight 
line catting the outer circamference at A and D, and the inner circamference 
at B and C Let OB=r, and OA=nr Let ^e angle A01)s=2a, and the 
angle BOC—2p, so that the angle AOB=a-fi 

AB*=7iV*+r®— 2b}® cos (a— P) 

AB AB^ AB^ 

BD~ AB BD~AB.AG' 


Then 

Now 


Bnt AB AC=thB square on the straight line drawn from A to touch the 
inner oircuinference = (n^ — 1) 


Therefore 


AB «®-2ncos(o— /S) + l 
ED“ ji»-l 


275 Proceed as in the solution of Example 266 That the expression 
maj be wholly imaginary we must have cos r =0, and therefore r must be on 

odd multiple of therefore /)(sin^logr+dcoB^} must be an odd mnlti> 
pie of bnt and peoa^=a, so that ^ log(a‘+6^+atan~^~ 

must he an odd multiple of ~ 



= -tan^tan^, by Art 249 

7* ^ A 


In this way we find that the proposed expression 

!*“ I f I f *“41 

='^ , by Example vni lo , 


and this is the area of the triangle by Example xn 84 

Or thus Let / denote the centre of the mscnbed circle, 0 the centra 
of the escribed circle opposite to A, then the area of the quadmlateial 

IBOO=| (r+rj) = g(s-a+«) tan^=^ {6+c) tan^ seeAits 249 and250 
In this way we obtom for the whole required area the gi\en expression 
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277. We have 


1 + 2 cos £ : 


se 

Bin-g- 

e ’ 

sm- 
3*^ 


sin . 


l+2cos30=> 


Bin^ 


and BO on Then, as the Bnm of the logarithms of any set of quantifies is 
equal to the logarithm of the product of those quantities, we see that the 
required sum is the logarithm of 


30 

32 d 

sm^r 

sm-s- 

2 

2 

0 * 

60 

sm? 

sm — 

2 

2 


3»d 

sm^ 

e * 

em-w— 


that IS the logsnthm of 


sm 





278 Put /3 for ^ The path consists of a set of arcs of oiroles, each of 

which corresponds to the angle 2y3, and the radii of which are the respective 
distances of any assumed point from all the other angular points. The 
radii thus ore 2R sm p, 212 sm 2j3, Bin 3/3, 

Hence the required sum 

=::2i2{Bm/3+sin2/3+Bm3/3+ +Bmn/S}2/S 
The term sinnjS is zero, and may he omitted if we please 


By Art 303 this expression 

n — l„\ tiB n + 1 

^4Jtp i i-i =iRP‘ ^ 


Bin ip 


TT 

"“lii 


, . jr 4i2ir . ?r 

=34728 cot rr- cot j;- 

2n n 2n 

279 The sum of the areas of all the sectorE will he 
4i2®{sm®p+Bm®2p+6m^3p+ +sm®7ip}p 
= 2ZPP{1— cos2p+l-cos4p+ } 

=3 2R‘P |n- =2J2=«p=272V 

If we wish to hai e the whole areo of the figure bounded by the straight 
hne and by the arcs between two pomts where they cross the straight 
line, we must add to the above a set of triangles whu^ make up the whole 

polygon, that is 2 72a gxn ^ 
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280 We Lave 

Bin 2r0 _ 1 f_ I 1 I 

sm (2r ~l)$eai (2r + 1) e~ 2 coiO <sin(2r-l)^ '‘'Bin(2r+l)</j “ 

If vre resolve each term of the proposed senes mto two hy the aid of this 

formula we find that the sum of 2n terms=^^ - iiTfibl) J 


281 As in Example 214 we have 


g eos A 
““ smA ’ 


ieos-g 
' smJ? * 


ccosG 
emO ' 


TT 1 / xa • \ 1 (a? cos A 

Hence ^ (gg + + cy) = ^ A ~ 


1 f a? QOS A l?oos B c* cos Oy 
ilsmA smjB' suiC i 


=i2^(sinA oosA + siu^cosH+sm(7cosC7) 

S? 

=-^ (sm2A + 8in2g +Bin2U) =2JPBinA sm^ sm C, hy Art 114, 
B^e&smO, by Art 252, =S 

.■» •> , •.«„ « . ^ a® cos A J(®cosH e?cosC 

Also, g*a coseo A+hB coseo B+<?y coseo (7= y-7- 5- -j — — 

s=8iJ*(BmA co8A*)-smi7coBi?+am<7cos(7} 

r=4JP (sm2A4-Bm2il+sm2(7)=:lC2i® sm A sm^ sm 0 

sSiig, by the former port of the Example, =2ahc 

282 We obtam immediatdy from a diagram 

2r'=iJ(l-cosA), 2r"=g (1-cos ^), 2r"'=E (1 - cos C?) , 

ace 8rVV"=.8iPmn*^ sm*| sm*|=^,. 


Therefore {i4Jir'r''r'" = 


64BW< oTc® 
aWs- 4 s^ 


\a+i+cj 


283 Let and ^=sm-i^i5^?^, 

c ) ^ xs/(a- - (?) ' 


V(® — *■) a . 

oos0=^^ r and cos *=— Xi — — J 

Vfa'-C') ^ x^/(a^-c-\' 




therefore 6ui(d-<f)=^^^) c^{a^-a?) 


g(a^~<!®) c(g®-a^) _ ie®(g+c)-gc(g+c) x^ — ae 

'x{a?~e-) x(ffi~c‘)~ xla?-c?) ~x{a~c)’ 
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284:. Suppose D the middle point of BO Then 

ABP=A1)-+BB"~2AI> BD cos ABB, 
AC-=AJP+CB'-~ 2AB CD cos ADO, 

therefore by addition J®+c®=2A*+^, so that A®= 5 (f^+c®)-^; 

Jt 4 

similarly As=^(c®+o3)-J, and f*=|(a*+6s)--^ 


Therefore by addition 4 (^®+7,®+Z®)=3 (a®+6®+c®) 

Also (47r)s+(4is)2+(4is)* 

= (262 a. 2cs _ o 2)2 + (2c* + 2a* - 6*)* + (2a* + 26* - c®)* 

=9 (o^+5*+c*), by development 
Again, from ^rhat has been already sheim, 

16 (A*+l* + F)*=9 (a*+6=+c®)*, 
and 16 (6< + 1-* + Z‘)=9 (a«+6*+c^) , 

subtract and divide 2 , thus 

16(A®lr'+it*?>+F/ta)=9 (a96»+6*c*+c®a*) 

285 The area of the tnangle vrhich can be formed '\nth the straight: 
Imes h, Jc, I, by Arts 247 and 218, 

=1 V(2ft®/.*+ 2? ®P +21®7<s - h*- 1* - 1*) 

(2o’6®+26®c®+2c*a»-a^-6<-c<) 

= ^ V(2a®6*+ 25*<r + 2c*a® - a« - 6« - c<) = 1 5 


286. acos0-6cos(d— a) = cos0(a-6cosa) — 6 8maEm0, 

assume a-b cos a=} cos p, and 6Bma=:l6m^, 

then a cos 0 - 6 cos (0 - o) =1 (cos 0 cos /3 - sm 0 sm p) =1 cos (0+^ 

Similarly 

a sm 0 - 6 an (0 - a) sEin 0 (a -6 cos a) +6 sin a cos 0=% sm (j3+0}. 
Thus the proposed expression 


1 

= {6.cos(0+/9)+l*/-l Bm(0+^)}» 


-iKos^-±i. + J—--^l 
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287 Ecnoto tbo point bj 0, ond let OB, OB, OF he tbo perpendiculars 
on J3C, CA, AB respectively Then OA is tbe diameter of tbe circle vrbich 

EP 

wonld go ronnd OBAF , so that OA^ by Art. 252 Therefore 

6111 ui 

OA^ a Bill A =a OA BF=a(OB.FA + OF AB),hyEnchdyi D, 

=o jS AF+a y AB 

Transform tbe other two terms in like manner , tbns we obtain 
ap {AF-\rBF) + /3y (212>+ CB\ +70 {AB+ BO) = afic+pya + yah 

288. We have a/3c= — ^ ap sin C= 2Jtx2 area of OBB 

sm C 

Transform the other two terms similarly, thus wo obtain 
4i2(nrca of OBB+axee of OBF+aree of OFB) 

289 Wo have 

1 1 _ cos^A-cos^jg _ 6m^.S— em°A _ sin(^-A) sin (B+A) 

cos’‘B~ cos®A~ cos-Acos*J ~ cos®Jgcos*A ~ oos^Ncos^A ' 


BO that 


sm(J+A) _ 1 1 1 ) 

cos^B COB- A Bin {B-A) (oob-B ” cos^'A J 


Apply this transformation to eveiy term of the proposed senes , then we 
find that the snm 


"sm^ loos'* 7ifl~eos=o} " sind 1 oob*«P“^|~®°®®°^ 
290 By De Moivro’s Theorem the equation becomes 

008(0+2(1+ +«0)+.y-lsin(0+20+ +n0)=l, 

that is cos ” 0+ -1 0=1 


Hence we must have cos — und em g— 0 , bo that 

2 2 


^^-~^d=2mT, where m is zero or any integer 

291 Wo have = 1— 

2BmBBO „ , B+0 ^ A 
2Bin— Scos^ 

A 2 

pressions hold for }•" and r"' Thus 


, and similar es- 




ahe 


o A B G 8sS 

8 COS-g cos 003 


a=5V 2iJSS 


8sS 


=2Err 
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292 Wobavo JJ=— , bo that 7JBinyl=2 m 

2 Bin 2 ' ^ 

Snpposo that in consoquonco of tho error 7 in f? there is an error a in il, 
and an error p in Jt Thns 

(J£+p)BUl(4 + tt)=|, 

therefore npprosunatcly by Art 181 

(il+p) (sm A -i-a cos A)=^ (2) 

From (1) and (2) by Bnbtraotion, ncglcctmg the product ap, 
all cosA+/>Bmyl:=0, 

so tbnt “ ~ ~ ^ tan jf 

Similarly if /3 bo the error in J3 arising from tho error 7 in C, wo have 

Bnt a+fi+y^O, Binco the Bnm of tho threo angles of a tnonglo is equal 
to a fixed quantity, namely two right angles 


Thus 


thcroforo 


P- 


y-—{lo.nA+iaaJi)siO, 

liy __ Jty cosA cos li __ey cos A cos B 
taiiA+tanif” Em(A+j3) 28m- £7 


. , _ c sin it , c sin 2; 

And Binco sin (7= and = — , — 

<( h 


, a&ycotAcoti? 

, wo have />= — 1 — 


203 Let O denote the light nnglo, OA and CB tho equal Bides , produce 
C4 to D and OB to E, then Binco J}E is n times AB, it follows that CD and 
and CE ore each n times OA or OB. Let AE and BD intersect at 0, Then 
tho nnglo 270^1 = tho sum of tho angles OBA and OAB, and these ore equal ; 
BO that tho nnglo DOA =twico tho nnglo OAB But tho nnglo OAB=tho 
aiiglo EAO- tho nnglo BAO, bo that 


tnnOAJ3=tnn (LAO -BAO)=^ 


tnn 2 ;A (?-tan BAG _ n-1 
1 + tnn LAC tnn BAG~ 1+n 


294 As 0 continually increases from 0 to ^ tho value of cosd con- 
tinually decreases from 1 to 0 , so that there must bo ono voluo of 0, and 
only ono, in tins range, which makes d=coB 0 Also ns cos 0 is greater than 

0 when d=0, and is loss than 0 when d=^, this inluo is less than ^ 

As 0 changes from 0 to , tho cosino is always positive, and so wo cannot 

have cos 

T.T Iv.ir. 


29 
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"When 6 18 namencally greater than ^ it is numerically greater than 

nnity, and so cannot he eq^nal to cos 0 

Hence there must ho one, and only one, eolation of the equation 0=oos0 


295 Suppose the circular measuro of an angle between 0 and , 

which 13 greater than the solution of 9=cob0, so that /3-cos/9 is positive 
Let p — a denote the solution, so that /3 — a=3Cos03 — a)=coSj3 cos a + sm /3 sin a , 

8 — cos 8 008 a „ sm « ■, .-u = 

therefore . Now is less than umty, and so is cos a, 

^ „ sm a o 

1+ einfi 

a 


hence v — „ is less than the true lalne of a, and is a positive quantity 

1 + BiUp 

Therefore neorer than /3 to the solution of the equation, and 

^ *f* 8111 p 

IS still too large 


29G As in tho solution of Example 248 we get 

. . I — 5 - smtf+s/-lfc cosd 

tano+ ^7= t 

cos5- sj ~1l-em0 

therefore (ton a+/«y - 1 sec o) (cosd-«/-lf.Bmt^;=Bin8+,/^JfecoB0, 
thereforo sm 0 =tan a cos sin 0 sec o, 


and hcos 0=Eeoa cos8— 1. sm 9 tana, 

thereforo (sin 0 — tan a cos 0) (cos 0 4- sm d ton a) = sm 5 cos 9 sec^ 
thereforo sm d cos d (1 - sec’ a - ton® 0) = ton a (cos® 0 — sm® ffj , 

therefore 

. cos 20 . „„ 

-tano= ;r;i=COt 20 

t>m20 

Hence 

oot2d=cot + ; thereforo 2^=n7r+^+a 

And 

^ Bin<?-tautt COS0 sin«7-a} 
sm 0 sec a ~ sm 0 ’ 

therefore 

1+i sm(fl-o)+sin0 . o\ .a 

1-L~ BmO-Bm.{0-a)~ 

Now 

tan(t?-5)=tan(^+^j = ±l, 

thns 

that IS C"^==feCOt^ 

l-/v 2' 2 


297. "When tho figure is constructed it will be found to have ten sides 
five of which are respectively equal to tho other five ’ 



MISCELLANEOUS EXAMPLES 4; 

The Bum of five sides ^nll be found to be 

2r{sin30®+Bm6®+Bm24®+Bin 12®+sml8®}; 

and by Art 326 thin ^5” 

am 3® Bm3® 

298. The first term = ££? ® (1+ 6) ^ co3g(l-HSMg>_ 

1 — cos 3d (1 — COB d) (1 + 2 cos d)® 

COSd(l + OOBd)+j-i J 1 

“(l-COBd; (1 + 2 cosd)*~l-cosd ~ (l-cosdj (1 + 2 cos dj- 
1 1 

4 4 

~l-oosd l-cos3d‘ 

Ea(di term la to be resolved mto two m this manner , so that the sum 


1 

4(1 — cos d 1— coi 


4(1 — cos d 1— oos3"dJ 

299 Put /3 for ? . The first peipendicnlaT=r sm 0, the second perpen- 
dicular =rBm(^+/3), the third =r Bin (^+2/3), and so on Hence the product 

ssr^sin^ sm (0-i-(3) Bm(^+2j8) 6m(^+ri/3-j3), 

and this by Art 342=g5^smn0 

300 Let r denote the radius 'When all the stones are taken to the centro 
each stone is corned over a length r, bo that the labour maybe denoted by nr 
'When all the stones are taken to the position of one stone the labour m like 
manner may bo represented by the sum of the stroi^t hncs drawn from one 
comer of the polygon to all the other comers 

Let B=- then this sum 
n 

=2r {Bm/3+8m2)5+Bin3p+ +sinn;5} 

2r Bin (p+^^ p) sm ^ 2r /5 

= ' „ =2r cot? 


Hence the required ratio = 


nr n , B n , sr 

= - tan^ar - tan — 
. ,p 2 2 2 2n 

2r cot^ 

A 


To find the value of this when n is indefimtely mcreased we put it in the 


tan^ 

form V ” , then by Art 118 the limit is ^ 
4 IT 4 


29—2 
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- . . fcos5-coso)®+sin2asin®tf 

301 8ec=«=l+tan-.#i=i (cosg-co9 a j = 

cos- B — 2 cos 6 cos a + cos® o + sm® a (1 - cos® 0) 
~ (oostf-coso)® 

cos® 0 cos® tt — 2 cos 0 cos a + 1 


±COB lf> = 


(cos 0 — cos a)® 
cos 6 — cos a 


But 


cos 0 coa a — 1 
sm a siu ^ 


tan d)= — . 

^ cos cos a 

amasm^ 

=s= sin 4t= — 5 i 
^ cos^Gosa-1 

COB 0- cos a 

± cos A - cos a = ^ - cos a 

^ cos 0 cosa-l 


and 


^sm^sinas 


cos 0 -costt-coa 0 cos®a+cosa 
cos 0 cos a — 1 

cos0Bm®a 
COSdCOStt— 1’ 

Bind sin® a 


cos 0 COS a- 1 
Dividing these two results, ne get 


tan 0= 


±sm^sma 


±cos 0 — cosa 
Bin 0 Bin g 
cos 07 cos a 

Or thus tan 0 cos 0- sin a sin 0= tan 0 cos a 

tan® 0 cos® 0 - 2 sin a tan 0 sin 0 cos 0 + sin® a sin® 0 

s=tan ®0 COS® b (sin® 0 +oos® 0 ) 

This equation reduces to 

tan® 0 (cos® 0 - cos® a) - 2 sin a sin 0 cos 0 tan 0 + sin® 0 sm® a = 0 , 
or, {tan 0 (cos 0 +oos o) - sin 0 sin a} {tan 0 (cos 0 - cos a) - sin 0 sin a} =0 


b-jp _ Bin® B tan A _ sin B cos B sin 2E 
a-q sin® A tanE sin A cos A ~ sin 2A ’ 

ti®p - a-q _ sin 2B - sin 2A 2 cos (A +E) sin (B - A ) 
a-q sin 2A sin 2 4 

_ 2co 3 UsintA— E ) 

Bin 2A 


V 


1 

I 


? 

] 
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Also 


3 > Bin A cos B 
q~coaAsmB 

p-q __ Bin{A-JB ) _ aamjA-B) 
q coaABmB~ bsmAcos A 


division, 


Irp-a-q h 

-A- ^ s=-COS 

a-(p-q) a 


C 


cos 0= 


Jrp-a^q 

ab(p-q) 


303 Art 185 mg Lave 

C0S(Oj + tt2+ +O„) = C0SOjC0SO« COSa„(l-S»+ 84 - ), 

Bin(oi+o«+ +oj=cosoico3cu cos a„ (81—83+85- ) 

Square and add, 

. ls=COS®aiOOS-«5 COS"a,i{(l-8j + 84 - )®+(Si-8a+S5- )-} 

(1 — *_+84— — 83 + ^5— )■ 

=BecS ttj Bee® a, 

= (1 + tan- tti) (1 + tan* oj) 

a:l + »SlTSj + 


301 Put cosarr*, cos/ 3 =y, 0037=1: and transpose, we Lave to proie 
tliat 

(1 - a:* - j/S - 1* + 2xyz)- -2{yz-x){pj- z) (xz - y) 

+ (1 - X ®) {yz - x)* + (1 - y-) (zx - y)- + (1 - z-‘) {xy - g)- 

=(i-x?)(i-y’)(i-^’) 


If x=l tile Icft'Land eido 

= (j/* + z* - 2pr)* - 2 (yz - 1 ) ( 1 / - z) (z - y) + (1 - y®) (z - j/)* + (1 - z*) (y - z)* 
= CV - =)* (l/=+ - 2yr + 2yz - 2 + 1 - y*+ 1 - z"-) 

=0 


1 - X 16 a factor of tlic Icft-Land Bide 
If x= - 1 tlic Iclt-liand Bide 

= (!/+:)• (y-+z®+2yz - 2yz - 2+ 1 - ys+ 1 -z*) 

=0 

Hence 1-x*, and similarly 1-y*, l-z* are factors 

Now (1 - X®) (1 - y*) (1 - z*) contains a term of tLe sixtL degree , tlierefore 
tLcre can be no more algebraic factors Also tbe term without x, y or z is 
unity; therefore the result follows. 



3JISCELLANE0US EXAMPLES 


454< 


305 Lot K=p sm® ^ + 2 sm® a.=p sin® y+r sm® « =s 2 V sm®^ 

Solve these equations for 2 ), 2i ^ (Oh xnx Ex 39) 

gCOStt KOOBP ^ XCO 87 

^“sin^Ssmy’ ®~sintt8in7’ 

a. *■ j. -0 / sm-g . ■ s»P^7 \ 

P 2 2 »*/ 


Also 


sm®« sin®/S . sm®7 x , . . ^ 

»• — + - 7 ^ + — 

(2>3^+qy°+rz") ^ + ~-^ + ^-^^-(®Bina+2/sm|9+SBin7)* 

— 2yz sm /3 sm 7 — 2zx sin 7 sin a — 2xy sm a sm |3 

Kpa? . Afffw® . m® 2wa 2r® . 2xy 

=^ + -^'^7;::. ^ KCOSa — —KCOsp — ^KCOSy 

qr $r pq j) q r 

+ 2 V + -^qryzcoBa- 2prxz cos /9 - 22>2«p cos 7) 

Bence we obtam 

jp®®® + 2®2® + r®«® - 2qnjz cos a - 2pTxz cos /5 - 2pqxy cos 7 

( iBm®o+-Bm®/5+-Bin®7j 

p q T *' 

and fiom the given conditions this is independent of x, y, z 


306 (cos a+ cos fi+cos 7 )®+ (sm a+sin)9+ sm 7 )® 

=3+2 cos a COS/3+2 Bin a sm j8+(&c 

= 3 + 2 cos (a - /3} + 2 cos (/3 - 7 ) + 2 cos (7 - a) 

=3-3=0 

Hence cosa+cos/9+cos7=0) 

and Bma+sm/3+6in7=0/ 

(cos /5 + cos 7 )® + (sm /3 + sin 7) ® = cos® a + sm-’ a. 
- 2+2cos09-7)=1 
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Eunilnrlj 


2ir 

y-a=-. 

2r „ 2r 
“=7-3-. P=yr-j- 


cosjia+cos +003717= cos ^«7-^^^-*-cos ^717+^^^4.003 717 


sa cos 717 


(la-2 cos 


2/1* X 

If 11 be not a mnltiple of 3, cos -j- and tins expression yanisbes 

If n be a multiple of 3, cos^^=l and 

o 

cos Jia T cos n/3 -i-cos ny=S cos nY= 3 cos 5 n (tt+ /9 ty) 

O 

307 First suppose that B'C is withm the tnangle, and let JB'C?' produced 
cut AB, AC in P and Q respectively 
Let pjspcipcndicnlar from A on BC 

C'O— „ 

^ sin (7 «6sinC7 2A ’ 

A being the area of the tnangle ABC 
acz cz 


Then 


B’P=:-~ - „ 

sm B ac sin C 2A 

FQ _ _ j _ £2 = 1 _ — 

a ~ pj ~ *iPi~ 2A 
B'Cr^PQ - C'Q-B'P=a j . 

Kow area area ABC =B'C’^ a-. 


. area A' 




If B'C' bo on tlio other side of BC we find B'C' and the area of A'B'C' by 
putting -xforx in the above 

Hence the different \alnc5 of B'C' are 

ax+ly+cz\ _ ax-by+cz\ 

2A 


/, ax+ltj+cz\ (. ax-bif+cz\ 
2A~)- 

)■ 


flg+&y"Cg 


/- ax-hu^cz\ /- c 
" V 2A /’ ® 2A 

and four more, found by puttmg-x for x m each of the above 
Tlie Eum of these is 8a 
Tims the a\orage perimeter is o+b+c 
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The sum of the areas —A is 


ax+Vy-{-czy . /, ax+ly~ez\- 

2A ) ^ ) 

/, ax-Vy-^czy^ . /, ax-l)i/-cz \- 

— 2r";+v^" 2 a ; 

+four more terms fotmd by putting — a; for x in these 

+ two similar terms with - a: for a: 

, . a-x-+hhj^+c^Z- 

the average area&A-j 

4A 


303 The perpendicular to PC through its middle point passes through 
Oj and Os, since PC is a chord of each of the circles round PCS, PCA 

Thus the sides of the tnangle O^OsOg are perpendicular to PA, PS, PC, 

If Z, Y, Z bo the middle points of PA, PS, PC, then since O^YPZ he 
on a cirde, z Oi=7r-0, hence OsO^—^p sin 6, smce p is the circnmradius of 
the tnangle OiOjOj 

Now area 0i0s03=sam of the areas POgO^, PO^Oi, PO^On 
=i (PA’. OjOj+Pr . OsOs+PZ 0,0,) 

=~{x OoOs+y OjOi-rr. 0,0,) 

i=^{x smB+ysm<i>+ZBai}}i) p 

Also area 0,0,03=:^ 0,0, . 0,03810 0=:2/>-sin <7sin^sm^. 

4/>sin dsin ^ sin }}/=xBm O^y sin ^+£8in ^ 

309 The ^lano through the tops of the hills cuts the honrontal plane 
in a straight line, in which A, S, C must he Let A', P', 0' bo the feet of 
(he perpendiculars from the tops of the hills on the honzontal plane Then 
A'B', S'C, A' O' pass through 0, A, S 

Now OA' CS'=x y 

Through S' draw P'JV parallel to CBA and cutting A'C in N. 
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Hence 

and 

multiplying, 

or 

Each fraction 


HC _GA‘ _ X 
Ji'N~A'B'~x-y’ 

B'N B’G' y-z 
AB~AG'~ z ‘ 

BG __x(y~z) 

AB~z (aT^) ’ 
z{x~y) x{y-z) 

AB ~ BC 

_z{x-y)+x(y~z) 

AB+BG 

^ y{x~z) _ y(z-x) 
AO ~ GA 


310 Let pA, pB, pG bo perpendiculars from p on the straight lines 
qs, qt, qr, and let qt he between qr, qs Since the angles at A, B, G are 
n^t angles, the cirdo on pq as diameter passes through A, B, G Also 
pA=P^„ pB=-P,t, pG=Pfr The chord AB subtends at the circum- 
ference an angle sgf Hence AB=pqsmsqt, and similarly BG=pqsmtqr, 
AG=pq amsqr Hence it is required to prove that 
pG AB+pA BGsspB AC, 

ABGp being a quadrilateral m a circle, this is true by Eno vi , prop n 
Let r, s, t denote the angles of the triangle rst, and B the radius of the 
circumscnbmg circle 

/prg=/srs-/prs=^-(^^-fj = ^+t-^ 
Pqf=BBmprq= - Jlcos ^5+*^ 

P,, cos i r P,. cos I «+ Pjt cos i t 


“ ~ cos ir cos -t-2 cos |s cos 


) + 2C08-tC0S 

A 


G-)} 


= ~~ |cos(r+ t)-^-cos^-^cos(«-^^)+co8r-^oos(^-^-t)-^-cos^|• 

-If 


cos s cos t - cos t -b cos r - cos r + cos s}- 


=0 


311 Let 0 be the centre of the square, N the middle point of BG, let 
OP=Xi=OQ, hence, if 2a be the side of the square, 


. „ PN a-x 

tanP5=— _= — , 
BN a 


„ QN 

tan (7=^, = 

ON a 


tan P-t- tan (7=2, tanPtanC=l-p, 
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and 


Now 


tanE-tanU= 

a 


. ^ „ tanJB+tanU 

tanA= -tan (N+0)= - 




= -- 2 - 


X- 


OaS 4si^ 

tan A (tanU-tan C )®=: — 5 x— j-ss-S 

X“ Cl** 


312 Let X, Y, Z be the centres of the three curcles Let the oiroles 
whose centres are T, Z touch BG at Jl/ and N , draw ZK pei 7 )endicnlar 
to YM 


Since 

YZ=y -^2 and YH=y~z, 

MN^=RZ^= (y +s)®- (y -£f-Ayz 

But 

n G 

MN=a-BM~CN=a-y cot^-ccot-^, 

and 

a=r ^ootj+cot~^ 

2 ijys-{r-y) cot (r- «) cot . 

Sunilarlj 

2 tjzx =:{r~z) cot (r- *) cot ^ , 

and 

2 ,Js^=(r~x)cot^+(r- ij) cot^ 

Subtract the first of these from the snm of the 2nd and 3rd, 

(r - a:) cot ^ -^Jzx +Jxy, 

which gives the first result 

Put /Jyz=v+v>, V^*=«+w, tjxy—%i+v 

.A 2u 

Now since 

l(^+B+C)=I, 

2«(r- 

cot|^+cot5+cot^=cot^ cot 5 cot^. 

• y) {r - «) + 2a (r - r) (r - a:) + 2w (r - ar) (r - y) - Suow = 0 , 


coeiEcient of r'^=2u-^2v-\-2io=^^ ^xy, 
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cocHicicnt of -r=2«(y+£)H 2i>{s+x)+2w(x+y) 

=2x(i»+jp) + 2i/ (w+m)+ 2 s{«+») 

=2 

nbsolntc term =2uy£4-2r£®-r2icxy -8taw 

=2 {« (extr)2+» (w+m)2+w («+t)=-4itrjr} 

=2 {w(i'®+w-)+t) (tc2+uS)+iP {u-+v'^+2uvw) 

=2 (u+rj (e+ic) (w+tt) 

=2xi/r. 

>Jsx+ Jxy)-2r Jx^yx-^^hj+^z)Jr2xyz=zQ 


313. F di\idcs AB in tlio ratio of b to a, licncc 


Xow 


Al«o 


2^ c 

AF=: e, and Eimilarh, AE= b 

a+b fl+c 

a=:2It£mA, EF—^BiSmA 
Jf*’ 

rF^=AF^+Ar‘-2AF AEcoaA 

Ua-rby^ (a+c}-J {a + b)(a+c) 

- tv r _ _L T + iiE (2tc - &= - c=+ a=) 

L« + 6 a->-cJ (tt+ii)(o+c)' ' 


be( b-eP [ be J 
(a +bj{a-f-c) l(a + b) (« +c) j 


a-bc 


(a+b) (a+c) 


n‘be 


ale (fl -i-b +c) (b-c)* 

~ (a+b)=(a+c)* '*’(a + b) (a+c) 


^ |abc{a + b+c)(b=-c5) , abe a] 

^if-(b-~c-) t(aJ-b)*(a+c)=(b+«,)5'*'(o+b)(a+c){b+c) b-cf 

abc r a b c ~) 

~(a*s-b)(b+c)(c+a) Lt'-c’*’c-«*^a-bJ 


314 Snppoic for convenience of reference that the tnanglo is within 
the circle and that 0 is nithiu the tnanglo, lot OA=u, OB=v, OC=w, 
iBOC^xi, /iCOA=p, lAOB=y, AAOP=0, lBOP=y-e Thenweha^e 

r*+ - 2m cos d 
J?p3=r®+r- - 2n» cos {y - 0) 

(7P*=r® + 1 C* - 2np cos (P+O) 



460 


MISCELLANEOUS EXAAIPLES 


Multiply these by i»iosino, ^vvsmy respectively and add, 

the sum of the terms 'wbioh depend on the position of P 

= - ruvjo {cos ^ Bin o + cos (y - 0) sin /3 + cos (/S + 0) sin y] 

= —ruvip {sin tt+sin/3 cos “y+cos p sin 7} cos 0 
= -ruvto {sin a + Bin (/3+7)} cos 0 
=0 since a+/3+7=2jr 


316 Suppose the circle to be the inscribed circle of the tnnngle ABC, 
let AB'C he one of the other triangles, so that the circle is the escribed 
circle of the tnangle AB'C Let dashed letters apply to the tnangle AB'C 

The areas of the tnangles are proportional to the squares of the sides, 




V 


the radius of the circles:— , and also=-T^^ 
s s' -a' 


s-a 
’s' -a' 


A _ s 
Ai~s'-a' 


But 


Ml _ s' -a' 

V A “ s~a 

s /A 

s-a V ^1 

Thus iZl~ Ma 

t Va’ s va’ «“va 

by addition, 1 = V^i j'N/Aa+^^/Aj 

VA ’ 

by multiphcation, (»-c) _ ^^AjA^ ^ 

r=(AAiAjA3)i 
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316 If Q ba the orthocentre, the pedal line of P bisects PQ, and 

the pedal hno passes through G (the centroid) and is at right angles to PQ, 

therefore PG=GQ, idso GQ=|oQ (Oh xn Ex. 18) 

4 4 

PG®=^ OQ2 P® (1-8 cos ^ cos P cos 0) (Ch xvi Ex 41) 

Let D be the middle point of BC, and F the middle point of GA, so that 
AB IS trisected m G and F 

Smce JD is the middle point of BG 

PP2+PC==2PP5+ 2 BP 2 , 

simdarlj PA-+FG^=2PF^+2FA^ 

and 2 {PB-+PF<‘)=2 {2PG^+2BG ^ , 

adding PA^+PB^+P<P=3PCP+2BD^+2FA^+4J}G’‘ 

=3PGf=+^fflS+6Dff2 

=3PG=+ia=+gAP* 

=3Pff2+g (AB^+B(P-2BD^ 

=3PG=+i(o=+b=+cS) 

= 3PG2 + 1 IP (sin2 A + sm2 B + sin® C) 

4 4 

= 5 P®( 1 - 8 cos^ cosPcosC?)+5P®(2+2 cos /t cos P cos C) 

O o 

=4P® (1-2 cos A cosP cos C) 

317 Let A'P'C' ho the triangle so formed Since the angles at E and P 
are nght angles, and the angles OFA', OEA' are equal or supplementary, a 
circle passes round OA'FAE , OA is the diameter of this circle, and OA' a 
chord eubtendmg an angled (i o OFA') at the circumference, therefore 
OA'=i OA sin 0 , similarly OP'= OB sin 0, OC— OC sm 0 Also / OA'B'= 
L OAB, since they are angles in the same segment of the circle round 
AEOF, for a similar reason L OB’A'— I OBA, also lA'OB'^ lAOB 

area OA'B'=\o A' OB' am A' OB' =\o A OBemAOB Bm’>0 

A it 

=area^0P sm®d 

In the same wry, area OB'C'=axea AOB sin®d, and area OC'A'=area 
COA sin®d 

area A'B'C'=&rea, ABG sm® 0 
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318. Pat ri+r»+r3=2a: 

from tho given equation 

(ar-j-j) {x-r^ {x~T^+r^r^rs=0, 

*3-*® (2®) +® (rir2+rir3+r«rg)=0, 

a:®=rir2+rir3+rar3 

f 1 , 1 , 1 ) 

l{«-a)(s-Zi) (s-a)(s-c) (s-Z»){s-<-)j 

8A®{3g-(g+5+c)} 

~s{s-a) («-6) («-c) 

=«® 

2®=2s 

But ri+ra + r3=r+4E (Ch xn Ex 20) 

r+4jR=the penmeter of the tnangle 

Again ri+ra+r 3 =r + 4B, and rira + rira + rargrrs®, 

rj® + rj® + rj® - 3rirar3 = {r^ + r. + Va) { (r^ + Vj + Vg)® - 3 + rarj) } 

= (4E+r){(4B + r)®-3s®} 

=(4E+r)(4B + r + s^3) (4E + r-«,^3) 

flA3 

319 

B®=r^>a+r^r3-Hra»3= ^- &) (3 -c) (® - g+®- &+< -c)=a® 

B=s 

. AAA 

A— rj+ro+jg— - — — + — j- ^ 

«-a *-li «-c 

""s(«-a)(s-6)(g-c) t ~ (® “ «) + (« “ c) (« - a) + (s - a) (s - &) ] 
=^[3s®— 2 (a+Z>+c) s+6c+ca+a5] 

g 

= j (- S® + l»c + CO + ab). 


4ahe 

'j^=4R=ri+ra+r3-i 

=.f-^ 


also 


[Oh. XVI. Ex 20] 
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Hence a + b+c=2B, 

6c+ca + o6=s®+jl — 
s 

=1>--+A g, 

ahe=Aii~ — 
s 

_AG^ CO 
~ B !{•*’ 

. the cqnntion for the sides is 

x3-2Bi?+(b"-+^'^x+^^{C3-AIP)=0 

820. Let P bo the point, a the angle PAB, p the angle PAG 

Then cosas- — 2 a x~ ' ®os/3= — ^ --- , a being the side of the equi- 
lateral tnanglc 

Also 8in®o=s-^„(2a®j2+2ff*y-+2**i/*-a*-a:*- y*) 

1 /3 

Kou cos^=:cos(GO’-o)=5CoSB+^Bina 

A 

3 Bin- o = (2 cos /3 - cos o)® 

- (^l±Elz^ _ a°+J°-y= y 


-( 


3 (2a®x®+ 2aY+ 2xhf -a*-x*-y*) 
=(fl®+a:®a.y®-2.’®)® 

=:a*-{-x^+y*+ lz* + 2a®j® + 2«®i/® + 2i®y® - 4i:® (n® + a:® + y-) , 
l[j®//2+iC=:S+y®i®+a=(x®+p®+r®)]=4(a^+a:<+y‘+2*) 


321 Let r be the radius of the circle touching the semicircles, and let 
X, r, Z bo the centres of the semicircles, draw ON perpendicular to 
Ar 

Then OwV=r*l a, Or=r+?i, OZ=:a+b-i, XZ=b, YZ=a 
By Euo n 13 we have 

(r+n;®=i®+(a+I»-r)®±2b ZN, 

(r+ by>=ar+ (a-^ 6 - r)®T2a . ZN 
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These equations reduce to 

(4«+2&)r=26 {a+b)^2hZN, 

(46 + 2fl) rs= 2a (a+b)=F 2aZN 

Multiply the first equation by a, the second by b, and odd , 

4 (a®+a6+65)r=4fl6 (o+6), 
fl6(g+5) 

*"~a®+a6 + 6®i 

If o, /3 , 7 be the sides of the tnangle OAT, and 2(r=tt+/S+7, then 
ffs:r+a+b, <r—a=a, a—p=b, <r-y=r. 


area of OXY= ^abr (a+b+r) 

(a26*(a+6) (a+6)s 1 

ta=+a6+63 fl8+a6+6-*j 
a6(a+6)® . , 




but 


area OXr=g 02if(a+6), 


ON=2r 


322 The angle ASB^=:~-B , also the angle BABi=^, the angle 

Ejsthe angle B Thus the tnangles ABC and A-yB-fii are similar, and 
therefore the radu of the circumscribing circles (E and are in the 
latio of c to C], the suffixes refemng to the tnangle A^iQ^. 


Cj =ABi+AAi=c cotB+bcoBeoA 
_ /cos .8 sinjg \ 

~ \smi?^sinAsin(7/ ’ 


Bj _ sin A sin G cos B+ sm^B 
Jl~ am A sin B Bin C 


( cos .5 + 008 A cos 0) cos-g+sin^B 
sin A Bin B sin 0 


1+cosA cosBcosO 
smAsinBsinO 


sm^ A + Bin’^ B + sin° C 
2 sin A sin B sin O 


(Ch Mil Ex 23) 


If this expression=B', thenBi=EB, in the same way B„=:ICBi=:A-B, 
and generally BjiSsiT" B, 

1 0 B =B / sin-A+sm^B+BingQ N" 

‘ \ 2 sin A sin B Bin O J 
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323 The plane through A, B, G must out the horizontal plane in a 
straight line in 'whioh P and Q lie Clearly the perpendiculars from A, S, G 
on the line PQ are proportional to the heights of the mountains, let these 
perpendiculars be i P 2 > f’s > 

/P^Q=ir-(^+^+2a)= lPBQ=: /.PCQ 

a circle passes round ABGQP, let B, be the radius of this cu:ole, 
smce PA, PB, PG subtend angles ^+a, 0+2a at the circumference 

P^=2Psin^, PP=2Pein(^-)-a}, PC=2Psin(0+2a), 

Pi=PA Bin (^+2a) =2P sin ^ sin {\p+Za), 

Pa=PB sin (f+a) =2R sin (0+a) sin (\&+a), 

P3=PC'sin^ =2PBin(0+2ii) sm^, 
the heights are in the ratio of 

Bin^Bm(^+2a) sin (^+a} 8in(\^+a) Bin(^+2a)Bm^ 

Expand and divide through by sin tftemf sin 2a , the heights are as 

cot2a+cot^ ^ (oota+eot^)(eota+cot^)ta,na cot2a+oot^ 

2 


Agam, iQAGss /.QPG=ip, jCACQszv- lAPQ sst- { if/ + 2a), and QD 
bisects /.AQG, 


AD _AQ _ BmAGQ _ Bm(^+2tt) 
DG~ GQ~ BaxQAG~~ sin^ ’ 


AG _ sm^t'+Bin(^^+2tt) _ 2sin(^+a)co3tt 
CD ~ Bih^ Bin f 


= sm 2a (cot f + cot a) 


324 Let A', B', C' bo the centres of the three circles , A’, B’, C must 
he in AI, BI, Cl, where I is the centre of the inscribed circle of the triangle 
ABC 

Now = J3'P=-^. 

s “2 ®“2 

similarly IG'J^, , also angle BIG =ir -^{B + C) , 


area B'IC'=~IB' IC' sm B'lG' 


Bin- 


B + G 




B C 
sm^sin^ 




T T K.H 


(Alt 240) 

30 
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MISCELIiANEOUS examples 


"Wo get Bimilsr expressions for areas of CIA', A’lff , 

area A'B’C=—{a{r~r^{r-T^+h{r-r^W-r^-i-c (» -rj)(r -ro)} 


323 Denote the angles SQG, GQA, AQB by &, <(>, f, so that 

+ ^ + 5J' = 2ff, 

BG IS a chord of a circle of radios jRi and subtends at the cironmference of 
the circle an angle 0, 

4-=2smtf, also ^=2810 0, -^=2smi^ 

Ml Mo 

Hence, we have to prove that 

(sin ^ + sin ^ + Bin ^) ( — sm + sin ^ + sm (sm tf - sin ^ + sin 

(sin 0+sin 4 >- sin 

=4 sin®^ sin®^ sin^^fr 

Putting ir - 5, r - <;i, ir- ^ for A, H, £7 in Ex. 16 and 17, Ch \uii , we see 
that 

, 6 A . yj/ 

sm ^+sm ^=4 sm g sm ^ sin , 

M B A A 

- sm ^fr+sm ^s=4 sm g cos ^ COB -g , 

B A 

Bin sm ^+am ^=4 cos g sm ^ cos ^ , 

.BAA 
sm ^ + sin ^ - sm i^=4 cos ^ cos 

Multiplying these we get the xeqLuired result 


326 The cirde on PA as diameter passes through M, N , since the chord 
MN subtends an angle A at the circumference, we Imve MNs=PA sin A 

Thus 1=PA smA+PBsmH+Pt/sm C 

Now 

(P^l®+PjB®+PCP)(sin®A + sm®P+8m®C) — (PA sinA+PPsmB+PC sin C)- 
= {PB smG-PG sm P)®+ (PC sm A - PA sin C)H (PA sm B~PB sm A)- 

JPA JPS JPG 

The light-hand side is least when , and is equal to 0 

the least value of PA^+PB-+P(P is 

(PAsmA-fPPsinP+PCsinC)° 
sm-A -hsm®P-f-sm*C ’ 

P 


that 13, 


sin“ A + sin®P sm** C 
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327 Lei PQR bo the tnangle formed by the tangents, and let OD bo 
the peipendicnlar from the centre 0 to the Ime ABC. Draw BN perpen- 
dionlar to ^D(7 hot DAssx, DB~y, DC=z 


AN' 

^=cotailN=tan OAD-. 
JiN 


P 

BA' 


BN 

BN 


=eotBBN=tan OBB= 


P- 

DB 


• or BN=f 

&rooABB=lBN 

2 2p 

Similarly area , area QAC — ^^^ ; 
area PQB =ar:ca ABB+tacaBPC - area QAG 

-^{xij(y-x)+yz{z-y)-^xz{x-z)} 


-^(2/-x)(s-y)(z-x)=z 


BC AC AB 

2p 


32S The denominator of the fraotion 
= cos 0 (sin 2D - sin 20+ sin 2D - sm 2A) 

+ Bin 0 (cos 2B - cos 2C+C0S 2D - cos 2 1 ) 

=2 Bin <1 (cos 2D -cos 2C), smeo sin2D=— sin2D, cob2D=cos2D, Ac, 
=4 sm (sm® C - Bm®D) 

=^^~(DD®-AC®), Bmeo 2BsmC—BD, 2BBmB=AC 


The nximctatot=cos 0 {ah smD+cdsinD-dasm A -bcsin C) 

+ Bin 0 {ah cos B+ed cos D — da cos A -he cos C) 
=cos 0 (2 area ABCD - 2 area ABCB) 

f ^ s in <1 { o® + li® - J C® + b= + d® - A C® - (d® + a® - DD® + 6® + c® - DD^) } 

=sind(DD®-ylC®) 

,1 , . sind(DD®-jlC®) 

Ilcncc the fraction =■- ■' ‘ =D- 

— BmO{Bir—A(P) 

30—2 
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anSCELLANEOUS EXAMPLES 


329 We have 

a-.i-h-— 2db cos B = j1C®=c® + ~ 2cd cos D < 
flS + js _ c 2 _ (f 2 =: 2ab cos B - 2cd cos D, 

{a+i)»- (c - rf)*=4a6 eos~^B +icd 
-(a- &)=+(c+<f)==4a6 Bm®| E+4c<i cossiE, 
{B~c){» — d)siab cos* ^ E + erf sin® g E, 

1 VH 

and (j-a)(s-li)s=a6sm®gE+crfcos-^E 

Divide these by (s— c)(s-rf), («-fl)(s— b) respcctucly , 

erf 


and 


l=8m®^+ 

l=Bm®^+ 


if-cw- i ) “i®- 

erf n 

J r-j }-r, COS'gD 

(* — «)(»— b) 2 


Transpose, multiply the two results together and toLo the square root, 


cos ^ cos 


But 


Bin 0 Bin • 


edBiniDcos^D 

b)\s- e) (s - rf) 
ab sin I B cos gB 


^{8-h)[s- b) (j - c) (s - rf) 
- flj(s - b)(« -c)(s- d) 003 - \&) 

=erf sin 5 B cos 5 D + ab Bin 5 B cos i B 

i2 A U it 

=5 (erf Bin D + ab sin B) 

sarca jIBC + area ABCs=nTca ABCD 


S30 We have 


2r,=- 


BD 


• 2r3— 


BD 


^ BinC’ “'® Bin^ 

1/1 1 2oos(/l + (7)) Bin® + sm®C+ 2 cos (/1 + C) sin sm C 

4 5^r"f 

sin®.rf+sin® C+2 cos /I cos (7sm.rf sin C-2 sm®^ sin® 6’ 


BB-! 
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sm^A (1 - sin® G) +Bm® 0(1 — Bin®ul) +2 cos A cos CsmA sm O 

JBL® 

(sin^cosC+cos^sinC)® sm®(il + C) 

Sd3 ~ JW^ • 


1 . 2cob(J?-H))1 

sin®(i?+l)) 

®'2»4 i 

“ A(P 


Hence, since Ein®(il-f C)=sm®(E+2)) tlie result follows 


331. Let A, B, G, D lie the four angular points, P the point on the cir- 
cumference, suppose X to represent the side of the polygon, 0 the angle 
subtended hy a side at the circumference, y the diagon^ AC or BD 

Applying Euo vi prop n, to the qnadnlatemls PBCD, PABC, we 
obtain 


ye=zx(b+d), and yb=x(a+c), 
c(a-re)=b{b+d), 
c^ — tfissbd — ae 


which IS the reqmred relation 


Again 


=sm d=sin J7 j1(7 




r-= 


4x — y- 


Now 


and 

also from (3) 

and from (4) 

Again 

and 


X c _ h 
y~ b+d~ a+c’ 

X _ c+b 
y a+6+c+d 

®_ c-6 

y ~ b+d-a—e 

X _ c-t-6 

Zx—y~b+c-a—d 

X _ c-b 
2x+y~ c+d — a—b 

y-z=a-+c^-2aecoa 20, 

y-=zlr+dr- 2bd cos 20 


( 1 ). 


( 2 ) 


(3). 


(4); 


( 5 ) . 

(6) 
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Hence eliminating cos 2ff, 

1 /® (bd~ac)=ld (a®+c®) - ac (JP+dP), 


, (ab-cd)(ad — be) 
^ ~ hd~ae 


mnltipljing together (3), (4), (6), <6), (7) and usmg equations (1), (2) 
\7o obtain 

_ (ab — cd) (ad — be) {bd - ae) 

^~(a+b-i-c+d) (b+d-a-e) {b+c~a~d) [c+d-a~b) 


332 Let PQ be that diameter of the circmnscnbing circle (whose centre 
IS 0) which bisects the diagonal BD of the given quadrilateral ABCB 
Then AQ, OP bisect the angles A, C ot the quadrilateral, and therefore pass 
through the centre of the inscribed circle, say I. 

Then CI.lP=^AJ.IQ=BP-dr- 

Non rxAlBia~=ClBm^—CIcos^, 

since A + Cs=ir 

Hence + 

={Ea-iPf(i8in*4 + icos*^) 

= (ES-(P)8 i 

But IP^+IQ^=2IO^+2PO^=2dP+2Iis 

Hence i = 

r« (E-df (E+d)=^(E-d)-* 

S33 Let AB^x, JG=y, AB=z, AE=:n, lBAG=a., zGAD=B, 
I DAE—y Then we have 

Bin{tt+/9+7)Bin/5+Bma6m7=sin{a+/5)sin(;8+7) [Oh nir Ex 11] 
Multiply by ^xyzu , then observing that 
1 ^ 1 

sin a = aBAO^ ^ yz sm /?= A CADf &o , we obtain 

ABAE.&.OAD+ aBAG aI>AEs= aBAD z^CAE 
But ACAD=A-b~c, ABAI>=:A-c~e, and ACAE=A-b-d 
Hence a(A-b~e)-i-leis(A~c~e)(A-b-d) 

—•d^~(b+c+d+e)A i-be+ed+de+be% 

A^- (a+b+c+d+e)A+ab+bc-i-cd+de+ea=0 
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3Si Since AUCJb is a gag^Tilaigral iziscnbed in a circle, t'c have b— 
Ene. n , Prop v, 

flc . - {!> 

Similarly, from the gnadrilateial^jSDE, 

tt=qe-^ad', 

tt—ajds=qi=- (b«— flc) froni (Ij, 


i e. p {rt—ad)=e(lt—ac). 
onal of the gnadiih 

,_(pi-^ee) (pe—de) 


Agmn, sinoe CE is a diagonal of the qnadrilateial ACDE, vre Lave, from 
Art 255, 


pe—ed 

33-5 Let QQ' he one of the chords, O the centre of the drde, P the 
Tcrtei of the n^l-an^ed isocceles trimigle QP$', then OP bisects QO at 

ri^t angles, at X sar. Then KP=XQ, and the ang^ QON=^ 


Koc- 


OP=Oy-2r<?«cos^-Ein|- 

2» 2n 


If X be the prodnct of the n— 1 distances, each equal to OP, then 
A=(cos^-sm^)'"% 


=(r — 11 terms vrhich vanish ^hen n=x 

' 2n 


=1 in the himt. 


e 

X=^ in the limit. 


3.36 Subtract tan-^ (tan o) from the term ; nang the formula 

~~V 


isnr^x - tan"’ w=tan“* 


l-zw’ 


■Te obtain 


fi,,,.jSine— sma 

a_-*- , cose 


1 - 


fl r-l ^ sm C 

r_— ' cose 


fl). 


tan~^ 
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(•^paring of fractions, the numerator of tins fraction becomes 
sin a + (Jr +2 sm 2 a + + «,_! sin « - 1 o) cos a 

-(«r+rtr+icoso+a^ 2 cos 2 a+ -1 a,^j 0 o 8 «-la) 8 inc 

= 0 , 4.3 sin o + 0 , 4.3 + +®r-i sin n - 2 o + 0 ,, Bin n - 1 o, 

since sm n — la— — sm a when na=2tr 

The denonunator becomes 
(o,. + 0,41 cos 0 + +a,^i00sn-la)c03tt 

+ ( 0,41 sin 0 + 0,43 sm 2 o + + a,».i sin « - 1 o) sm a 

= 0,41 + ®i+a 00 ® ® + <* 7 +a <^ 0 ® 2 o + + 0 ,. cos n - 1 o, 

since cos n- las= +coa a 

Hence the expression (1) is the (r+l)®* term of the senes Therefore 
since tan~^(tnna)i=a, the terms form an onthmctical progression whose 
common difference is a 

337 We shall require the followmg identities 

cos asm (/9 - 7 ) + cos /3 sin {7 - o) + cos 7 sm (a - / 3 ) s 0 (1), 

smaBm(/ 3 - 7 )+ 8 in/ 3 Bm( 7 -a)+ 8 m 7 Sin {a—p)=sO ( 2 ), 
cos 2asm - 7 ) + cos 2/5 am (7 - o) + sin 2y sm (a ■- /5) 

= - (sm p-y + sm 7-0 + sm a-/S) (cos p+y + cos 7 +^ + cos o+/S) 

= 4 ®in^^ sin^^ sm (cos /S+ 7 +C 0 S 7 +tt+cos o+/s') (d) 

( 2 ) is proved in Ch vm Ex 8 , and (1) follows from (2) by putting 

g-®, g-p, g-7 for ». P> y 

Multiply (1) by cos a + cos /9+ cos 7 , (2) by 6 ma+sin/ 5 + 6 m 7 , and sub 
tract, therefore 

sm(^- 7 }{cos 2 a+oos(a+/ 5 )+cos(a+ 7 )}+two similar tormssO 

Now sm (p-y) cos (/S+ 7 )+two similar termss=0 

Therefore, by addition, 

sin (P-y) {cos 2a+cos (a +/S) + cos {« + 7 ) +cos (^+ 7 )} 

+t\vo similar torm3=0, 


hence we haic the identity (3). 
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Kon’put xcos^+t/Em^+-+cos2^=:M (4) 

Multiply tbc three given equations byBm(/3-7), Bm(7-a), sin(a-j3) and 
add, using the above identities , we obtain 

-4sm^^ Sin^^{s-cos{/S+7)-oos(7+a)-oos(a+j8)}=0 

(5) 

Similarly, multiply the first two of tbo given equations by Ein(|3-^), 
Bin {<f> - a) and (4) by Bin (a - / 3 ) and add , 
uiiin(a-p) 

Bin^^sin^^{s-co3(j3+^)-cos(0+o)-cos(o+/3)} 

Substitute for i from equation (5), the cvpression witbm the brackets 
becomes 

cos {/S -r 7) - cos (a + ^) + cos (o +7) - cos 

= 2fciu.j(a-*-^-‘-7+<.) |sm|{^+a-/5-7) + Ein 2 (^ + /3-a-7)| 

1 1 fi — 6 

= isin^(a + /3+7+<i)s»ii2«.-7) cos 

ti=8 sra 5 - a) si-i | -/3) sm ^ (0 - 7) sm ^(<f> + a+^ +7) 


Another sohtlion 

Put cosd + N/-lsiid=X=c‘®, 

c‘“, are three roots of tbo equation 

x(\+^)-!,(x-l)+2.-+X=H.i.O, 

or A'*+(x-«y)X®+2rX®+(r-»-iy)\+l=0 

The product of tbo four roots is umtj , tbo fourth root is 
^-.(»+P+t)^ or c‘® saj 

Thus X«+(x-iy)X»+Ac =(X-fi‘")(X-e‘^)(X-c‘^)(X-c‘*) 

Dnide bj X®, 
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MISCELLANEOUS EXAMPLES. 


For \ \\ritG 008^+ J~ 1 sm or«‘*, the above equation becomes 
r coa^+y sin 0 +r+cos 2 ^ 

= 2 II ‘ = I n ^ 2 » Bin 

= 8 sin I (0 - a) sin g (^ - /3) sin I (0 - y) sin ^ - o), 

^\]iich is the required result, since - 3 =a+/J+'y 


338 Multiplj the first equation by and add; 

T5r=‘%y*e2''*+rV‘’'-2y«'<^+>'>-2rx<‘<’'+">-2xye‘<“+^^=0. 

(xe‘“ - ly^+re'yjSrr 
xc“‘±2 

, ^/(xe'“)xV(y.f‘'’)i-.,/(rr‘y )=0 

Hence 

.,/x^C0Sg + lsm®^-^^/l/^C08|+^Bln|j «-^r ^co8^-HMn|^=rO, 
or 

.,/x ^008 + 1 nn ^cos l-ji am ^cos | H i sm a 0 , 

01 equations formed from tlioso bj putting -r •‘•/S or r-} y for /3 and y rcspcc 
tnelj 

Equating real and imaginnry parts got equations such as 
^/x cos g + ^/y cos 1^+ V- coa^=zO, 

, 

^/x sin 2+ ^/y sin sm^sO, 

s /9 *v ' 

or “^/xsIn|J+^,/ycos^+.^/^cosi^= 0 , 

.^x cos 5-1 .1^/1/ Bin sin ^=0 

Solving the first pair for ^fx, ^7/, ^Jz in tlio usual vraj wo obtain the first 
set of ratios, soiling the second pair we obtain one of tlio other sets 
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339 Put a; = cosflJ-js/-lsmtf, therefore 2oos2tf = a?- i, s.c , the 
giren equation becomes 

" + i) (^-i)+2e=0. 

or, x*{a-iiJ-l)+{c — ds/—l)a?+2e3^+{e-i-d,J-l) x+a — b^f -1=0 
Let Xj, Tg, Xj, X4 be the roots of this equation, then 
n-&A^/ — 1 _ — c+<fA,,/-l 2£ -c — d ij -1 _a+b ij -1 

1 “Xj + Xo+Xj-l-X^ XiX2+Xia^+ ~ X4XjX3+ ~ XiXgXgX^ 


b J-1 


—c 


X1X0X5X4+I XjX;X^4— 1 X4+x,+ +Xiay;3+ 


or, 


X4X2X3+ -X4 — Xj- X3X2 + XJX3+ ’ 

a hj^ 


VXiX2XsX4 


-C 


+dj-l 


/ ^1 . / ^1 /^^4. 

V XsX3X4'’'V »1 V V ^^i 

e 

/fjfa , I 

V-Cs*4 V ^i-r* 

As in Ex 11, Ch xri., ,^x,x,4:3X4 + ,-Jl — = cos s, ' 

,^/XiX2XjX4 

. /_£l . /f^^=2 Bin i (a-/5-7- a)= - 2 V- 1 sin(s - a). 

V V J"! 2 ' 


and BO on , 

a b 


-c 


-d 


COBS sms Scos(s-o) iBm(s-o) 

2 


340 Divide through by ( — i)" and put -^=cos 6 Thus 


- — = (2 cos a)" -n (2 cos 5)""®+ 
{-b}« 

=2cosnff— 2 


_o 


(Alt 298) 
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MISCELLANEOUS EXAMPLES. 


The roots of the e^tnation cosn^sl are given by n0=2inr, 
(2 cos tf)“ - M (2 cos 

-2cos0) (z cosff-2cos— f2 


=s(2cosfl 


2 cos 0 - 2 cos ^2 cos 0 - 2 cos 


4ir\ 

TJ 




2 cos 2 cos 


2n-lir \ 
n )• 


ue 


or 


_^^f^_2VA-2cos?2:\ f-5.-2cos??i^V 
(-&)" \-b )\-b nj \~b n J 

S={a+2b) ^a+2bco8~^ ^ 


. nj. 2n-lir\ 

a+2ocos ) 

n / 


... j.. 2n-2 2t 2«— 4 4jr , .. 

fl) n odd cos fl-=cos — , cos ir=cos — , ana there is an 

' ' n n ' n n 

even nvunber of factors xnth cosines, 

S {a+2b)=s(a+2b)~ ^a+2ico3^^ ^a + 2&C03^^^^ir^ 

(2) n even the middle factor of those vrhioh have cosmes in them is 
a + 26 cos ^ (occurring only once), or a - 26 ; 

S(aS-462)=(a+26)= ^a+26cos^y. ^a+26cos~y 


341 Let S=x’*Bmna-nxn~^ Bm(na+p) + 

C=x” cosna-nx”^^ cos(na+/3) + 

and wntcasc""*^, 6=c^*^~^, then 

C+S ^/^=^a»-?u:»-i6+^^^®’*-S6=- 

= (a: — 6)'’a" 

= (* - cos /3 - sin /S)** (cos no+ n/ ^ sm na) 

Put x-oosj8=/cosv6, 8in/3= -/sin y6, 

C+S ij- 1=/" (cos *y - 1 sm (cos jitt+ - 1 sm no) 

=/» {cos 71(^6+ a) + ^ -1 smn(^+a)}, 

5=/" Sinn (^fr+o) 

The roots of the equation i?=:0 are therefore given by n(^6+a)s=7fB-, where 
K hos all mtegral laluos from 0 to n-1 

y=-ir-a=/cd-a. 

71 ^ 
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x-<sQBp= fcoaf=fcos(a-Ki>), 
8111/3= -/'sin f=f sin (a- ic0) 
a;=oofl/3+/ eoa{a~K4>) 

=cos/3+?5L(^^^ 
sin (a - K</>) 

_sin(a+/8— K0) 

~ 6m(a-K^) 


342 The equation may be mitten 

(a:+c‘“) +(iB+«“‘“)»=0 

a:+fl‘“=(a:+fl“‘“)(-l)^ 

I 

= (®+c“‘“)(ooB2r+l5r+tsm2r+lir)" 
={a:+e"‘“)e®‘^, where 0= ^^^ -ir 

g«‘_g‘(20-a) 

* ?*rr~ 

g‘(«‘-0)_g-‘(a-0) 


the roots are given by ■ 


from 0 to n - 1 


_sin(o-0) 
~ Bm0 

/ 2r+l \ 

‘V** 2» V 

2r+l ’ 
Bin— — JT 
2n 


, where r has all mtegral values 


343 Let PiPf^Pg be the polygon inscribed in a oirele whose centre is 
0 , let A be the fixed pomt, 2a the angle PiOA, so that 

/P,OA=2tt+— (r-1) 
n 

Then APj=2o sma, APs=2a sin ®o 

Sjam_25ni . a®« |Bin®”*a+ sm®"* + +Bm®" 
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jnSCELLANEODS EXAMPLES 


Now 

2Sm-iBai-”'a (-l)"*=cos2intt-mcos(2i»-2)o+ . +(-!)”* 



by Art 294 Eesolve each term of the senes within the brackets into a 
series of cosmes, we obtain a number of senes of the form , 


cospa +COS 1 ) 


+ .+cosp 


This senes 


/ n - 1 \ Jijiir 




. PJT 

sm^ 

2r 


= 0, since 6m^=0, p hemg even 

„|2»t 


the sum of the senes within brackets= 

2p«=n a»" 


2"‘(lm)» 

|2^ 

(gi 


344 From the relation (1 - c) tan 9= (1 + c) tan ^ we obtain 
tan{ff-^)= 


. - . ^ tanP-^^tan^ 

} tan g -tan 0 1+c 

~l+tanff tan^” 


2c tan 0 


1+f-^ tan»^ 
1+c 

c sin 29 


l+c+(l-c) tan®tf l+cco52i? 


( 1 ) 


As in the solution of Ex. 19, Ch xxii , we obtain for the sum of the first 
senes 

(l+ccos2g)+icBin2g 
2( ® (1 + c cos 29) - ic sin 29 


1 lo l^Htanjff:^ 
2i °l-tta,n{0—^) 


from (1), 


— i lOfr co5(^-^) + tEin(g-^) 
~2t ° cos(<7-0)-tBm(ff-^) 

= i log ~^> = ^ - ^ + /nr 


Tnien 9=O,0=sO and the senes vanishes, therefore *r=0 The second series 
can be found from the first by changing the sign of c, writing ^ for 9 and 
obangmg the sign of the result Hence the second senes=: — (^~9)=9—^ 
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345 1-IZIL. 1— 

^"2oos24+i'"2’‘2cos|j- 1 ^^cos^^-l 


1 

e , 

2 “3^+1 

. e 

1 ®"2S 

Thus representing ^ ' liy the nth term of the giien series 

2cos^+l 

= «n-l-«n 

Thus the sum of the senes is 

no~«l + “l“"2 + "2~“3 + 
sin 0 


2cosff+l* 


346 cos (ma + njS) 


= cos n>a + cos (ma + ^) + cos (ma +2/9)+ + cos (ma + X/9) 


^■+1 - 


i(ma+^) 


(Art 327 ) 


N+l„ 

m-M n=V 2 P 

S S cos (mo + Hg)= " — 

SI -0 it-^ \ rt a 

Sint 


s""’'^cos(mo+^'j 

si=o \ 2 f 


N+1 „ N+1 

sin-^/S sin-^— o 




(Art. 327 ) 


347 The sum of the senes is giien in Art 333 Fnttmg itp=2ir in the 
result ire get for the sum 



l-2x COS/3+*- 


Smce a:"=l this expression =0 unless x is such that l~2x cos /3+x®=0 
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Solving this equation, x=cosp±^ -lamp 
In the two cases ansing from these values of x the senes 
=coso+cos(a+/9)cos/S+cos(o+2/9) cos 2/3+ 

± a/^ {cos (tt+ j 8) sin p + cos (a + 2p) sin 2/5 + ) 

Since 2 cos (a+rp) cos r/3=cos (a + 2rp) + cos a, 

-ind 2cos(o+r/8) smr/3=8in(tt+2r)8)-sina, 

the sum reqmred 

= I {ncosa+coao+oos(a+2/3)+eos(tt+4/3)+ } 

±i ,yTi ^ -neina+8ina+Bm(a+2j3}+Bin (a+4/3)+ } 

= ^(oosaT«y“l 328) 


348 The coefficient of a 

Ktr 2 kv , 3«fjr , 

= COB — ~ cos h cos to 2n terms 

n n n 

In the result of Art 330 put as:p the sum of the above senes is 


therefore 


sin 


/2«+l Kir 
\ 2 


jlI 


an Kir 


Kir 

cos — 
2n 


This expression=0 (since sminrsO), unless coB^=0, that is, unless k 

IS an odd multiple of n > 

If K is an odd multiple of n each term of the above senes is eqna 
to - 1, and the sum is therefore - 2n 

Hence the sum of the given senes 

=s - 2n {a"+ffl®"+a®’*+ } 

_ 2iia’* 

~a^l 


349 ^cosec^acosec2a — g0ot^acot2a 

_ 1 - cos®a cos 2a _ 1 - (cos 2tt + sin®o) cos 2o 
~ 2 sin-* a sin 2o 2sin®asin2tt 

_ Bin^2a - sm^ a cos 2a __ 2 sm 2a sin a cos a - sm® a cos 2t 
2 Bin* a sin 2a ~ 2sin®aBin'2a " 

=oota-^oot2a 



MISCELLANEOUS EXAJIPLES, 


481 


Hcnco \\c lla^c 


i coscc®a co'icc 2a=g cot-o cot 2o+oot a - i cot 2tt, 
~cosec-2acosec2-a=,^cot~2aeot2-a +|cot2a-i cot2=a, 

^ coscc*2"aco'?cc2*a = ^ oot-2®acot2®a+^j cot2-a — ^ cot2®o, 


2» 


— coscc'*2'‘“' tt cosco 2* o = ^ cot® 2"~^ a cot 2" o + cot 2"“* ® ~ ^ 2" o 


Therefore by adding, the enm required 


=/i +cot a - — cot 2"a 


ddO By the theorem for the sum of the homogeneons prodnets of n 
dunonEions'of x, y, s (see Smith’s Algebra, Art 300, Ex 3) we have 


a-"+® (V - g) + v"+® fa - (y - y) __ 

(y-z)(z-x)(x-v) 


( 1 ). 


where y,q,r are positive integral quantities such that^j + iy +r=n 

Pul x=coso + ^/^Slno, i/=co3/5+i^/-lsin/3, z^cosy+J -Isiny, 
' t'y<>z^= t, (cospa + Binpo) (cos qP + J ~lsm qp) (cos ry+ <v/^ sui ry) 


=N cos (pa+q^S+ry) + - 1 2 s n {pa+gP+ry) 


Now 


/ - r =2 ^/ - 1 Bin ^coB^^ + V - 1 Bin 

lereforc the loftdinnd side of equation (1) 

1 

. ti~y y~a a-p 
1 Bin sin sin 


( 2 ) 

(Ch XIX Ex 10) 


^ {cos (n +2) a+ A,/ - 1 Bin (n + 2) a} sin 


+ two similar exprcsaions 


T T K n 


31 



482 


MIbCELLAKEOUS EXAMPLES 


1 

B-y y-a a—B 

4siu£t_' sm— 

^ A A 

j^|cos^«+lo-^^^+ a/^ B m ^M+la 

+ two similar expressions^ (3) 

t 

Equating tlie imaginaiy parts m (2) and (3) we obtam the result required 
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